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On the calculation of surface tension from measurements 

of pendant drops 

By S. Fordham 

Research Department, I.C.I. Ltd., Explosives Division, Stevenston, Ayrshire 

{Comnmnieated by F, A. Freeth, F.R.S.—Received 13 November 1947— 
Revised 16 Martdi, 1948) 

The oaloulations preaented ore an extenaion of the work of Baabforth & Adoma (1883) to 
give the shapea of pendant diopa of Uquida for valuaa of/7iVom —0-25 to — 0*6atintervalaof 
0-02S. The reaulta have been need to oaloulate, to an aoouraey of 0-001 to 0-01 %, the oraa- 
atanta needed for meaauring aurfaoe and interfiaoial tenaiona by the method auggeated by 
Andreaa, Rauaer A Tucker (1938), which haa thua been made independent of oalibimtion. 

Inteobttotion 

Many methods have been proposed for the measurement of surfaoe and interfacial 
tensions, and each may be said to have advantages for particular applications. 
Some are dynamic, and are ideally suited to foUowing the ohanges occurring in a 
surface during the first fractions of a second after its formation. More commonly, 
however, measurements are made in a static manner, and are intended to ifMioate 
the properties of the surface in its equilibrium condition. The static methods all 
purport to measure the same property, but they may differ greatly in suitability 
for individual purposes. A valuable general discussion of these methods has been 
given by Adam (1938). 

At the present time the basic method for determining surface tension involves 
the use of a capillary tube, by measuring either the capillary rise or else the hydro* 
static pressure needed to restore the meniscus to its normal level. The results are 
calculated, foUowli^ Sugden (1921), with the help of the tables of Bashforth k 
Adams (1883) surfaces of liquids. To obtain accuracy, however, 

extreme preoautiMi are needed, and the method is not well adapted to routine 
use. A number of secondary methods have therefore been evolved, which are more 
rapid in operation. The maximum bubble pressure method of Sugden (1922) has a 
theoretifial foundation, being based also on the tables of Bashforth k Adams. The 
drop’Weight method of Harkins k Brown (1919) and the ring method of de Notky 
. (19x9) are more empirical. All these techniques for measuring surface tension depend 
finally upon comparison with the capillary method using such liquids as benzene. 
Generally they involve enlarging and breaking the sur&ce of the liquid, and there¬ 
fore are not strictly static in nature. 

Some time ago ^ author wished to carry out routine measurements of the surface 
tensions of some ocdloidal solutions. These solutions were oharaotemed by rriatively 
hij^ viscosity, and by oontaining material of high moieoular wdght and thus of 

Vcd. it4. A. (aS Jcljr 1948) T ^ ^ 
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low speed of diffusion. A method was therefore required which did not depend on 
an extension of the surface, because under such conditions not only would the slow 
diffusion prevent the attainment of equilibrium, but also the high viscosity would 
make invalid any calibration with free-flowing liquids. A modification of the 
technique proposed by Wilhelmy ( 1863 ) was considered, in which the surface 
remained unchanged, but this was discarded in favour of a method more recently 
developed by Andreas, Hauser & Tucker ( 1938 ), based on measurements of the 
shape and size of pendant drops. 



The use of pendant drops has been suggested by several workers, such as Worthing¬ 
ton ( 1881 , 1885 ) and Ferguson ( 1912 ), but proposals have usually involved diflBoult 
measurements, as of the position of points of inflexion on the profile of the drop. 
Andreas et ah suggested a simpler method of calculation. Taking the origin at the 
bottom of the drop, and co-ordinates x and 2 in a horizontal and vertical direction 
respectively, the equation for the profile of a liquid surface of revolution may be 
written as 


1 ^ 

p X 


= 2+fix, 


( 1 ) 


where p is the radius of curvature at the point {*, z), ^ is the slope at the point (*, z), 
and 


fi = -g(rb*ly, 


(2) 


where or is the density of the liquid, y is the surface tension, and 6 is the radius of 
curvature at the origin. The unit of length adopted in equation ( 1 ) is 6, so that x, z 
and are non-dimensional. It will thus be seen that fi determines the shape of » 
a drop, and 6 its size. The negative sign for ft for a pendant drop foDows the con¬ 
vention adopted by Bashforth & Adams (1883). 
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Andreas et al, avoided the aotual determination of /f and 6 by a method, illustrated 
in figure 1, in which the maximum diameter was measured, and also the diameter 
at a horizontal plane distant from the bottom of the drop. Denoting the ratio 
dg/d^ by S, it is clear that Sis a function of /?, whilst for a given is proportional 

to 6. Thus, by (2), 

7 - g^crd^/ff, 


where 1/B « l//i(djb)^ « l/ifixl (3) 

is a function of S ^ djd^* This function, connecting IjH and was obtained by 
experiments with water, the surface tension of which was known from capillary 
measurements. 

There is no reason why the relation between S and l/H should not be calculated, 
and the method thus placed on a firm theoretical foundation and made independent 
of experimental calibration. Although Andreas et aL realized this, they tended to 
doubt the accuracy of available mathematical methods; but with sufficient care, 
numerical integrations may be carried out to any finite degree of accuracy which 
may be required. 


At any point (a?, z), 


or, by equation (1), 


Method ok OALoirLATioN 




_ 1 
ds ^ p 


ds 







( 5 ) 


~ « 008 ^, ( 0 ) 

^- 8 in< 4 , ( 7 ) 


where « = the arc distance of the point (»,*) from the origin at the bottom of the 
drop. The unit of length in these equations is again 6, the radius of curvature at the 
bottom of the drop. 

For each value of simultaneous finite diffwenoe integration gives x and 2 in 
terms of a, after the first values have been obtained by series expansions. At each 
step an estimate is made of the next entry in the finite difference table of d^jde 
against a, and the value of calculated by the integration formula (expressed in 
terms of backward differences from the end of the interval of integration) 


This value of ^ by equations (6) and ( 7 ) givm the next rnitiies in the tables of dxjda 
aa^ dzlda, so that a formula similar to (8) may be used to oaloidate x and z. These 
figures, substituted in equation ( 5 ), should give a value for di^fda equal to that 
aesumed. The manner of correcting for differences between the calculated and 
assumed values of di^/ds is given by Basbibrth & Adams (1883), who also give tables 
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of mrolts for many valuea of /?, of which *- 0 * 3 , — 0 * 4 , — 0‘6 and — 0*6 are relevant 
to the present problem. 

This method was used to obtain tables for all other values of /? between — 0'28 
and -0-6, at intervals of 0 - 026 ; calculations were made to six decimal places, the 
interval Sa being 0-1, and the results, given in table 1, are considered accurate to the 
fifth place, in view of the relatively short range of the int^ration. Constant oheohs 
were made by Weddle’s equation, and by finite difference int^ration of the in¬ 
dividual functions dxjda and dzfda over extended intervals by the central 

difference formula (expressed in terms of backward differences) 

+ ) - • } • 

Further tables were then drawn up, giving x and z in terms of y? for each value of 
the arc distance a, and differenced with respect to /?, and the constancy of the higher 
differences showed that there were no random errors in the fifth decimal place of 
the calculated figures. These tables were interpolated to derive x and z in terms of 
a for all other values of y? from — 0-25 to — 0-6 at intervals of 0 - 0126 . 

For further calculations, the Bessel and Stirling interpolation formulae were used 
except at the ends of the table, where it was necessary to use the Newton formula. 
For each value of the position of the maximum value of x was derived in terms 
of a by equating to zero the first differential ooeifioient obtained ftom the difference 
tables. This value was checked at intervals of 0-026 in y 9 by inverse interpolation 
of the tables of^ to give a when A further check against arithmetical mistakes 

was made by tabulating these values of a against and noting the constancy of the 
higher differences. Values of x^, the maximum radii, were then calculated by inter¬ 
polation from the known values of s, and agaun checked by tabulation against 

For each value of inverse interpolation was employed to find a when z » 2 Xt, 
and direct interpolation then gave x,, the radius at the selected plane. Checks were 
obtained by tabulating a and x, against and noting the constancy of the higher 
differences. The values obtained for x, and x, are given in table 2, columns 2 and 3. 

In each case 8 x«/x, was calculated, and also IjH by equation ( 3 ), The values 

of S and IjH thus found are given in table 2, columns 4 and 6. 

Values of IjH were calculated for 8 0-66 (0-01) 1-00 by two methods. One method 
involved inverse interpolation to give the value of fi corresponding to each selected 
value of 8 , followed by direct interpolation to give the appropriate value of IjH. 
The other method was by interpolation of a table of IjH against 8 by Newton’s 
formula for unequal intervals, checked periodically by the Lagrange formula to six 
terms. The former method gave the more reliable results, especially at the ends of 
the table, but the maximum difference between the values of IjH within the range 
8 0-68 and 8 » 0-98 was only 5 in the sixth decimal place. Using values obtained 

by the former method ordinary subtabulation gave IjH for steps of 0-001 in 8 , 
between which linear interpolation is adequate. Table 3 gives the final results thus 
obtained; for convenience H also has been tabulated against 8 in table 4 . 
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Accvracy of rbsumts 

Since difference tables had been drawn up at all stages of the oaloulation, it was 
a simple matter to estimate the magnitude of random errors. Six figures had been 
retained during actual computation and the final tables of S and l/H against fi 
showed that between the limits of 0-68 and 0*98 for 8, random errors did not exceed 
4 and 3 respectively in the sixth decimal place. The final table of 1 jH against 8 
showed that the greatest possible random variation in 1/H was 7 in the sixth decimal 
place in the above range. These figures are based on the rather conservative estimate 
that a random error of + 1 in a variable will cause random errors not exceeding 
± 16 in the sixth difference (the maximum possible error is ± 32). 

At the extreme ends of the table, this method of estimation could not be applied. 
When 8 exceeded 0-98, in particular, higher differences did not tend rapidly to zero 
and the accuracy in this region could not be estimated, although there was no reason 
to suppose that there was any considerable decrease. This was supported by the 
fact that the different methods used for interpolation did not give variations 
exceeding 8 in the sixth decimal place. Where 8 was less than 0'68, accuracy 
estimates could not be made from the difference tables, but sinoe the higher 
differences were small, there was no reason to suppose that the errors were greater 
than in the middle portion of the table. The maximum error found on working 
back to randomly selected original values of 8 and l/H was 5 in the sixth decimal 
place. 

The possibility of systematic errors in the oaloulation was also considered. The 
highest differences considered in equation (8) were the fifth, and these affected the 
sixth decimal place of the integrands x and z only when fi was numerically less 
than 0*3 and s exceeded 2*6. The largest errors from neglect of the sixth and higher 
differences would occur with the lowest numerical values of fi, and thus of 8. Closer 
consideration of this indicated that the maximum possible error in IjH from this 
cause was not greater than 1 in the fifth place of decimals when 8 was less than 0*68, 
and considerably less elsewhere. 

Considering all these possible causes of error, it is considered that the accuracy 
of the entries in table 3 may be taken to be as follows: 

8 * 0*66 to 0*68; maximum error ± 0*00003 = ± 0*003 %. 

8 0*68 to 0*98; maximiuu error ± 0*00001 «» ± 0*001 to 0*003 %. 

8 « 0*98 to 1*00; maximum error ± 0*00003 * ± 0*01 %. 

It is concluded that these tables are adequate for all likely experimental purposes, 
and that the method should be capable of giving results which are tis reliable as 
those obtained by the use of capillary elevations. 

It should, however, be pointed out that the attainment of such accuracy would 
entail very stringent demands upon experimental techniques. For example, if the 
diameters of ihe drop are measiued to an aocmacy of 0*1 %, the error of the cal¬ 
culated surface tension may be almost 0*7 %. For this reason the agreement between 
the calculated table and the measured values of Andreas et at. —the maximum 
difference is about 1*4 % when 8 « 0*78^18 considered satisfactory. 
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Note to tablee. In order to avoid possible misreading the headings of the tables have been 
written in full as ejb, xjb, etc., instesMl of the dimensionless form used in the text. 

Table 1. Calctjlatbd shapes op dbops 


^ deg. 


ajb 

^ rad. 

deg. 

min. 

Bee. 

xjb 

zjb 




^ = - 

. 0*26 



0 

0 


0 


0 

0 

0-1 

0 * 099,97 

5 

43 

40 

0 * 099,83 

0 - 006,00 

0-2 

0 * 199,76 

11 

26 

41 

0 * 198,67 

0 * 019,92 

0^3 

0 * 299,16 

17 

8 

26 

0 * 295,64 

0 * 044,60 

0-4 

0 * 398,01 

22 

48 

16 

0 * 389,48 

0 * 078,76 

0-5 

0 * 496,14 

28 

26 

35 

0 * 479,61 

0 * 121,97 

( V 6 

0 * 893,36 

33 

59 

48 

0 * 666,10 

0 * 178,78 

0'7 

0 * 689,60 

39 

30 

20 

0 * 646,19 

0 * 233,60 

0-8 

0 - 784,42 

44 

56 

39 

0 * 719,20 

0 * 300,78 


0 * 877,97 

50 

18 

14 

0 * 786,57 

0 * 374,64 

10 

0 * 970,00 

66 

34 

37 

0 * 846,80 

0 * 464,42 

1*1 

1 * 060,38 

00 

46 

20 

0 * 899,62 

0 * 639,36 

1‘2 

1 * 148,99 

66 

49 

57 

0 * 944,43 

0 * 628,66 

1-3 

1 * 235,71 

70 

48 

2 

0 * 981,36 

0 * 721,66 

1*4 

1 * 320,41 

76 

39 

14 

1 * 010,18 

0 - 817,29 

1*5 

1 * 402,99 

80 

23 

8 

1 * 030,91 

0 * 916,08 

1*6 

1 * 483,34 

84 

69 

21 

1 * 043,62 

1 * 014,26 

1*7 

1 * 661,34 

89 

27 

28 

1 * 048,44 

1 * 114,10 

1*8 

1 * 636,84 

93 

46 

42 

1 * 045.69 

1 * 214,04 

1*9 

1 * 709,72 

97 

67 

34 

a * 036,34 

1 * 313,49 

2*0 

1 * 779,79 

101 

58 

29 

1 * 018,01 

1 * 411.96 

2*1 

1 * 846,86 

106 

49 

2 

0 * 993.98 

1 * 509,01 

2*2 

1 * 910,66 

109 

28 

21 

0 * 963,64 

1 * 604,28 

2*3 

1 * 970,84 

112 

55 

16 

0 * 927,46 

1 * 697,49 

2*4 

2 * 027,00 

116 

8 

18 

0 * 886,92 

1 * 788,44 

2*5 

2 * 078,63 

119 

6 

28 

0 * 839,63 

1 - 877,02 

2 *« 

2 * 124,67 

121 

44 

4 

0 * 788,87 

1 * 963,23 

2*7 

2 * 164,33 

124 

0 

26 

0 * 734,56 

2 * 047,18 

2*8 

2 * 196,01 

126 

49 

20 

0 * 677,26 

2 * 129,13 

2*9 

2 * 217,68 

127 

3 

29 

0 * 617,78 

2 * 209,52 

3*0 

2 * 226,96 

127 

32 

18 

0 * 667,09 

2 * 289,00 

31 

2 * 216,67 

127 

0 

22 

0 * 496,89 

2 * 368,47 

3*2 

2 * 183,23 

126 

6 

24 

0 * 437.36 

2 - 449,18 





0*275 



0 

0 


0 


0 

0 

0*1 

0 * 099,97 

6 

43 

40 

0 * 099,88 

0 * 005,00 

0*2 

0 * 199,73 

a 

26 

36 

0 - 198,67 

0 * 019.92 

0*3 

0 * 299,08 

17 

8 

9 

0 * 296,54 

0 * 044,60 

0*4 

0397,82 

22 

47 

36 

0 * 389,49 

0 * 078,73 

0*6 

0 * 496,75 

28 

24 

16 

0 * 479,63 

0 * 121,93 

0*6 

0 * 592,69 

33 

57 

31 

0 * 666,15 

0 * 173,69 

0*7 

0 * 688,46 

39 

26 

45 

0 * 646,29 

0 - 233,44 

0*8 

0 * 782,88 

44 

51 

19 

0 * 719,39 

^* 300,54 

0*9 

0 * 875,78 

60 

10 

43 

0 * 786,89 

0 - 374,27 

1*0 

0 * 967,03 

65 

24 

24 

0 * 847,33 

0 * 458,89 

M 

1 * 066,47 

60 

31 

62 

0 * 000,34 

0 * 538,65 

1*2 

M 43,96 

65 

32 

89 

0 * 945,65 

0 * 627,76 

1*3 

1 * 229,38 

70 

26 

18 

0 * 983,09 

0 * 720,45 

1*4 

1 * 312,60 

75 

12 

23 

1 * 012,60 

0 - 815,97 
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Table 1 ( coni .) 

^ dep ;. 


a/b 

^ rad . 

deg . 

min . 

sec . 

xjh 

zjb 




fixa — 0*276 ( con ^.) 



1*5 

1 - 393,50 

79 

60 

29 

1 - 034,18 

0 * 913,69 

1*6 

1 - 471,96 

84 

20 

12 

1 - 047,92 

1 * 012,61 

1*7 

1 - 647,84 

88 

41 

4 

1 - 053.98 

M 12,40 

1*8 

1 - 621,02 

92 

62 

39 

1 - 062,59 

1 - 212,37 

1-9 

1 - 691,34 

96 

64 

23 

1 - 044,06 

1 - 311,98 

2*0 

1 - 768.62 

100 

45 

41 

]- 028,67 

1 - 410,77 

2-1 

1 - 822,66 

104 

25 

60 

1 - 006,83 

1 * 608,34 

22 

1 - 883,19 

107 

63 

66 

0 - 978,97 

1 - 604,37 

2-3 

1 - 939,89 

111 

8 

60 

0 - 946,62 

1 - 698,60 

2*4 

1 - 992,33 

114 

9 

8 

0 - 906,98 

1 - 790,86 

2-5 

2 - 039,98 

J 16 

52 

67 

0 - 863.87 

1 * 881,08 

2-6 

2 - 082,11 

119 

17 

46 

0 * 816,76 

1 - 969,27 

2-7 

2 - 117.75 

121 

20 

17 

0 - 766.22 

2 - 056,66 

2-8 

2 - 146,62 

122 

66 

6 

0 * 712.97 

2 - 140,19 

2-9 

2 - 163,92 

123 

69 

1 

0 - 657,76 

2 - 223,57 

3-0 

2 - 170,26 

124 

20 

46 

0 - 601,61 

2 - 306.25 

3*1 

2 - 161,28 

123 

49 

56 

0 - 645,34 

2 - 388,98 

3*2 

2 - 132,62 

122 

11 

2 

0 * 490,71 

2 - 472,74 





0-326 



0 

0 


0 


0 

0 

(M 

0 - 099,96 

5 

43 

39 

0 - 099.83 

0 - 005,00 

0-2 

0 * 199,68 

11 

26 

26 

0 * 198.67 

0019,92 

0-3 

0 - 298,91 

17 

7 

34 

0 - 296,54 

0 - 044,68 

0-4 

0 - 397.42 

22 

46 

14 

0 * 389,50 

0 - 078,69 

0-5 

0 - 494,98 

28 

21 

37 

0 - 479,67 

0 - 121 ,il 

0*6 

0 - 691,37 

33 

62 

68 

0 - 666,24 

0 - 173,62 

0-7 

0 - 686,37 

39 

19 

34 

0 - 646,48 

0 - 233,13 

0-8 

0 - 779,79 

44 

40 

43 

0 * 719,75 

0 - 300,04 

0-9 

0 - 871,43 

49 

56 

46 

0 - 787,63 

0 - 373,62 

1-0 

0 - 961,11 

56 

4 

3 

0 - 848,37 

0 - 462,83 

M 

1 - 048,67 

60 

6 

3 

0 - 901.96 

0 - 637.23 

1-2 

M 33,96 

64 

‘ 68 

13 

0 - 948,06 

0 - 626,93 

1-3 

1 - 216,79 

69 

43 

1 

0 * 986.66 

0 - 718,20 

1-4 

1 - 297,06 

74 

18 

67 

1 - 017,40 

0 - 813,29 

1-5 

1 * 374,62 

78 

46 

35 

1 - 040,66 

0 - 910.62 

1-6 

1 * 449,33 

83 

2 

25 

1 - 066,44 

1 - 009,26 

1-7 

1 - 621,05 

87 

8 

59 

1 - 064,96 

1 - 108,86 

1-8 

1 * 589.63 

91 

4 

45 

1 * 066,48 

1 - 208,83 

1-9 

1 - 654,92 

94 

49 

12 

1 - 061,81 

1 -^ 08,68 

2-0 

1 - 716.73 

98 

21 

40 

1 * 049,80 

1 - 408,00 

2-1 

1 - 774,84 

101 

41 

27 

1 - 032,36 

1 - 506,45 

2-2 

1 - 829,00 

104 

47 

39 

1 - 009,42 

1 - 603,78 

2-3 

1 - 878,91 

107 

39 

14 

0 - 981,46 

1 - 699,77 

2-4 

1 - 924.20 

110 

14 

54 

0 - 948,94 

1 - 794.33 

2-5 

1 - 964.37 

112 

33 

1 

0 * 912.42 

1 - 887.41 

2-6 

1 * 998.86 

114 

31 

33 

0 - 872,44 

1 - 979,07 

2-7 

2 * 026,89 

116 

7 

67 

0 - 829,60 

2 - 069,43 

2*8 

2 * 047.55 

II 7 

18 

59 

0 - 784,58 

2 - 158.72 

2-9 

2 - 069,65 

118 

0 

34 

0 - 738,08 

2 - 247,25 

3-0 

2 * 061.71 

118 

7 

38 

0 - 690.96 

2 * 335,44 

3-1 

2 * 061.92 

117 

83 

58 

0 * 644.16 

2 - 423,81 

3-2 

2 - 028.17 

116 

12 

19 

0 * 508,81 

2-512 95 
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Tabl£ 1 (cont.) 

</> deg . 


alb 

^ rad . 

deg . 

mm . 

sec . 

wjb 

zfb 




/?-■ 

- 0*36 



0 

0 


0 


0 

0 

0‘1 

0 * 099,96 

5 

43 

38 

0 * 099,83 

0004,99 


0 * i99,66 

11 

26 

21 

0 * 198,67 

0019,92 

0*3 

0 * 298,82 

17 

7 

17 

0 * 295,64 

0 - 044,58 

0*4 

0 * 397,22 

22 

45 

33 

0 * 389,61 

0 - 078,68 

0*5 

0 * 494,60 

28 

20 

18 

0 * 479,69 

0 - 121,79 

0-6 

0 * 690,71 

33 

60 

42 

0 * 666.28 

0 - 173,43 

0*7 

0 * 686,33 

39 

16 

0 

0 * 646,67 

0 - 232,97 

0-8 

0 * 778,24 

‘ 44 

36 

24 

0 * 719,98 

0 - 299,78 

0*9 

0 * 869,26 

49 

48 

16 

0 * 787,85 

0 - 373,14 

1-0 

0 * 958,16 

64 

63 

63 

0 * 848,89 

0 - 462,30 

M 

1 * 044,78 

59 

61 

41 

0 * 902,77 

0 - 636,51 

1*2 

1 * 128,96 

64 

41 

3 

0 * 949,26 

0 - 626,01 

1-3 

1 * 210,62 

69 

21 

27 

0 * 988,27 

0 - 717,06 

1*4 

1 * 289,33 

73 

52 

22 

1 * 019.78 

0 - 811,94 

h& 

1 * 366,23 

78 

13 

19 

1 * 043,86 

0 - 908,97 

1-6 

1 * 438,09 

82 

23 

46 

1 - 060,66 

1 - 007,62 

11 

1 * 607,76 

86 

23 

16 

1 * 070,40 

1 - 107,03 

1-8 

1 * 674,07 

90 

11 

16 

1 * 073,36 

1 - 206,96 

1*9 

1 - 636,88 

98 

47 

11 

1 * 069,87 

1 - 306,89 

2*0 

1 * 696,99 

97 

10 

24 

1 * 060,29 

1 - 406,41 

2*1 

1 * 751,21 

100 

20 

12 

1 * 046,04 

1 - 506,23 

2*2 

1 * 802,26 

103 

16 

43 

1 * 024,56 

1 - 608,10 

2*3 

1 * 848,88 

106 

66 

68 

0 * 999,32 

1 - 699,86 

2*4 

1 * 890,70 

108 

19 

44 

0 * 969,82 

1 - 796,40 

2*5 

1 * 927,28 

110 

26 

30 

0 * 936,60 

1 - 889,72 

2*6 

1 * 968,11 

112 

11 

29 

0 * 900,22 

1 - 982,86 

2*7 

1 * 982,63 

113 

36 

26 

0 * 861,26 

2 - 074,96 

2*8 

1 * 999,76 

114 

34 

40 

0 * 820,40 

2 - 166,23 

2*9 

2 * 008,86 

116 

6 

56 

0 * 778,33 

2 - 266,96 

3*0 

2 * 008,67 

116 

6 

19 

0 * 786,84 

2 - 847,47 

3*1 

1 * 997,92 

114 

28 

20 

0 * 693,84 

2 - 438,22 

3*2 

1 * 976,16 

113 

10 

6 

0 * 663,36 

2 - 629,66 





• 0*376 



0 

0 


0 


0 

0 

0*1 

0 * 099,95 

6 

43 

87 

0 * 099,83 

0 - 004,99 

0*2 

0 * 199,63 

11 

26 

16 

0 * 198,67 

0 - 019,92 

0*3 

0 * 298,74 

17 

7 

0 

0 * 296,64 

0 - 044,67 

0*4 

0 * 897,02 

22 

44 

52 

0 * 389,61 

0 - 078,66 

O - f ) 

0 * 494,21 

28 

18 

69 

0 * 479,71 

0 - 121,76 

0-6 

0 * 690,06 

33 

48 

26 

0 - 666,33 

0 - 173,34 

0*7 

0 * 684,29 

39 

12 

26 

0 * 646,67 

0 - 232,82 

0*8 

0 * 776,71 

44 

30 

7 

0 - 720,12 

0 - 299,63 

0*9 

0 * 867,08 

49 

40 

48 

0 * 788,17 

0 - 372,76 

1*0 

0 * 966,21 

64 

43 

46 

0 * 849,41 

0 - 461,77 

M 

1 * 040,90 

69 

38 

21 

0 - 908,67 

0 - 636,80 

1*2 

1 * 123,98 

64 

23 

68 

0 * 960,46 

0 - 624,09 

1*3 

1 * 204,27 

69 

0 

0 

0 * 980,98 

0 - 716,92 

1*4 

1 * 281,63 

73 

26 

56 

1 * 022,16 

0 - 810,68 

1*5 

1 * 366,89 

77 

41 

12 

1 * 047,06 

0 - 907,41 

1*6 

1 * 426,91 

81 

45 

21 

1 * 064,87 

1 - 006,79 
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Table 1 [ amt .) 


deg . 


ajb 

4 ^ rad . 

deg . 

min . 

aec . 

xjb 

zjb 




3B — 0*376 ( cent .) 



1*7 

1 * 494,53 

85 

37 

49 

1 * 075,82 

1 * 106,17 

18 

1 * 658,60 

89 

18 

4 

1 * 080,21 

1 * 205,05 

1-9 

1 - 618,96 

92 

45 

33 

1 * 078,38 

1 * 305,02 

20 

1 * 676,41 

95 

59 

38 

1 * 070,72 

1 * 404,71 

2-1 

1 * 727,76 

98 

59 

35 

1 * 057,64 

1 * 503,84 

2*2 

1 * 775,76 

101 

44 

37 

1 * 039,61 

1 * 602,19 

2-3 

1 * 819,14 

104 

13 

44 

1 * 017,10 

1 * 699,62 

2-4 

1 * 857,56 

106 

25 

50 

0 * 990,63 

1 * 796.05 

2*5 

1 * 890,64 

108 

19 

33 

0 * 960,71 

1 * 891,46 

2-6 

1 * 917,91 

109 

53 

18 

0 * 927,93 

1 * 985,94 

2-7 

1 * 938,82 

111 

5 

11 

0 * 892,88 

2 * 079,59 

2-8 

1 * 962,72 

111 

52 

57 

0 * 856,20 

2 * 172,62 

2*9 

1 * 958,85 

112 

14 

2 

0 * 818,68 

2 * 205,27 

30 

1 * 966,37 

112 

5 

30 

0 * 780,79 

2 * 357,86 

31 

1 * 944,35 

111 

24 

11 

0 * 743,66 

2 * 450,71 

3*2 

1 * 921,86 

no 

6 

53 

0 * 708,13 

2 * 544,18 




A *.- 

0*425 



0 

0 


0 


0 

0 

0‘1 

0 * 099,96 

5 * 

43 

35 

0 * 099,83 

0 * 004,99 

0-2 

0 * 199,58 

11 

26 

6 

0 * 198,67 

0 * 019,91 

0-3 

0 * 298,67 

17 

6 

25 

0 * 295,66 

0 * 044,56 

0*4 

0 * 396,63 

22 

43 

31 

0 * 389,52 

0 * 078,62 

0-5 

0 * 493,44 

28 

16 

20 

0 * 479,74 

0 * i2I,^fc 

0*6 

0 * 588,73 

33 

43 

54 

0 * 665,42 

0 * 173,16 

0-7 

6 * 682,21 

39 

5 

17 

0 * 645,86 

0 * 232,61 

0*8 

0 * 773,64 

44 

19 

34 

0 * 720,48 

0 * 299,03 

0*9 

0 * 862,75 

49 

25 

56 

0 * 788,79 

0 * 372,01 

1-0 

0 * 949,34 

54 

23 

35 

0 * 850,44 

0 * 460,71 

M 

1 * 033,18 

69 

11 

48 

0 - 006,17 

0 * 534,87 

1 % 

1 * 114,07 

63 

49 

54 

0 * 952,83 

0 - 622,26 

1-3 

1 * 191,84 

68 

17 

’ 14 

0 * 993.87 

0 * 718,64 

1-4 

1 * 266,81 

72 

33 

14 

1 - 026,85 

0 * 807,84 

1*6 

1 * 337,81 

76 

37 

19 

1 * 053,39 

0 * 904,23 

1*6 

1 * 404,69 

80 

28 

67 

1 * 073,21 

1 * 002,23 

1-7 

1 * 468,28 

84 

7 

33 

1 * 086,56 

1 * 101,38 

1*8 

1 * 527,92 

87 

32 

36 

1 * 093,79 

1 * 201,04 

1-9 

1 * 583,45 

90 

43 

29 

1 * 095,27 

1 * 301,02 

20 

1 * 634,68 

93 

39 

36 

1091,41 

1 * 400,93 

21 

1 * 681,42 

96 

20 

18 

1 * 082,66 

1 * 600,54 

2-2 

1 * 723,45 

98 

44 

48 

1 - 069,49 

1 * 699,66 

23 

1 * 760,58 

100 

52 

16 

1 - 052,41 

1 * 698,19 

2*4 

1 * 792,38 

102 

41 

45 

1 * 031,95 

1 * 790,07 

2*6 

1 * 818,69 

104 

12 

12 

1 * 008,64 

1 * 893,31 

2 ^ 

1 * 889.10 

105 

22 

22 

0 - 983,07 

1 * 989,98 

2-7 

1 * 853,24 

106 

10 

58 

0 * 955,83 

2 - 086,20 

2*8 

1 * 860,68 

106 

36 

34 

0 * 927,55 

2 * 182,18 

2*9 

1 * 860,99 

106 

37 

36 

0 * 898,89 

2 * 277,92 

8^0 

1 - 853,72 

106 

12 

38 

0 - 870.56 

2 * 373,82 

3*1 

1 * 838,49 

105 

20 

16 

0 * 843,31 

8 * 470,04 

3*2 

1 * 814,98 

103 

59 

26 

0 * 817,93 

2 * 566,76 
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Table 1 { cont .) 

<j> deg. 


sjb 

ij> rati. 

deg. 

min. 

sec. 

xjb 

zjb 





-0*45 



0 

0 


0 


0 

0 

01 

0*099,94 

6 

43 

36 

0*099,83 

0*004,99 

0*2 

0*199,56 

n 

26 

1 

0*198,67 

0*019,91 

0*3 

0*298,49 

17 

6 

8 

0*295,55 

0*044,56 

0*4 

0*396,43 

22 

42 

60 

0*389,53 

0*078,60 

0*5 

0*493,06 

28 

16 

1 

0*479,76 

0*121,62 

0*« 

0*588,07 

33 

41 

38 

0*565,46 

0*173,07 

0*7 

0*681,18 

39 

1 

42 

0*646,96 

0*232,36 

0*8 

0*772,10 

44 

14 

17 

0*720,66 

0*298.78 

0*9 

0*860.59 

49 

18 

29 

0*789.11 

0*371,64 

1*0 

0*946.40 

64 

13 

29 

0*860,96 

0*460.18 

M 

1*029,32 

58 

68 

32 

0*905.97 

0*638,66 

1*2 

MOD,13 

63 

32 

54 

0*964,01 

0*621,32 

1*3 

1*186,64 

67 

66 

66 

0*996.06 

0*712,48 

1*4 

1*258,68 

72 

7 

i 

1*029.*J9 

0*806,45 

1*5 

1-328.07 

76 

6 

34 

1*066,64 

0*902,62 

1*0 

1*393,64 

79 

60 

69 

1*077,35 

1*000,41 

1*7 

1*455,24 

83 

22 

46 

1*091,89 

1-099,33 

1*8 

1*512,70 

86 

40 

17 

M 00,53 

1*198,94 

1*9 

1*666,86 

89 

43 

1 

1*103,64 

1*298,88 

2*0 

1*614.53 

92 

30 

20 

1*101,67 

1*398,86 

2*1 

1*668,62 

96 

1 

36 

1*096,06 

3*498,63 

2*2 

1*697,64 

97 

16 

4 

1*084,81 

1*698,04 

2*3 

1*731,65 

99 

12 

69 

1*060,93 

1*697,00 

2*4 

1*760,31 

100 

61 

30 

1*062,46 

1*796,46 

2*5 

1*783,34 

102 

10 

40 

1*032,44 

1*803,43 

2*6 

1*800,44 

103 

9 

28 

1*010,47 

1*990,99 

2*7 

1*81J,31 

103 

46 

49 

0*987,13 

2*088,22 

2*8 

1*815,62 

104 

1 

38 

0*963,04 

2*186,28 

2*9 

1*813,06 

103 

62 

48 

0*938,87 

2*282,31 

3*0 

1*803,32 

103 

19 

21 

0*916,30 

2*379.49 

3*1 

1*786,21 

102 

20 

32 

0*893,03 

2*476,98 

3*2 

1*761,69 

100 

56 

56 

0*872,79 

2*674,91 




y? St — 

0*475 



0 

0 


0 


0 

0 

0*1 

0*099,94 

6 

43 

34 

0*099,83 

0*004,99 

0*2 

0*199,53 

11 

25 

55 

0*198,67 

0*019,91 

0*3 

0*298,40 

17 

6 

50 

0*295,55 

0*044,65 

0*4 

0*396,23 

22 

42 

9 

0*389,54 

0*078,58 

0*5 

0*492,67 

28 

13 

41 

0*479,78 

0*121*67 

0*6 

0*687,41 

33 

39 

22 

0*565,51 

0*172,98 

0*7 

0*680,14 

38 

68 

9 

0*646,05 

0*232,20 

0*8 

0*770,67 

44 

9 

1 

0*720,84 

0*298,53 

0*9 

0*868,43 

49 

11 

4 

0*789,42 

0*371.26 

1*0 

0*943,48 

64 

3 

26 

0*851,47 

0*449,64 

M 

1*026,47 

58 

46 

19 

0*906,76 

0*532.93 

1*2 

M04.21 

63 

16 

59 

0*955,19 

0*620,39 

1*8 

1*179,47 

07 

34 

43 

0*996,74 

0*711,32 

1*4 

1*261,08 

71 

40 

54 

1*031,52 

0*805,06 

1*5 

1*318,87 

75 

33 

56 

1*059,67 

0*901.00 

1*6 

1*382,66 

79 

13 

13 

1*081,46 

0*998.68 
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Table 1 (coni.) 


^ dog- 


sjh 

0 rad . 

deg . 

min . 

sec . . 

xjb 

zib 




/ f =- 0-476 ( wnt .) 



1*7 

1 * 442.28 

82 

38 

12 

1 * 097,19 

1 * 097,32 

i-8 

1 * 497,68 

86 

48 

17 

M07,22 

1196,80 

1'9 

1 * 648,38 

88 

42 

67 

1 * 111,96 

1 * 296,67 

2*0 

1 * 694.52 

91 

21 

33 

Mil,86 

1 * 396,67 

2*1 

1 * 036,81 

93 

43 

30 

1 * 107,38 

1 * 496,66 

2*2 

1 * 672,06 

96 

48 

6 

1 * 099,04 

1 * 696,20 

2*3 

1 * 703,06 

97 

34 

39 

1 * 087.35 

1 * 695,61 

2*4 

1 * 728,67 

99 

2 

24 

1 * 072,85 

1 * 794,46 

2*5 

1 * 748,39 

100 

10 

32 

1 * 066.11 

1 * 893,04 

2*6 

1 * 762,26 

100 

68 

12 

1 * 037,71 

1 * 991,33 

2*7 

1 * 769,92 

101 

24 

33 

1 * 018,26 

2 * 089.42 

2*8 

1 * 771.16 

101 

28 

46 

0 * 998,36 

2 * 187,42 

2*9 

1 * 766,73 

101 

10 

8 

0 * 978,67 

2 * 285,47 

2*0 

1 * 763,50 

100 

28 

6 

0 * 969,84 

2 * 383,68 

3*1 

1 * 734,37 

99 

22 

18 

0 * 942,66 

2 * 482,17 

3*2 

1 * 708,37 

97 

52 

67 

0 * 927.60 

2 * 681,03 




- 

0*626 



0 

0 


0 


0 

0 

0*1 

0 * 099,93 

6 

43 

33 

0 * 099,83 

0 * 004,99 

0*2 

0 * 199,48 

11 

26 

46 

0 * 198,67 

0 * 019.91 

0*3 

0 * 298.24 

17 

6 

16 

0 * 296,66 

0 * 044,64 

0*4 

0 * 396,84 

22 

40 

47 

0 * 389,66 

0 * 078.54 

0*6 

0 * 491,91 

28 

11 

3 

0 * 479,82 

0 * 121 , f8 

0*6 

0 * 586,10 

33 

34 

61 

0 * 666,60 

0*3 72,81 

0*7 

0 * 678,07 

38 

51 

2 

0 * 646.24 

0 * 231,88 

0*8 

0 * 767,61 

43 

68 

31 

0 * 721,20 

0 * 298,02 

0*9 

0 * 854,13 

48 

66 

17 

0 * 790,06 

0 * 370,61 

1*0 

0 * 937,66 

63 

43 

24 

0 * 862,49 

0 * 448,68 

1*1 

1 * 017,82 

68 

18 

69 

0 * 908,34 

0 * 531,49 

1*2 

1 * 094,40 

62 

42 

17 

0 * 967,63 

0 * 618,63 

1*3 

1 * 167,19 

66 

62 

29 

1 * 000,09 

0 * 709,00 

1*4 

1 * 236,98 

70 

48 

59 

1 * 036,14 

0 * 802,26 

1*6 

1 * 300,68 

74 

31 

5 

1 * 006,89 

0 * 897,71 

1*6 

1 * 360,83 

77 , 

68 

12 

1 * 089,63 

0 * 994,83 

1*7 

1 * 416,66 

81 

9 

45 

1 * 107,70 

1 - 093,18 

1*8 

1 * 467,68 

84 

6 

11 

M20,49 

1 * 192,34 

1*0 

1 * 613,76 

86 

43 

56 

1 * 128,46 

1 * 292,02 

2*0 

1 * 664,92 

89 

6 

26 

1 * 132,06 

1 * 391.96 

2*1 

1 * 690.91 

91 

9 

6 

1 * 131,80 

1 - 491,94 

2*2 

1 * 621,64 

92 

64 

27 

1 * 128,21 

1 * 691,87 

2*3 

1 * 646,66 

94 

20 

48 

1 * 121,84 

1 * 691,67 

2*4 

1 * 666,09 

96 

27 

37 

1 * 113,26 

1 * 791,29 

2*6 

1 * 679,68 

96 

14 

20 

1 * 103,00 

1 * 890,77 

2*6 

1 * 687,27 

96 

40 

24 

1 * 091,71 

1 * 990,13 

2*7 

1 * 688,72 

96 

46 

25 

1 * 079,97 

2 * 089,43 

2*8 

1 * 683,96 

96 

28 

69 ' 

1 * 068,89 

2 * 188,76 

2*0 

1 * 672,90 

96 

61 

0 

1 067*60 

2 * 288,18 

8*0 

1 * 666,68 

94 

61 

29 

1 * 048,21 

2 * 387,73 

8*1 

1 * 682,12 

93 

30 

48 

1 * 040,86 

2 * 487,46 

8*2 

1 * 602,70 

91 

49 

40 

1036*16 

2 - 687.36 
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Table 1 { cord .) 


^ deg . 


sjb 

^ retd . 

dag . 

min . 

sac . 

« f /6 

zjb 




/? = - 

0-66 



0 

0 


0 


0 

0 

0*1 

0 * 099,93 

5 

43 

33 

0 - 099,83 

0 - 004,99 

0»2 

0 - 199,45 

11 

25 

40 

0 - 198,67 

0 * 019,91 

0*3 

0 - 298,15 

17 

4 

58 

0 - 295,55 

0 - 044,63 

0-4 

0 - 395,64 

22 

40 

6 

0 - 389,56 

0 * 078,63 

0*5 

0 - 491,52 

28 

9 

44 

0 - 479,84 

0 - 121,44 

0-6 

0 * 585,44 

33 

32 

36 

0 - 565,65 

0 - 172,72 

0-7 

0 * 677,04 

38 

47 

29 

0 - 646,34 

0 * 231,73 

0-8 

0 * 766,99 

43 

53 

16 

0 * 721,38 

0 * 297,78 

0-9 

0 - 851,98 

48 

48 

54 

0 * 790,36 

0 * 370.18 

1-0 

0 * 934,74 

53 

33 

24 

0 * 863,00 

0 * 448,06 

M 

1 * 014,00 

58 

5 

52 

0 * 909,13 

0 - 630,78 

1*2 

1 - 089,52 

62 

25 

29 

0 * 968,69 

0 * 617,60 

1*3 

1 * 161,07 

66 

31 

28 

1 * 001,76 

0 * 707,84 

1*4 

1 * 228,46 

70 

23 

9 

1 * 038,43 

0 * 800,85 

1*6 

1 - 291,50 

73 

59 

50 

1 - 068,97 

0 - 896,05 

1*6 

1 * 349,99 

77 

20 

66 

1 * 093,67 

0 - 992,94 

1*7 

1 * 403,79 

80 

25 

52 

1 * 112,90 

1 * 091,06 

1*8 

1 * 462,71 

83 

14 

4 

1 * 127,07 

1 * 190,04 

1*9 

1 * 496,62 

85 . 

44 

59 

1 * 136,62 

1 * 289,58 

2*0 

1 * 535,34 

87 

58 

6 

1 * 142,06 

1 - 389,42 

2*1 

1 * 568,72 

89 

52 

51 

1 * 143,89 

1 - 489,40 

2*2 

1 - 596,61 

91 

28 

45 

1 * 142,66 

1 - 589,39 

2*3 

1 * 618,86 

92 

45 

15 

1 * 138,91 

1 - 689,32 

2*4 

1 * 635,34 

93 

41 

52 

1 - 133,24 

1 * 789,16 

2*6 

1 * 645,90 

94 

18 

11 

1 * 126,21 

1 * 888.91 

2*6 

1 * 660,43 

94 

83 

47 

1 * 118,43 

1 * 988,61 

2*7 

1 * 648,87 

94 

28 

24 

M 10,60 

2 * 088,29 

2*8 

1 * 641,17 

94 

1 

56 

1 * 103,04 

2 - 188,01 

2*9 

1 * 627,34 

93 

14 

22 

1 * 096,64 

2 - 287,80 

3*0 

1 * 607,47 

92 

6 

3 

1 * 091,94 

2 - 387,69 

3*1 

1 * 681,72 

90 

37 

84 

1 * 089,51 

2 - 487,66 

3*2 

1 * 660,37 

88 

49 

46 

1 - 089,94 

2 * 687,66 




- 

0*575 



0 

0 


0 


0 

0 

0*1 

0 - 099,93 

5 

43 

32 

0 * 099,83 

0 - 004,99 

0*2 

0 * 199,43 

11 

25 

35 

0 * 198,67 

0 * 019,91 

0*3 

0 - 298,07 

17 

4 

41 

0 * 296,66 

0 * 044,52 

0*4 

0 * 396,44 

22 

39 

25 

0 * 389,56 

0 * 078,61 

0*6 

0 * 491,14 

28 

8 

25 

0 - 479,86 

0 * 121,40 

0*6 

0 - 684,79 

33 

30 

20 

0 - 605,69 

0 * 172.63 

0*7 

0 * 676,01 

38 

/ 

56 

0 - 646,43 

0 * 231,57 

0*8 

0 * 764,46 

43 

48 

2 

0 - 721,66 

0 * 297,63 

0*9 

0 * 849,84 

48 

41 

32 

0 - 790,67 

0 - 869,76 

1-0 

0 * 931,84 

53 

23 

25 

0 - 868,60 

0 - 447,61 

M 

1 * 010,19 

67 

52 

46 

0 * 909,91 

0 * 630,06 

1*2 

1 * 084,64 

62 

8 

44 

0 - 959,85 

0 - 616,67 

1*3 

M 54,98 

66 

10 

31 

1 * 003,40 

0 - 706,66 

1*4 

1 * 220,97 

69 

67 

23 

1 - 040,71 

0 - 799,42 

1*6 

1 * 282,44 

73 

28 

42 

1 - 072,04 

0 * 894,37 

1*6 

1 * 339,20 

76 

43 

50 

1 - 097,70 

omfil 
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Tablb 1 ( eont .) 


(f> deg. 

-I 


s/b 

^ rad. 

^ ss 

min. sac. 

— 0*576 

xjb 

zjb 

1*7 

1*301,09 

79 

42 

12 

1*118,08 

1*088,00 

1-8 

1*437,93 

82 

23 

14 

1*133,60 

1*187,68 

1-0 

1*470,58 

84 

46 

25 

1*144,74 

1*287,05 

2*0 

1*515,80 

86 

51 

14 

1*151,00 

1*386,7$ 

2-1 

1*546,70 

88 

37 

10 

M55,89 

1*486,70 

2*2 

1*671,89 

90 

3 

46 

1*167,00 

1*586,69 

2*3 

1*501,33 

01 

10 

36 

M 56,87 

1*686,68 

2*4 

1*604,00 

91 

67 

14 

1*153,09 

1*786,64 

2*5 

1*612,50 

92 

23 

21 

M40,25 

1*886,57 

2*6 

1*614,05 

02 

28 

42 

1*144,05 

1*086,47 

2*7 

1*609,53 

92 

13 

10 

1*140,80 

2*086,39 

2*8 

1*598,95 

91 

36 

46 

1*137,41 

2*186,33 

2*0 

1*582,37 

00 

39 

46 

1*135,37 

2*286,31 

30 

1*550,94 

89 

22 

40 

1*136,29 

2*386.30 

31 

1*581,88 

87 

46 

12 

1*137,73 

2*486,27 

3*2 

1*408,48 

85 

51 

23 

1143,25 

2*586,11 


Table 2. CALctiXATED factoes fob pendant dbops 



xJb 

xJb 


IIH 

0*2500 

1*048,60 

0*700,18 

0*667,81 

0*909,63 

0*2625 

1*061,30 

0*716,78 

0*681.74 

0*861,56 

0*2760 

1*054,33 

0*733,18 

0*695,40 

0*817,81 

0*2876 

1*057,34 

0*749,44 

0*708,80 

0*777,81^ 

0*3000 

1*060,41 

0-766.56 

0*721,05 

0*741,1.0 

0*3125 

1*063,54 

0*781,50 

0*734,80* 

0*707,27 

0*3250 • 

1*066,74 

0*797,53 

0*747,63 

0*676,99 

0*3375 

1*070,02 

0*813,42 

0*760,19 

0*646.07 

0*3500 

1*073,37 

0*829,28 

0*772,59 

0*619,97 

0*3626 

1*076,81 

0*845,13 

0*784,84 

0*694,78 

0*3750 

1*080,33 

0*860,00 

0*796,07 

0*671,21 

0*8876 

1*083,95 

0*876,89 

0*808,98 

0*549,10 

0*4000 

1*087,66 

0*892,82 

0*820,86 

0*628,31 

0*4126 

1*091,40 

0*008,83 

0*832,66 

0*608,72 

0*4260 

1-096,42 

0*024,94 

0*844,37 

0*400,22 

0*4376 

1*099,48 

0*041,17 

0*866,01 

0-472,71 

0*4500 

M03.67 

0*967,63 

0*867,69 

0*456,00 

0*4625 

1*108,00 

0*974,06 

0*879,11 

0*440,30 

0*4760 

M12,49 

0*990,76 

0*800,57 

0*426,26 

0*4876 

1*117,15 

1*007,68 

0*902.01 

0*410,00 

0*5000 

1*122,01 

1*024,84 

0-913,40 

0*307,17 

0*5125 

1*127,08 

1*042,28 

0*924,76 

0*384,01 

0*6250 

1*132,30 

1*060,03 

0*936,10 

0*371,35 

0*5375 

1*187,98 

1*078,13 

0*047,41 

0*369,16 

0*6500 

1*143,90 

1*096,65 

0*958,69 

0*347,38 

0*5625 

1*150,20 

1*115,62 

0*960,03 

0*335,05 

0*6750 

M57,00 

1*135,13 

0*981,10 

0*824,79 

0*5876 

1*164,44 

1*156,28 

0*992,13 

0*313,83 

0*6000 

M72,87 

1*176,23 

1*002,87 

0*302,89 



Table 3. Table of IjH in terms of S 
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Concerning the effect of compressibility on laminar boundary 
layers and their separation 

By L. Howarth, 8t John's College, Cambridge 
(Communicated by Sir Geoffrey Taylor, F.R.S.—Received 20 November 1947 ) 

The theory of oompresslble flow in a laminar boundary layer has been developed for tlie 
case when the viaoosity is assumed to be proportional to the absolute temperature and tlie 
Prandtl number is unity, (Those assumptions may be compared with the empirical relations 

ficcT^ and cr» 0*715 suggested by Cope.) It is shown that a transformation of the ordinate 
normal to the layer oan lead to a simplified form of equation of motion very similar to the 
ordinary inoompressible equation but modified by a multiplicative factor O in the pressure 
term. This factor is greater than unity at the boundary and tends to one at the outside of 
the layer. 

Several particular solutions are considered including accelerated fiow with a linearly 
increasing velocity and retarded flow along a fiat plate with a linearly decreasing velocity. 

The general implications of tlie theory are discussed and qualitative oonoluiiona are drawn 
when the mainstream velocity starts from a stagnation point, rises to a maximum and 
subsequently falls. It is concluded that for such a velocity distribution increasing com¬ 
pressibility will reduce the akin friction, increase the boundary layer thickness and cause 
earlier separation as compared with the inoompressible flow with the same mainstream velocity 
ilistribution and the kinematic viscosity corresponding to conditions at the stagnation point. 

1. Intkopuction 

The recent work of Cope & Hartree ( 1948 ) has made it abundantly clear that a 
complete study of compressible flow in boundary layers when allowance is made 
for the empirical temperature variation of viscosity and conductivity is a matter 
for modem electronic calculating machines. Hies© authors have, in fact, initiated 
a study of the flow along a flat plate in the presence of a linear retarding pressure 
gradient by this means. 

The empirical relations chosen by Cope (unpublished) for air in the temperature 
range 90® K to 300® K (the range important in wind tunnel experiments) are 

/ioc T* and tr ^ 0-716, 


( 1 ) 
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where /a is the viscosity, T is the absolute temperature and cr is the Prandtl number 
defined as yejk where k is the thermal conductivity and is the specific heat at 
constant pressure. 

The difficulty in any numerical approach to a problem of this complexity lies in 
the number of particular solutions required to give a full understanding of the 
effects of compressibility on boundary layers. It was therefore thought to be 
worthwhile to develop the theory when the empirical relations are replaced by 

fiocT, ( 2 ) 

and O’ = 1 , ( 3 ) 

for it appears that in this case considerable simplifications in the theory can be 
achieved. It is thought that these assumptions are sufficiently close to Cope's 
empirical relations to make the results at least of qualitative interest. 

The assumption or =: 1 has been made by many y)Tevious writers and loads, even 
in the case ^/variable viscosity, to stagnation temperature at a heat insulating 
boundary (Crooco 1946 ). The assumption ftoc T has effectively been made by Crooco 
for the flow along a flat plate in the absence of a pressure gradient when he assumed 
P/A constant. The effects of these two assumptions taken together appears, in view 
of the stagnation temperature at the boundary, to lead to an overestimate of viscous 
effects in the boundary layer. 

Accepting these two basic assumptions the theory will be developecl exactly and 
with particular reference to the effects of pressure gradients on boundary layers 
along heat insulating boundaries. - 


2. The equations of motion and ooNTiNuiry 
The equations of motion and continuity are 


du du 
dz oy 


\dp 13 / d/i\ 


0= 


/> 0 ® f)dy\ 

dp 


dy' 


3 , X 9 / X 


0 . 


Equation ( 6 ) implies that a stream function ^ exists such that 


pu = Pf^ 




pv 


dtjr 


(4) 

(6) 

(6) 

(7) 


where the suilix « is used to denote some standard condition of the gas, at some 
specified point of the boundary layer or main flow outside. The viscosity will also 
be defined in terms of the temperature T, at this point by the relation 






(8) 
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Let us now change from independent variables x,y to x,Y where 


andp, T denote the pressure and temperature at any point inside the boundary layer. 
The pressure p being independent of y by virtue of equation (6) has been taken 
outside the integral sign. Furthermore let us modify ijr by writing 

fix, y) - Y). (10) 


t(x,y) - 
\^y)x p\p,i 


where subscripts x, Y are used to show which quantities remain constant in 
a partial differentiation. Hence 

lP\''l\ _ PPX _ ^X 


“ ~ p\pj dY\pJ T ' 


p,pTdY dY 


assuming the gas to be perfect. Next 

i p, (p.V' 


\dy}, la7;,\3y;, 3F«l3yjr W rar*' 


Hence 


I -■ ^x ^^x , ^x 
dx'^ dy ~ dYdxdY ■^3r0y>\3a: 


>\0®/y '2j, 

pp»y. p; 

p,pT L3a 


^ P»T, d\dp 
2p,pT ^dY*dx 

dxdY^'^dYdYAdx 


/il\ 1 


^*X ^X ^*X ^X t dp d*x 

dxdYdY 37*3* 2pa*^37> 


again making use of the perfect gas law. 
Now from equation (15) 


so that 


/0u\ u. T (du\ /«\* 3*y 

3t*’ 

pL%v3y/l pyW^i^rWaW 


p,pT, d*x 

PP»TdY* 


’'•W' 


If now we use a suffix 1 on p and T to denote general values in the mainstream at 
the edge of the boundary layer 
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where U is the mainstream velocity. Hence 

pdx p dx Ti dx’ 

since the pressure is constant across a section of the boundary la 3 rer. Finally 


pdx 


PitM 

'p dx 


af dx’ 


( 20 ) 


where denotes the local velocity of sound at the edge of the boundary layer^ 
Hence equation (4) takes on the form 


rj^rz _y V ^*x~|, ■■ 

SxdYdY dt^dx dx\T^ 2 of^ 3 r*J'^‘ar*' 
The boundary conditions are 


( 21 ) 


and these imply 


t^=:i; = 0aty=:0, V as y "->- 00 , 


x-|| = 0atr = 0. Il^f; as y-> 00 . 


( 22 ) 


Equation (21) together with its boundary conditions may be compared with the 
equation for the stream function in incompressible flow for the same distribution 
of mainstream velocity * 


dxdydy Sy* dx ^ dx"^^ 3y*’ 


which has boundary conditions 

5^ d^ 


difr 




(23) 


(24) 


(The condition d^/dx = 0 at y = 0 could be replaced by « 0 at y = 0 without 
loss.) This flow will be termed the associated incompressible flow. 

The effects of compressibility may therefore be thought of as summarized in the 
term in square brackets 


T d^x 
’"¥i~2^^Fy*’ 


(26) 


which multiplies the eiSeotive pressure gradient, and in the altered scale in the 
direction normal to the boundary. 

Except in the case where dUjdx » 0 about which some oommoats will be made 
later we cannot proceed further without a knowledge of the temperature distribution. 
This is provided by the energy equation of oourse.f 

t Bven when dVfdx s 0 a knowledge of the temperetore distribution is essential before 
the solution owi be completed and y determined from F. 
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3. The enebqy equation 
The energy equation may be written 

where k is the conductivity. In terms of the Prandtl number ir 

k^fK^K^^. 

Jif now we multiply equation (4) by pu and add to (26) we find 

assuming and cr arc constants. Hence, whatever be the form of the temperature 
variation of /i, if cr = 1 

Jcp T 4* ^ const. 

is a particular integral of (26) (see Crooco 1946) and is such that 

dT 


dy 


= 0 when u = 0, 


i.e. it corresponds to a boundary which is thermally insulating. Hence we find 

(28) 

1 


so that 




(29) 


Hence the term 0 which multiplies UidUjdx) in equation (21) takes the form 


Sis'' 1 + 


(y-^) r m_ /MH _ X y ^ 
2of L 2of^ay>’ 


(30) 


and tbat the full equation of motion is 

dxdYdY 37*3® 2oJ \3y/J 2a?^3y«Jd* ^ *3y*‘ 

(v — 1) 

At the boundary G< =« 1 + - U* whilst asy-^oo.tJ'-^lasis obviously required. 

The effect of compressibility is therefore to exaggerate the effect of the pressure 
gradient in the neighbourhood of the boundary as compared with the associated 
incompressible flow. In one or two examples which will be discussed later it appears 
. that at least for small Mach numbers Q becomes less than unity in the outer part 
6f the boundary layer (i.e. 0 tends to 1 from below) so that there is a corresponding 
reduotdon in effect in the outer parts of the layer. 
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It also appears that, as Illingworth (unpublished) found, no * similar’ solutions 
of equation (31) other than the one corresponding to f7 == const, exist. A number of 
solutions in series will be considered below but since Pohlhausen’s method will 
also be used we shall now consider the momentum integral equation corresponding 
to equation (31). 


4. Mokentum integral equation 

Let us denote by S* the boundary layer thickness measured in terms of Y and write 


Consider first of all the term obtained by integrating G 


(32f 

(33) 


(34) 


Hence then exactly as for incompressible flow 

Hence +3'(,+ !2^£’)] . (36) 

This equation may be compared with the associated incompressible form 


t This equation may be obtained from first principles when due allowance is made for the 
altered scale in the y-direotion, Si and being defined as 
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5. ThB KAsitlAK-POHliHAtrSKN MrraOD 


The standard K&rm&n-Pohlhausen method for incompressible flow is then im¬ 
mediately applicable to equation (36). Let us for the moment write 
we notice that if is the velocity of sound corresponding to rest conditions in the 
main stream then /v_ n 


so that 


and 


1 + 


Ml 

(r-1). 


2 

17* 


TIfg 


Ml 


a^o-Ur-^)U* l-i(y-l)Jlfg’ 

1 




(38) 

(39) 

(40) 


2 ag-i(y-i)?/* i-i(r-i)Jfg’ 

where Mf, = U/a^. 

The theory will be developed with the standard quartic form of velocity dis¬ 
tribution putting ^ ^ ( 41 ) 

(42) 

(43) 


where 

and 

Now 

Hence 


m/17 =/(7/^') = J’(7)+AG{9), 
ri = Y/S', F(t}) = 27-29* + ^*, G(ri) = J^(l -rjf, 
/(0)-0. r(0) = -A, /'(I) =/'(]) = 0. 

(0) - Jj jrg [^1 + ^ M^j U 


dx ’ 


If dx 




(44) 


and differs from the corresponding quantity for incompressible flow by the factor 
[(I + i(y — 1) ft still remains true as for incompressible flow that 

Substituting these values in equation (36) leads to the following differential 
equation for A: 


where 


9(A) 

m 

m 


IBl 20 - 2784A+79A* -t- |A» 
(l2-A)(37-f-f|A) ’ 

S^-fA 

(12-A)(37-|-t|A)’ 

16120-1008A-f63A» 
(12-A)(37-heA) • 


(47) 

(48) 

(49) 


The functions g and h are the same as those occurring in incompressible flow and 
tabulated in Modem developmenta of fluid dynamics, 1, 160. The function j{X) is 
tabulated in table 1 together with 


*(A)-^2^^i(A)-hy{A*A(A)-(-A}. (60) 


wheny » 1-4. 
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Equation (46) may also be put in a form analogous to the one found most useful in 
incompressible flow problems by writing 



Then g =3 i [^(A) + yjlf*{A*A(A) + A} + A(A). (61) 

« * 

Near a stagnation point the equations reduce to the standard incompressible form 
and since M^jU 0 as t7 -> 0 we find 

g-—S/Q* 

for the conditions holding at the stagnation point. 


Table 1 


A 

i ( A ) 

k ( X ) 

A 

M ) 

^( A ) 

12‘0 

00 

00 

3*0 

32*53 

11*13 

no 

194*52 

128*76 

2*0 

32*44 

9*442 

10*0 

98*04 

. 63*47 

1*0 

32*97 

8*026 

9-0 

66*67 

41*53 

0*0 

34*06 

6*811 

8-0 

61*66 

30*44 

- 1*0 

36*67 

6*763 

7-8 

49*12 

28*74 

- 2*0 

37*83 

4*823 

7-6 

47*74 

27*38 

- 3*0 

40*67 

3*996 

7-4 

46*07 

26*04 

- 4*0 

43*96 

3*266 

72 

44*68 

24*81 

- 5*0 

48*09 

2*593 

7062 

43*67 

23*96 

- 6*0 

63*14 

^002 

6-8 

42*02 

22*63 

- 7*0 

69*31 

1*480 

6-6 

40*91 

21*02 

- 8*0 

66*92 

1*011 

6-4 

39*91 

20*74 

- 9*0 

76*44 

0*613 

6-2 

30*00 

19*89 

- 10*0 

88*67 

0*297 

6-0 

38*18 

19*09 

- 11*0 

104*44 

0*084 

60 

36*11 

15*74 

- 12*0 

126*00 

0*000 

4*0 

33*36 

13*17 





The condition A » —12 is still, of course, the condition which governs separation. 
So far we have been concerned with developing the general theory. Its applications 
to particular examples will now be considered. 

6. Flat tlatb solution 

The solution of the flat plate problem has been given by Crocco ( 1946 ) but it 
seems worthwhile to make a few comments for the sake of completeness. 

If dUjdx m 0 then equations ( 21 ) and (31) reduce to 

Sx s»x 

dxdY BY^dydY •by*’ 

and the boundary conditions are 

• 0 , X “ 0 at y *■ 0 , U a» Y-*-co 


(63) 
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The solution is known (since it is the sanfe as the associated incompressible solution) 
to be TT 


where 


X = it’s 

I' 


with the boundary conditioriH 

f ^ = 0 at ry — 0 , /' = 2 at 7/ = oo. 

The skin friction t at the plate is 


Ta- u (^\ 


= f^^)ir(0). (55) 

We can take the standard conditions to refer to the unifoi m conditions in the main 
stream and so obtain, using suffix I for mainstream values, 




whore a ^ 1 *32824. The skin friction coefficient 

~jji = (« 7 ) 

is therefore independent of Mach number in this case. 

Although the velocity distribution in terms of Y is also independent of Mach 
number, this is obviously no longer so in terms of the true scale y. Thus we have u 
as function of 7 only where 

-a- 


Now if we integrate the equation for / we find 


llrdTi^r-rm+ff, 


Hence 


(69) 
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BO that if we use to denote the ordinate of the incompressible flow with viscosity 


Vi 


im-* 


1 } and 


y~yi (y~^) 

2/f “ 2 


Jlffjl- 


(/*+//') , 0-324206^ 


4-^ 


V 


1- 


(60) 


When 7/ 0 the expression in curly brackets tends to 1. When tj is large we find 

0.5062 


yi 


V 


■M\. 


(61) 



M-O/ 



/t^ 

y/U-^ 

- 

k 







0 15 30 4'5 60 7-5 90 



FionaK 2 


To see the significance of this last result it is convenient to imagine a finite boundary 
layer thickness S defined by the condition ujU =‘ 0.999, say. This corresponds to 
a valu^ of 3 for 7 . Hence » » 

» 0-1987(7-1) Jiff 


= 0.0793iff 


(62) 
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wbeny * 1 * 4 . Thus there is an 8 % increase in boundary layer thiokneiis when ilfi « 1 
and a doubling in thickness when «= 3 * 5 . 

The relation defined by equation ( 60 ) is shown graphically in figure 1 when 
y 1 * 4 , Figure 2 contains a number of velocity distributions at different Mach 
numbers. 

The forms of the velocity distributions are much the same as those obtained by 
K&rm&n & Tsien (1938) who assumed jiicc They found as did Brainerd & 
Emmons (1941, 1942) with a variety of viscosity-temperature variations that the 
skin friction decreased slowly as the Mach number increased. The constant value 
found in the present investigation is due, as suggested earlier, to our assumptions 
effectively overestimating the effects of viscosity. 0 


1 . Flow in wakes ani> jets 

Although the problem of viscous compressible flow in wakes and jets may not be 
very significant practically since the flow is probably turbulent it is nevertheless 
of some interest to see the effects of compressibility even in this case. 

With the usual approximations equation ( 31 ) adapted to flow in a wake becomes 


^dxBY 


m 


where Pi is the kinematic viscosity corresponding to the undisturbed flow, the 
drag D being given by the integral 

Thu. 

Putting w «■ 1 — ujU we then have 

u)dY (66) 

approximately. 

The solution in terms of Y is then given by the standard incompressible solution 

w « (67) 


where 



and 



(68) 


The integral 


JCp T + Jtt* * const. 
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of the energy equation is applicable to this problem too since it makes dTjdy vanish 
with dujdy. Hence as in the flat plate problem we have a velocity distribution deter¬ 
mined by 57 , the true scale y being given by 




- Y^^{y--\)M\[^wdY. 

* Jo 

(69) 

Hence if Y is sufficiently large 


.. y Ay- i)M\d 

^ 2piV^ • 

(70) 


As for the flow along a flat plate we can define a width of wake by w/Wq = 0*1%, say, 
which gives a value of Y of approximately. 

Of course Djp^ in general an unknown function of both Reynolds and Mach 
numbers for a given obstacle so that variation in wake size implied by (70) is also 
not known. One can, however, interpret (70) by saying that for a given value of 
D/pi IP the ordinary incompressible theory with kinematic viscosity would under¬ 


estimate the wake thickness by a constant amount 


(r-1) 


Ml 


D 


2 

In the particular case of the wake behind a flat plate of length I 


and 


where 

£md 

where 



« (71) 


(72) 


(73) 


(74) 

2 

erft==- 7 -| e~^dt. 

V^’Jo 



Defining the edge of the wake as in the general case above the implied total width 
of the wake is 


8(?^)‘+1.328(7- + l-328(r- 

when y ■■ 1'4. 

The velocity distribution in the wake when x » lOi for Mach numbers of 0, 6 
and 10 is shown graphically in figure 3. 
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Consider next a two-dimensional jet. The flux of momentum F across each section 
of the jet is 

F 


^00 

2 pu^dy 
Jo 

2po f —u^dy=-2pA u^dY, 
Jo Po Jo 


(76) 


where the suffix 0 refers to conditions in the gas at rest outside the jet. 
The equation of motion derived from (31) is 


dxdfdY df^dx "ays' 


(77) 



The standard incomprossiWe solution can then be used to give 


M = = 0-4543(-™V8ech*^, 

BY 

(78) 

where | = 0-2762( -V Y. 

\PoH^V 

(79) 

The ordinate y is then given by 



(80) 


where is the velocity of sound oorresponding to rest conditions. For sufficiently 

(v~ l)F 

large Y we see that y - 7^ ■ ^ , so that for a given value of Fjp^ the jet width 

4a2 pQ 
{•y/ * 1 \ F 

is less by an amount — than that obtained by incompressible theory with 
kinematic viscosity j'q. 
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Of course the considerations set out in the section on wakes and jets do not hold 
in the neighbourhood of a: = 0 where neither the assumptions of the boundary layer 
nor the neglect of pressure gradient are valid. 


8. Flow with unearly incrbastno velocity in the main stream 


One of the standard solutions of incompressible flow is given by considering the 
velocity distribution jj _ 


in the mainstream. It corresponds to flow in the vicinity of a stagnation point. It 
is obvious of course that even when the flow is compressible the velocity distribution 
in the boundary layer in the immediate vicinity of the stagnation point must be 
the same as the incompressible one. If, however, the linear velocity distribution 
IJ = fix may be supposed to hold for some appreciable distance downstream then 
compressibility will begin to play a part. To this extent the problem is more artificial 
than the corresponding incompressible problem but it is worthy of consideration 
since it may be typical of accelerated flow problems generally. 

With U — equation (31) takes the form 


BxdYdY BY^dx 



2ttf 






(81) 


where we use the suffix zero to denote conditions at the stagnation point and treat 
these as our standard.f We see that 



' ' (82) 


(83) 

We can obtain a series solution in the form 


II 

o 

> 

(84) 

where ij = Y. 

(86) 

The differential equations satisfied by /j,/, and/j are 



(86) 

Wa-S/i'/.-Zi/s" = +/8*. 

«- 5 / x 76 - A / 5 * » ^^*(1 

(87) 


-(r-i)/iy8-|(/i/3'+/a/r)-3(/,«-/,/;)+/r. m 


t The sufiBlx 1 on a is used as before to denote general mainstream values. 
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and the boundary conditions are 

=/b “/i “A = 0 at ^ = 0, f[^ IJi =/' = 0 at V « oo. 

As remarked above is the same function that appears in the solution of the 
incompressible problem. Taking y = 1-4 we have 

S/T/s-A/s* = 0-2(1 -A*)-0-7/,/r+/a"'. (89) 

SA/b-SAA-AA' = 0-04(l-/i*)-()-14/,/^-0-4/i/' 

-0-l{M+m-W-fj;)+fr (90) 

The velocity distribution is given by 

If - A*[/i(7) + ^A(7) + “yA(v) + -], (91) 

AVv 




where 

and 


-( a * 

The skin friction r at the wall is given by 

where the suffix w refers to conditions at the wall. Hence 

The pressure ratio plp^ which appears in equations (92) and (94) is given by 

p fi ( y - l )/?® a :* 1’''‘’'-0 
Po L 2 oaJ 

and may be expanded in powers of ^x^jal to give 


«0 


and 


T = 


32 ' ' 8 

Po>'i/?*®[A( 0 )+^‘{A( 0 )-|A( 0 )) 

.^{A(o)->).r^^ 3 ^^A(of...]. 


(92) 


(93) 


(94) 


(96) 


(96) 


(97) 




Concerning the effect of compressibility on laminar boundary layers 31 

The integration of equation (89) for /g has been carried out and the results are 
shown in table 2; /g is shown graphically in figure 4. This function is in fact quite 
small compared is positive and of the order of 6 % of/3[(0). The velocity 

correction implied by /g is positive in the inner quarter, say, of the boundary layer 
with a maximum of just less than 1 % of the maximum value, tinity, of/J and is 
negative in the remainder with a maximum numerical value of just over 1 % of 
the maximum value oif{. 

Table 2 


V 

/. 

fi 

s ; 

V 


fi 

fi 

0-0 

0*000 

0*000 

0*056 

1*6 

- 0*003 

- 0*012 

0*002 

0*1 

0*000 

0-006 

0*036 

1*7 

- 0-004 

- 0*011 

0*006 

0*2 

0-001 

0-007 

0-018 

1*8 

- 0*006 

- 0*011 

0*007 


0*002 

0*008 

0*003 

1*9 

- 0*006 

- 0*010 

0*009 

0*4 

0*003 

0-008 

- 0*010 

2*0 

- 0-007 

- 0*009 

0*010 

0-5 

* 0*003 

0*007 

- 0*018 

2*1 

- 0*008 

- 0*008 

0*010 

0-6 

0*004 

0-004 

- 0*024 

2*2 

- 0*008 

- 0*007 

0-010 

0*7 

0*004 

0*002 

- 0*027 

2*3 

- 0*009 

- 0*006 

0*010 

0*8 

0*004 

- 0*001 

- 0*027 

2*4 

- 0*009 

- 0*006 

0*009 

0-9 

0*004 

- 0*004 

- 0*026 

2*5 

- 0*010 

- 0*004 

0*008 

1*0 

0*003 

- 0*006 

- 0*022 

2*6 

- 0*010 

- 0*003 

0*007 

M 

0 ’( XI 3 

- 0*008 

- 0*018 

2*7 

- 0*011 

- 0*003 

0*007 

1-2 

0*002 

- 0*010 

- 0*014 

2*8 

- 0*011 

- 0*002 

0*006 

1-3 

0*001 

- 0*011 

- 0*009 

2*9 

- 0*011 

- 0*002 

0*005 

1*4 

0*000 

- 0*011 

- 0*006 

3*0 

- 0*011 

- 0*001 

0*004 

1*5 

-- 0*001 

- 0*012 

- 0*001 







Fioubs 4 


The integration of equation (90) has not been carried out but a crude exemption 
indicates that/g should have much the same form as/, but considerably smaller in 
magnitude possibly of the order of 20 % of/g. 

It appears therefore that even when has reached unity the difference in u 
at a given value of F (or i}). from its corresponding incompressible value is small 
and of the order of 1 %. This does not of course imply that the change in « at a given 
value of the true ordinate y is small. In fact the change in scale is much the most 
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important effect here. Bearing in mind the remarks on order of magnitude made 
above we can write equation (92) as 

approximately. Thus 

Velocity difttributions corresponding to = 0, 0-5 and 1*0 (beyond which stage 
it seems inadvisable to proceed without calculating/g) are shown in figure 5. 



Fioubk 5 Figure 6 

The akin friction at the wall r given by equation (94) is shown graphically in 
figure 6 for values of between 0 and 1. Although v^^'^^x^^idujdY)^ increases 
with Maoh number from 1-23 at == 0 to 1'29 at fixja^ = 1 the actual skin 
friction coefficient tIpqV^JS^x falls from 1-23 to 0-B7 as a consequence of the changing 
scale. As one would indeed expect in the light of the velocity distributions the factor 
(pIPo)^ representing the effect of change of scale predominates and leads to this 
substantial decrease in skin friction coefficient with Mach number, A good approxi¬ 
mation to the skin friction is, in fact, provided by reducing the incompressible value 
by the factor {p/po)^ in this range of variation of /6?a:/ap. 

A problem rather similar to the one discussed here is provided by the boundaiy 
layer along the wall of a converging channel. Here the effects of compressibility on 
the main flow are known and to this extent the problem is less artificial than that of 
the present paragraph, 

9. SkBIBS EXFAJISIONS foe the OENKRAi MAINSTBEAM VEIiOCITY DISTEIBimON 

The considerations of the previous section make it evident that if the velocity 
distribution in the main stream is given as a series of ascending powers of x 


(99) 
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a solution could be obtained in the form 


where 
By writing 






3/?* 


F, 


*" A 


/a? 






P ». I • Mil- ftfp 

/?! ^4+^*4+ ^2 etc., 


( 100 ) 

( 101 ) 


( 102 ) 


the equations for the functions F can be split up into equations independent of 
both Reynolds and Mach numbers, just as in the corresponding problem for incom¬ 
pressible flow. 

The functions /j, /j, g^, Ag, A 4 , are in fact the functions derived for incom¬ 
pressible flow (Howarth 1934 ). The new functions ifcg, introduced by com¬ 
pressibility are given by the equations 

^f'xK-mh-hK = ( 103 ) 


and — 4 /jg^ 4 —(if 4 — 3 ( 5 / 2 ^;g~' 3 /Jfc 8 — 2 /aA; 8 ) 

+ (y-l)[(l-3/J/J) + 3(l-/i*)]-^(/j;+/I/.+/JI), il04) 
for which the boundary conditions are 

= gj = 0 at 7 = 0 , ig = gi = 0 at 17 = 00 . 


As might be expected equation (103) is identical with (87) of which the solution is 
given in table 2 (where it is called/,) when y = 1*4. The functions/,,/,, jr,, A, and i, 
are tabulated by Howarth ( 1934 ). 

In view of the generally slow convergence of the series involved and the con¬ 
sequently limited applicability of the results it has not been considered worthwhile 
to calculate the compressibility effects beyond the function already calculated. 

The skin friction at the wall is 


+ {^V;( 0 ) + ^HI( 0 ) + ^i;( 0 )+^*g;( 0 )}a;* + ...]. (106) 


A similar method applies to velocity distribution 

IJ *■ . 

corresponding to a symmetrical obstacle. 


(106) 


Vol. 194. A. 
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The stream function x i® given by a series of the form 


X == (f'o A)‘ + **^6(7) + —]. (107) 


where 


V =■ 



r. 


Fi=fv 

F - + — a 


F, 


%n ^mh + — 
/?!*»+ 20* 




(108) 


(109) 


Hero again the functions fi.fzj g^t \ a-re the ones occurring in incompressible 
flow (Howarth 1934 , where they are tabulated). The equations determining ^ 3 , ^5 


and ^6 are 

Wz-m9,-fi9l - +^^l-/i»)-|/l/I. (HO) 


6 /; K - 5/j h -fx K = K - i 2 [ 2 /jg; -ng>-f,gl] 

+(Y-i){i-*rj',)~2Y(fji+riA), ( 111 ) 

— 3 s ■” 2 (^ 3 * — gfggfg) — (y — 1 )/igr 3 
-1 (/i/» +/i 9l) + Y (1 -fi) - Y . (H 2) 

with the boundary conditions 

38 * 38 = *5 “ 1^8 = ?5 = ?8 = 0 at 17 = 0, = gi = 0 at 9 = 00 . 

Equation ( 110 ) is identical with (103) and (87) the solution being given in table 2 
(where it is called/g). Equation ( 112 ) is identical with ( 88 ). 

Beyond this stage the number of new functions introduced by compressibility 
effects begins to increase rapidly and the value of the method except at small Mach 
numbers is doubtful. For this reason the integration has not been carried beyond g,. 


10. Thb vlat plate with a bbtardihg unbar velocity obadibnt 


A problem which has been thoroughly investigated in incompressible flow is 

that which occurs when rr ,r 

U * l/g—t/j*. (H3) 


This velocity distribution has been shown to lead to separation of the layer when 


Uix 

U, 


0120. 


We can apply series methods similar to the ones developed above to determme 
the effects of compressibility. We take conditions at the leading edge as our standard 
and denote them by a suffix 0 . Then we can find a solution of equation (31) in the form 

X- l7i**vi{F„(i?)--ac*fi(7)+(8»*)*F,(7)-...}, (114) 
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where 
If we put 


V 


i rcj 

2 vjar* 


and X* 




^0 /o» 

^1 “ /i + ^9v 

+ etc.,. 


(115) 

(116) 


where Mq is the Mach number at the leading edge we find that/ q, /i, /a, ..., are the 
functions occurring in the incompressible solution and given by Howarth ( 1938 ). 
The equations to determine are 


fi+My-Wx + Vlgi = -^^(4-/;*) + |/o/;. (117) 


+1 (/S/i +ri/o) + 4/ii/I - SAj/I - 3Afiri, ( 118 ) 

K+foK-^foK+^foK = + 

+ ^^^fo9'i +1 (fog, +Mi) + 2(7i‘ -3g^in. (119) 

The boundary oonditions are 

jfi = !7i =» =» g'i - Aj = Ai •= 0 at = 0, flrj =* == AJ - 0 at 7 =» oo. 

The velocity distribution is given by 

The ordinate y is determined by 




(?) Vt [■'+ 8 "“'/.('-us)''’']' 

(121) 

“ [l+^^JfS{8**-A(8a:*)«}]’"‘’'”'’. 

(122) 


The skin friction is given by 

+ (8**)*{/;(0) + J/JgJ(0)+Jlf5A;(0)}+...]. (123) 


yt 
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The new functions introduced by compressibility effects again multiply rapidly. 
It is to be noted that each of the functions F after F^ contains a term in M% so that 
the compressibility correction at small Mach numbers is correspondingly more 
difficult to assess than in the accelerated flow problem discussed above. 


Table 3 


V 

fiTi 



V 

9 i 

9 i 

^ firl 

00 

0-000 

0-000 

0-088 

1-6 

0-013 

- 0-010 

- 0*010 

0-1 

0-000 

0-008 

0*068 

1-7 

0-012 

- 0*010 

- 0*003 

0*2 

0-002 

0-014 

0-049 

1*8 

0*011 

- 0*010 

0*002 

0-3 

0-003 

0*018 

0*030 

1*9 

0*010 

- 0*010 

0*006 

0-4 

0-005 

0-020 

0-013 

2*0 

0-009 

- 0*009 

0*009 

0-5 

0-007 

0-020 

- 0-002 

2*1 

0-008 

- 0*008 

0*011 

0-6 

0-009 

0-019 

- 0-016 

2-2 

0*007 

- 0-007 

0*012 

0-7 

0-011 

0*017 

- 0-026 

2*3 

0*007 

- 0-006 

0-011 

0*8 

0-012 

0*014 

- 0-033 

2-4 

0-006 

-0 006 

0-011 

0*9 

0-014 

o-on 

- 0-037 

2-5 

0*006 

- 0-004 

0-009 

1*0 

0-015 

0*007 

- 0-039 

2-6 

0*006 

- 0*008 

0*008 

M 

0-016 

0*003 

- 0*038 

2*7 

0-005 

- 0-002 

0-007 

12 

0-015 

- 0-001 

- 0-035 

2-8 

0-006 

- 0*002 

0-005 

1*3 

0-016 

- 0-004 

- 0*030 

2*9 

0*005 

- 0-001 

0-004 

1*4 

0-014 

- 0-006 

- 0*023 

3*0 

0*006 

- 0*001 

0-003 

1*5 

0*014 

- 0-008 

- 0*017 







Fioube 7 


The function has been calculated and is tabulated in table 3; is shown 
graphically in figure 7 together with (on a different scale) for comparison; gl(0) 
is equal to 0-0878. It wiU be seen that when \ the effect of compressibility is 
to increase numerically the coefficient of 8 a:* in the velocity series in, say, the inner 
third of the boundary layer and to decrease it in the remainder. The maximum 
];)eroentage increase is 6 at 7 ■« 0-5 and the maximum percentage decrease is 3 at 
If =* 1 - 8 . This then corresponds to a decrease of total velocity in the inner third and 
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an increase in the remainder. Furthermore when JMJ, = 1 , we have from equation 


(123) 




(124) 


so that when «= 0 * 1 which is as far as we can safely proceed without further terms 


4r 

Po 


1*228. 


(126) 


This value is substantially the same as that (1*226) obtained at the same point in 
the incompressible solution. The decrease in skin friction associated with the 
velocity corrections in the x, Y plane is in fact in this case just offset by the scale 
correction factor (plPo)^ in passing from the (ar, F) to the (x^y) plane. 

The main interest of this problem presumably lies in obtaining the point of 
separation and this is of course determined completely by conditions in the x, Y 
plane since dujd Y and dufdy vanish together. Separation is therefore given by 


nm -8a;*{/I{0) + ^o*9^(<>)} + (8x*)*{r2(0) + JfSfirS(0) + ifJA;(())}+... = 0. (126) 

The structure of the equations (118) and (119) introduced by compressibility 
considerations suggests that ^ 2 ( 0 ) and ^ 2 ( 0 ) will be appreciably smaller in magnitude 
than ^i(O) and of the same sign as fifl(O). Thus the effect of compressibility in the 
coefficient of 8 x* tends to move separation forward whilst the corresponding effect 
in the coefficient of ( 8 a:*)* is to move it backwards. To see the order of the effects 
involved let us assume that all the compressibility terms save ^J(O) may be neglected 
when Mq^ 1. We then find, following out the same procedure as the incompressible 
work (Howarth 1938 ), that for separation z* lies between 0*116 and 0*123 as com¬ 
pared with the interval 0*119 to 0 * 129 found for incompressible flow. It would appear 
then that when Mq^ I the separation point should not move forward by more than 
4 % of the distance from the leading edge to the point of separation in incompressible 
flow. 

It ap|)ears, in fact, to be impracticable to use this series method to determine 
the influence of compressibility on separation in view of the number of functions it 
would be necessary to calculate. It is, however, open to us to make use of the 
K 4 rm 4 n-Pohlhau 8 en method which though not very accurate should be adequate 
to give results at least qualitatively correct. 

With U ^ Uq— UiX equation ( 46 ) becomes 

where, changing the notation slightly from that in § 5, if is the local Mach number 
corresponding to the velocity 11^— UiX. M is therefore a known function of x and 
equation (127) requires a numerical or graphical integration. However, as a first 
approximation since the velocity change from leading edge to separation in incom¬ 
pressible flow is known to be relatively small (the series approach gives 12 % and 
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Pohlhausen’s method itself gives 16^ %) it appears plausible to replace Jf* in (127) 
by a mean value M^. If we adopt this approximation then 
(Uo-TLx) r* d\ 


log! 


Uo Joi 


(128) 


g{\) + 7 if*{A*A(A) + A}+i(y -1) if*j(A) ’ 
since A is zero at the leading edge. The value of x at separation is given then by 

/ V^x,\ r« _ dA _ 

= ■■J_i2i7{A)+y:r»{A»A(A) + A} + Ky-l)^‘(A)' 

* 

This leads to the following values for UixJUq when y = 1*4: 

M V,xJU 

0 0-166 

1 0-148 

VlO 0-106 


10 


0*044 


These values of UjxJUq imply a change in from leading edge to separation 
of 31 % when =« I, 43 % when M ^ ^JlO and 00 % when M = 10, It therefore 
appears desirable to reject this approximation and to integrate equation (127) as 
it stands; this has been done graphically. The results obtained are shown in the 
following table where JI4J, refers to the Mach number at the leading edge. 


Afo 


Mach number 
at separation 

0 

0*166 

0 

1 

0*148 

0-83 

J10 = 3-16 

0*107 

2-4 

10 

0*062 

6-4 


The results do not differ as much as might be expected at first sight from the 
approximate ones obtained above if M is interpreted as the leetding edge Mach 
number, This is due to the fact that g{A) is least and fc(A) is greatest at the leading 
edge so that the value of plays its most important part there. 

The percentage movement of separation between Mq «= 0 and 1 is 6 and may be 
compared with the outside figure of 4 % obtained from the series solution. 

fThe changes in the position of separation as increases beyond 1 are quite large 
and indicate that, for the same mainstream velocity distributiony as the Mach number 
increases the point of separation moves forward quite rapidly in the supersonic 
region. A somewhat similar problem has been discussed by Illingworth (unpublished) 
who, assuming viscosity and conductivity constant, has considered the effect of 
Mach number on separation for a given linearly increasing pressure along a fla^t plate. 
Although not strictly compt^rable we can consider the relation between the two sets 
of results by imagining the incident pressure kept constant and effecting the changes 
in Mach number by incident density variations. Thus in the problem of the present 
paper we have, if the suffii zero refers to the leading edge 

Po“L "2 C7|)J ' 


t The contents of tliis paragraph have been amended in consequence of a query raised by 
Professor Goldstein. 
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yitf§a(l-aa:)|l JfJ(2aa:-a»a:*)| , 

where a — UJUq. The considerations of the present paper can thus be applied 
crudely to Illingworth's problem if we make a vary with Mq so that a3fg remains 
constant, Illingworth’s results are calculated at Mq = 0*1, 1*0 and ^10 so that if 
we take a « 1 when must have a - 0*01 when — 1 and a — 0*001 

when Jfy — ^10. The results tabulated above then show that separation occurs 
(since a = UJUq) at x « 0*156 when Mq «= 0*1, at x == 14*8 when J[f(, = 1 and at 
X — 107 when Mq « -^^10 (assuming as is reasonable that when « 0*1 separation 
occurs at the incompressible vahie 0* 166 for xj IJ^), Thus the distances from leading 
edge to separation at these three Mach numbers are in the ratios 1:95:686 whereas 
Illingworth’s values are in the ratio 1:118:4216. The basis of this crude comparison 
becomes increasingly invalid as incresises but it serves to substantiate qualita¬ 
tively the large backward movements of separation found by Illingworth when the 
Mach number is increased and the pressure gradient remains constant. On the 
basis of this comparison it appears to be more convenient to consider compressibility 
effects on separation by fixing attention on a given mainstream velocity distribution 
rather than on a given pressure distribution since the magnitude of such effects is 
thereby much reduced. 


11. OkNBBAL discussion of the theory and its RKSX7LTS 

The assumptions ficcT and cr == 1 have been shown to lead to a considerable 
simplification of the boundary layers equation in compressible flow. This simfilifioa- 
tion is achieved by a transformation 




(130) 


of the co-ordinate y normal to the boundary. In the (x, Y) plane the equation of 
motion can be transformed into 


BxdYdY dY^dx' 




which is identical with the standard incompressible form apart from the term 

(y-1) 


Os 1 +- 


2 af \ \ar/ I 201^^ 


dY* 


(132) 


in square brackets which is simply unity in that case. The boundary conditions are 
X * 0, Bxl^ Y = 0 when 7*0, dxjd Y-*-U when F-^-oo and again are identical with 
the corresponding incompressible conditions. The relation between velocity and 
temperature is. since cr- 1, + iu* ^ const. (133) 

The solution of a problem of compressible flow then falls into two parts. First of 
all we have to solve the flow equation (131) in the x, Y planef and then we have to 

t This is made possible by the form of the boundary conditions which are applied at 
0 and 00 and so are independent of the (unknown) Y scale. 
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transform the results into the actual x^y plane by means of the inverse transforma¬ 
tion. 

(134) 




and the energy integral (133).. 

In problems in which dUjdx vanishes such as flow along a flat plate and flow in 
wakes and jets equation (131) is identical with the incompressible equation and the 
co-ordinate Y can be interpreted aa the distance normal to the layer in the 
incompressible flow. 

The effects of compressibility are then determined entirely by the change of scale 
given by equation (134). The skin friction along the flat plate is found to be indepen¬ 
dent of Mach number but the boundary layer thickness increases considerably 
being double the incompressible thickness at a Mach number of 3* 6 . 

In all other problems the alterations produced by the factor 0 and the change of 
scale have both to be obtained. Two examples have been considered in detail. First, 
• for a flow in which the velocity in the mainstream increases linearly with distance 
from a stagnation point a solution of (131) in series has been obtained. Up to main¬ 
stream Mach numbers of unity the solution of (131) differs but slightly from the 
corresponding incompressible solution. Here again then the most important changes 
which occur arise from the change of scale which again leads to a thickening of the 
boundary layer and in this problem to a reduction by a factor (p/Po)^ in the skin 
friction p being the mainstream pressure and Pq the stagnation pressure. 

Secondly, the problem of flow along a flat plate with a linearly retarding pressure 
gradient has been considered both by the series method and Pohlhausen’s. Separa¬ 
tion which is one of the features of such a flow is determined entirely by equation 
(131) since du/dy and du/dY vanish together. The change of scale is important in 
determining the boundary layer thickness and the variation of skin friction along 
the surface up to the point of separation. It is fairly evident on general grounds that 
for a given retarding mainstream velocity distribution (131) will lead to a forward 
movement of separation with increasing Mach number. For, the effect of the 


pressure gradient term U{dUjdx) is enhanced by a factor 0^^ 1 + 


(y-1) 

2af 


m at 


the boundary so that even though the term G may fall below unity in the outer 
part of the layer one would expect earlier separation. 

This prediction is certainly fulfilled in the particular problem solved. Pohlhausen’s 
method gives a forward movement of separation of 5 % at M = 1, 33 % at ilf = 10 
and 66 % at Jkf 10 these percentages being percentages of the distance from 
leading edge to separation in incompressible flow. 

We can consider qualitatively the general effects of compressibility in the following 
way. Let us fix attention on a certain mainstream velocity distribution say one 
which rises from zero at a stagnation point to a maximum and then falls off again. 
Let us imagine that this distribution is maintained unaltered and take as our 
standard conditions those in the mainstream at the stagnation point and denote 
them by a suffix zero. Then we can examine oompressibility effects by considering, 
a sequence of values of increasing compressibility will of course correspond to 
decreasing a 0 . 
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Considering a particular value of a^, the mainstream Mach number U/a^ is given 

pressure ratio p/po by 

l>o“L 2 agj • 

The true ordinate y is determined from Y by the relation 


and the skin friction r by 


[du\ 

Mo- 


If we start/ by considering very large we have the ordinary incompressible 
solution (with kinematic viscosity Vq ^ /(qIpq) which gives in particular Y = yi (the 
incompressible ordinate) and a distribution of skin friction which increases from zero 
to a maximum and then falls off to zero again if the retarding pressure gradient is 
sufficiently maintained. 

Now consider a finite value of a^. The velocity u in the x, Y plane will diflFer from 
the incompressible velocity at the same point of x, pi plane by an amount depending 
on the factor 0, In the accelerated region one would expect u to increase more 
rapidly than near the boundary since 0> 1 and then to increase more slowly 
than Ui in the outer part of the layer. In the retarded layer on the other hand one 
would expect u to increase less rapidly than near the boundary and motre rapidly 
in the outer part of the layer. Thus we should expect (du/dY)^ to be greaier than 
(SUildy)^ in the accelerated region and less in the retarded region. The factor (p/Po)* 
will be less than or equal to unity everywhere and hence we should expect a decreased 
skin friction coefficient in the retarded region on both counts.f As remarked above 
separation is determined entirely by [duldY)^ and would on the whole bo expected 
to occur earlier than in the incompressible flow. For although there is some increase 
in (dujd Y)q in the accelerated region, if the two examples discussed are typical, this 
increase will be more than offset by the decrease in the retarded region. 

In the accelerated region the two factors affecting the skin friction produce 
opposite effects and it is not possible to draw any general conclusions. If the acceler¬ 
ated flow solution in § 8 can be taken as a guide the factor (p/Po)* predominates and 
leads here too to a reduction in skin friction coefficient. 

The actual boundary layer ordinate is given by 


y 






t This statement is not at vstrianoe with the results found for the flat plate with a retarding 
pressure gradient in § 10 for there standard conditions were defined by valuee at the leading 
edge and not stagnation values as liere. Thus the incompressible solution taken as standard 
in the present paragraph corresponds to higher kinematic viscosity and hence to higher skin 
friction than that referred to in § 10, 
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Thus the boundary layer ordinate y is always greater than the corresponding ordinate 
yi of the incompressible flow and one would therefore expect increased boundary 
layer thickness throughout the whole layer. 

To sum up then, the effects of compressibility on such a boundary layer would 
appear to be 

(i) a reduced skin friction coefficient ever 3 rwhere, 

(ii) an increased boundary layer thickness, 

(iii) an earlier separation, 

as compared with the corresponding problem in incompressible flow with kinematic 
viscosity ^ 
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Intensity measurements in the very soft X-ray region 

By F. C. Chalkun 

Canterbury University College. Christchurch, New Zealand 
(Communicated by E. N. da C. Andrade, F.R.S.—Received 29 November 1947) 


In the grazing inoidenoo grating 8 ()ectrosoopy of the soft X^ray region, it is customary to 
measure the intensity distribution in the emission bands from solids by methods involving 
the assumption of the photographic reciprocity law. A procedure has been evolved by which 
this assumption is avoided. An account is given of the experimental technique and of the 
essential precautions. Characteristic blackening curves are obtained for the photographic 
plates in the soft X-ray region and under the actual conditions of spectroscopy. 

Intensity distribution curves have been obtained for the K emission bands of graphite, 
lamptilack, diamond and carborundum. The emission band of lampblack is similar to that of 
graphite hxii is somewhat wider. The difference between the present curves and those 
previously obtained appears most clearly in diamond and carborundum. The energy distribu¬ 
tion of the p electrons in the valence bands of the solids is calculable from tlie curves. 


iNTEODUOnON 

The discovery, by Compton & Doan, that X-ray spectra of adequate intensity and 
adequate dispersion could be obtained with a ruled grating in the grazing incidence 
position, made possible the spectrosoopy of X-rays of wave-lengths greater than 
20 A. With the method of calibration by the vacuum spark, and with the replace¬ 
ment of plane by concave gratings, the modem soft X-ray spectrographs have 
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become instruments of high precision and of high resolution. One of the most 
important branches of soft X-ray spectroscopy has been the study of those radiations 
which result from electronic transitions in which valence electrons are involved. 
These radiations, from solid anti-cathodes, are not monochromatic but are spread 
out into bands of appreciable widths. The widths of these bands, and the intensity 
distribution within them, yield the energy distributions of the valence electrons of 
the solid radiators. Obviously, therefore, the precise examination of the bands is 
a matter of some importance in the study of the solid state. Two processes are 
involved—the measurement of wave-length and the measurement of intensity. 
The accuracy of the former is ample, but the intensity determinations add additional 
complication to an already troublesome technique. It is customary to overcome 
the difficulty by assuming that the reciprocity law is valid for the soft X-ray region. 
Exposures for different times are recorded on one and the same photographic plate, 
and it is assumed that the variation of blackening with intensity is equivalent to 
the variation of blackening (density) with time. This permits a blackening-intensity 
characteristic curve to be drawn for the plate and therefore permits the blackening 
within the spectrum to be converted to intensity. The reciprocity law holds for 
ordinary X-rays and it may indeed do so for soft X-rays, but it is desirable to 
develop a method in which no such assumption is made. This was one purpose of 
the experiments which are to be described in this paper. The second purpose was 
to examine the intensity distribution in the K emission bands of carbon. Siegbahn 
& Magnusson ( 1935 ) had examined these bands with the high resolution of the 
concave spectrograph. They hod found them very complicated and had found that 
they diflFered very considerably for different forms of carbon.* They give ^>reoise 
wave-length measurements, and they give microphotometer records of their spectra, 
but they have not converted these records to intensities. In the present work 
attention is concentrated on obtaining these intensity curves and use is made of 
the Siegbahn & Magnusson wave-length determinations in the calibration of the 
plates. The experimental procedure provides a method of deriving the characteristic 
blackening curves of photographic plates in the actual conditions in which the 
spectrograms are obtained. 

Spectrograph, X-ray txtbe and vacuum system 

For soft X-rays the critical grazing angle is larger and is less sharply marked 
than for the harder radiations. Thus, in the present experiments, in which spectra 
at about 45A are investigated, there is no need to use very small angles. This is 
shown by the reflexion experiments of Valouch ( 1930 ) for X-rays of this wave¬ 
length. The angle actually employed was 2 ° 53'. The use of smaller angles leads to 
difficulties in spectrograph design. 

The grating was of glass, was concave and of radius of curvature 99*54 cm., and 
was ruled with 676 lines per mm. on Professor Siegbabn's Uppsala engine. The 
rulings were 1 cm. long and the ruled portion of the grating extended for 2 cm. The 

• The K emission of carbon and carbon compounds was also studied by Broili, Glocker & 
Kiossig (J9S4). 
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grating was mounted in a vacuum spectrograph which has been described in some 
detail elsewhere, Chalkiin, Watts & Hillson (1938). The slit and photographic plat© 
lay on the Rowland circle of the grating in the manner indicated in figure 1, where 
it is seen that the grazing angle of incidence, even when it is as large as 2° 63', leads 
to an arrangement very different from that of ordinary spectroscopy. For example, 
the radiation strikes the photographic plate at an angle of only about 7®. As will 
be seen later, this setting, peculiar to soft X-ray worit, adds to the technical 
difficulties of intensity determinations. The special feature of the spectrograph is 
that all the adjustments may be made by optical or mechanical means. In this way 
one avoids tedious trial and error focusing, which would entail, for each test, an 
evacuation of the spectrograph and X-ray tube. The instrument is provided with 
a rail turned to the radius of curvature of the Rowland circle. This rail carries the 
grating carriage and the plate holder and is adjusted to pass vertically under the 
slit. By sliding the grating carriage along the rail the angle of incidence may be 
changed: by sliding the plate-holder various spectral regions may be examined; 
and in neither cose is any re-focusing necessary. 


A 


Figurk 1 

The X-ray tube (described elsewhere, Chalkiin et aL 1938) was of fused quartz 
with water cooled anti-cathode and cathode focusing system and with a helical 
tungsten filament. The electrodes were readily removable. The tube was sealed 
directly to the spectrograph. The filament current was supplied by accumulators, 
and the tube voltage was derived from a high tension generator giving 3600 to 
5000 V. To avoid the deposition on the surface of the anti-cathode of carbon from 
gaseous hydrocarbons or of tungsten fi^om the filament, it was essential to maintain 
an excellent vacuum in the X-ray tube. In the spectrograph itself the only require¬ 
ment was that the pressure should be so low that absorption by the residual gases 
should be negligible. This was fortunate, since the photographic plate must 
certainly evolve gas, and since it was not possible to de-gas the metal work. Hence 
in this, as in other modem forms of Vacuum spectrograph, the slit structure is built 
into the wall of the spectrograph, and only by way of the narrow slit can vapours 
enter the X-ray tube. 

The evacuation of both tube and spectrograph was performed by a single 
Metropolitan-Vickers pump unit. This co3asisted of an 03 backed by an 02 oil 
diffusion pump, which was in turn backed by a small rotaa^y pump. The pumping 
lines from the X-ray tube and the spectrograph met at the top of the 03 pump, and 
each line included a large metal stop-cook. At the end of an exposure these cocks 
could be closed and the photographic plate could be withdrawn from the spectro¬ 
graph without letting air into the pumps. There was therefore no need to wait for 
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the oil to get cold. Furthermore, the cocks ensured that, under isdl circumstances, 
the oil could be shut off from the atmosphere. 

The X-ray tube and the spectrograph were connected by a tube containing a stop¬ 
cock, which, when opened, equalized the pressure in the two chambers when air 
was being admitted to the spectrograph. A liquid air condensation trap was 
included in the pumping line immediately adjacent to the X-ray tube as a precaution 
against the entry of any vapours from the oil diffusion pumps or of any vapours 
that might emanate from the spectrograph, travel to the pump and then diffuse 
back along the X-ray tube pumping line. In experiments on the radiations of 
various forms of carbon, it would clearly have been unwise to risk the deposit of 
unwanted carbon. Apart from the discharge tube vacuum indicators which were 
a part of the pump unit, no vacuum gauges were included in the system. They 
proved quite unnecessary. To isolate the spectrograph from the vibrations of the 
pump unit, Tombac bellows were included in the pumping lines and proper pre¬ 
cautions were taken to prevent the fracture of the quartz X-ray tube by the 
unbalanced atmospheric force of some 30 lb. wt. which was thereby introduced. 
Altogether, this vacuum system gave entire satisfaction. 


The method of intensity measurement 

The fundamental requirement of the method is the registration on one and the 
same plate of two exposures of the same spectnim, the times of these exposures 
being the same, but the intensity of the one being a known multiple of the intensity 
of the other. Once this is achieved, it is possible to obtain a characteristic blackening 
curve for the plate. With this purpose, the two-aperture arrangement of figure 3 
was screwed to the end of the camera (plate-holder) shown in figure 1. To allow the 
passage of all the wave-lengths corresponding to the length of the photographic 
plate, it was necessary for the apertures to be in the form of horizontal slits. The 
widths of these were adjusted so that one was a convenient multiple of the other, 
and they were then clamped to prevent further movement.^ When the X-ray tube 
was operated, two beams entered the camera, one through the upper slit, W, and 
one through the lower, Ny and in this way two exposures of the same spectrum were 
obtained. A ray diagram in a vertical plane in figure 2 shows how the radiation passed 
from the anti-cathode, A (on the left), through the slit, 8 (rather more than 1 cm. 
long), of the spectrograph to the grating, O, and thence through the ratio apertures 
to the photographic plate. The separating screen {8,S,)y which is seen in figure 2 
and is also shown in figure 1, was a strip of brass, 0-4 cm. wide and with bevelled 
edges, the purpose of which was to prevent the over-lapping of the4wo beams. If 
we consider a point, i\, on the plate exposed to the one beam, and the corre¬ 
sponding point, PJ, at the same wave-length in the other beam, then the ratio of 
the areas of anti-cathode radiating to these two points is equal to the ratio of the 
two slit apertures. Thus, if aU parts of the anti-oathode were radiating at the same 

• In figures 2 and 3 the wider »Ut is shown formally as the upper one. In the two series of 
experiments described later it was actually at the bottom. 
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rate, and if one aperture were twice the width of the other, then the intenaity at 
a point on one trace would be twice the intensity at the corresponding point on 
the other. 

Several details were of importance in the design of the slit apertures: 

(o) Distance apart. If the apertures were too far apart, the traces would run off 
the sides of the plate, and if they were too close together the traces would overlap 
dangerously. For high orders, the suitable arrangement of the separating screen 
would be of importance. 




FiatTRB 3. Ratio slits (movable blades dotted). 

(6) Width of apertures. Too narrow aperture^ would render the intensity of the 
traces 1)oo small, whilst for too wide apertures it would be impossible to justify 
the assumption even of approximate reuiiating uniformity of the surface of the 
anti-cathode to which any point on the plate was exposed. 

Simple geometrical calculations showed that it was possible to obtain a satisfactory 
compromise soluticm of both sets of conflioting requirements. One difficulty did, 
however, remain in the problem of aperture width. In this question one was merely 
concerned with a suitable choice for the angle subtended by the apertures at the 
plate. However, for a given aperture width, this angle depends on the position of 
the point on the plate. The angle is large for short wave-lengths and small for the 
longer wave-lengths. Hence the chosen aperture could not be the most satisfactory 
for every region of the spectrum. In fact the weak higher spectral orders would be 
still further weakened. It is possible to compensate for this. Inspection of figure 1 
shows that different portions of the spectrum must enter the camera at different 
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positions of the point a. The greater the wave-length, the greater is the distance 
6c and the greater the distance 6a. CJonsequently, if the width of the slits was to be 
made variable along their length and such that their width at any point was 
proportional to oc, then all wave-lengths in the spectrum would be produced by 
the same length of anti-cathode surface. There is no point in having such exact 
compensation. On the other hand it is certainly desirable to prevent undue 
weakening of higher orders or of longer wave-lengths, and the wedge-shaped slits 
shown in figure 3 were therefore adopted. 

In principle, the construction of the (B—log/) blackening (density) curve for 
a plate was a simple matter. Only relative intensities were required. A point of 
low blackening was chosen on the ‘narrow beam * trace on the plate. An arbitrary 
intensity value, 7^, was ascribed to it, and it was plotted on the graph. The corre¬ 
sponding ‘wide beam’ point of blackening could then be plotted, since the 
intensity was 27^. A ‘narrow beam’ point P, was then chosen, with blackening B* 
between B^ and B^, and its intensity 7^ determined from the graph by interpolation. 
The ‘wide beam’ point Pg, with blackening B^ and intensity 2 / 2 , could then be 
plotted. In this way the whole curve could be built up. Having obtained the form 
of the curve in this way, it was possible to improve the interpolations of the 
‘narrow beam ’ points, and a second, improved, curve was therefore usually plotted. 
When this blackening curve had been completed, it was possible to convert the 
blackenings in the spectrum into intensities. 

So far the whole surface of the anti-cathode has been considered to have the 
same radiating power. This is never so. In these experiments however, by suitable 
arrangement of the cathode system of the X-ray tube, a large focal spot ip which 
the radiating power diminished fairly slowly on either side of the maximum was 
achieved. I was concerned only with the variation in a direction parallel to the slit 
of the spectrograph, and this variation could be measured. The blackening of the 
photographic plate was determined on the peak of an X-ray line in the ‘narrow’ 
beam at a succession of points along the line. The X-ray intensities corresponding 
to these blackenings were computed with the aid of the characteristic blackening 
curve, and a graph was then plotted of intensity against distance along the line. 
Such a graph (figure 4) was virtually a one-dimensional pin-hole picture of the focal 
spot, in which the narrow aperture served as the pin-hole. The actual photometer 
records for the spectra (from which were taken the points BJ, etc. mentioned 
above) were made along tracks corresponding to the maxima of these graphs and 
hence corresponding to the maximum of the focal spot. In this way the portion of 
the anti-cathode most uniform in its radiating power was employed. Nevertheless, 
it was necessary to allow for variation, for it affected the ratio of the intensities of 
the two beams. With appropriate changes of scales, the ‘pinhole ’ curves represented 
the radiating power of points along the length of the anti-cathode. Let the width 
of the narrow ratio slit be B, let the distance from the ratio slit to the points on the 
plate be d and let the distance from the ratio-slit to the anti-cathode be 7>. Then 
1 nun. on the anti-cathode is represented by d/7) mm. on the graph. Again, a point 
on the plate is exposed to a length of B(7)+d)/d on the anti-cathode. This must be 
represented by a length B(7)-i-d)/7) on the ‘pinhole’ curve. If NN' in figure 4 
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represents this length for the value of 8 appropriate to the narrow ratio slit, and 
WW' represents the length for the wide slit, then the ratio of the mean intensity 
between B and B' to the mean intensity between A and A' gives the correction 
factor to apply to the geometrical slit ratio. Replacing the original measured slit 
ratio by this corrected intensity ratio, the characteristic blackening curve for the 
plate could be re-plotted. It may be mentioned that the largest correction in the 
present series of experiments amounted to 6-4 %, the usual figure being about 3 %. 



Fiotras 4. ‘ Pin-hole picture’ of focal spot. 

Exfskimektal details 

The photographic plates used in this work were of thin glass coated with Q 2 
emulsion by Messrs Ilford Ltd.* In this emulsion the usual absorption of soft 
radiations by the gelatin is reduced by having a very rich silver halide layer at the 
s’jrfaoe. It had already been found to be very sensitive to soft X-rays as well as 
being of good texture and surprisingly robust. The blackening produced by soft 
X-rays is, however, mainly a surface effect, and is usually small. Errors due to 
abrasions and to dust are therefore Ukely to be rather larger in the photographic 
photometry of the very soft X-ray region than in that of the visible spectrum. 
AU plates were developed at approximately the same temperature, 17 to 18° C, 
plates L 60 to L 71 for 3 min. and L 72 to L 77 for 6 min. By using a developing 
dish much larger than the plate, and moving the plate about at random in it, it 
was hoped to avoid any variation of development over the plate surface which 
might be produced by the standing waves caused by ordinary rocking of the dish. 

The plates were photometered on a non-recording microphotometer of simple 
design incorporating a barrier type photoelectric cell. The photoelectric currents 
were measured with a Moll short period galvanometer. Taking the photometer 
curves as rapidly as possible, the effects of galvanometer zero shift and change of 
intensity of the light beam were minimized. Correction for such small changes was 
made by linear interpolation. It was of great importance that the photoelectric 
current should be proportional to the intensity of the light falling on the cell. 
A number of inverse square law tests were made with various resistances in series 
with the cell, with various widths of the photometer slit and with two different 
slit-cell distances. When a light source is placed at various distances from the 
photometer slit, the inverse square law governs the amount of light entering the 
* Through the oourteey of the late Dr Olaf Bloch. 
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slit, but at the surface of the cell the variation is partly one of intensity and partly 
one of illuminated area* For this reason it would not have sufficed to make the 
tests with a single slit-width and slit-cell distance. Particular attention was paid 
to the testing of the linear relation between current and intensity because, in 
photometering the plates, it was found to be desirable to employ rather large 
resistances in series with the galvanometer and photo-cell. Such resistances were 
employed to prevent the over-damping of the galvanometer. They might con¬ 
ceivably have affected the linear relation, but the tests provided ample evidence to 
the contrary. 

The photographic plates were mounted so that the edge of the exposed portion 
was parallel to the direction of motion of the plate carrier of the photometer, and 
the photometer slit was then made parallel to the spectral line under examination. 
The latter process was rendered difficult by the difiFuseness of the soft X-ray lines. 
The photometer screw was then turned and the galvanomet(5r reading was obtained 
for the peak of the X-ray line. The plate was then moved in its own plane in 
a direction parallel to the X-ray line, the displacement being read on a scale on the 
plate-holder, and the galvanometer was again read for the peak of the line. This 
was done for a number of plate displacements. The results provided the information 
for the ‘pinhole^ curves (figure 4) and permitted the final photometer records to be 
made at the position on the plate corresponding to the centre of the focal spot. 

Since the length of the slit of the microphotometer was never greater than 7 mm. 
and since the magnification of the image of the X-ray line thrown upon it was 6, the 
effective width of plate responsible for any photometer reading was never appreciably 
greater than 1 mm. An increase of this length would have diminished any spifrious 
effects due to grain size, abrasions or other imperfections on the surface of the plate, 
but it would have had serious disadvantages. First, it would have rendered more 
important the parallelism of X-ray line and slit. Secondly, since the X -ray lines were 
curved owing to the lateral bending of the plate in the camera of the spectrograph, 
an increase in the length of the slit would have diminished the ‘resolution' of the 
photometer. Thirdly, if the slit were too long it would alter the shape of the 
‘pinhole curv^e' of figure 4, thus inoreaaing the apparent size of the focal spot. In 
this way an error would be produced in the correction factor derived from the curve. 
The blurring of the jlboal spot would also be augmented by the size of the ‘pinhole 
slit* itself. Howevei, employing the chosen dimensions of the apparatus, use was 
made of a graphical construction to test the magnitude of these two blurring effects, 
and their influence on the correction factor was found to be negligible. 

A major source of error could have arisen through faulty identification of the 
liafrs of points PJ and P^ at the same wave-length on the ‘ wide * and ‘ narrow * traces 
respectively. They were taken from what appeared to be corresponding points on 
the photometer records of the carbon K band for the two traces, and the pairing 
was accomplished by matching the two curves as a whole. If this matching were 
at fault it would affect the derived blackening curve, and consequently would 
affect the form of the final intensity curves of the carbon bands. It was possible 
to check this matching, and to check the arithmetical treatment of the results, by 
vwifyiQg that the areas under the intensity curves of the ‘wide* and ‘narrow* 
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K bands were in the proper ratio and that the general forms of the two oonres 
were similar. 

In the actual experiments the distance from the anti-oathode to the spectrograph 
slit was about 5*3 cm., the distance from the slit to the grating 6 cm., from grating 
to ratio slits 6 cm., from ratio slits to the second order carbon bands 6 cm., and the 
distance from the ratio slits to the third order 7*4 cm. Only approximate values 
were needed for these distances. Precision was needed, however, in the determina¬ 
tion of the widths of the ratio slits. They were measured with a travelling micro¬ 
scope. For plates L61 to L69 the wide slit had a width of 0'103» cm. at the narrow 
end and 0-192 cm. at the wide end, whilst the narrow slit was 0*062 cm. at the 
narrow and 0-096 cm. wide at the wide end. The slits were 1*4 cm. long, the third 
order passing through at a distance 0-46 cm. from the narrow ends (figures 1 and 3) 
and the second order at a distance 0-30 cm. For plates L72 to L76 the end widths 
of the wide slit were 0-099 cm. and 0-183 cm., and those of the narrow slit 0*063# cm. 
and 0-0906 cm. IVom these figures a simple calculation shows that for the first 
series of plates the geometrical slit ratio was 2-00 for the third order and 1-99# for 
the second order, and for the second series 1-87 for both second and third orders. 
It will be noticed that although the slits were wedged shaped and roughly twice as 
wide at one end as at the other, they yet subtended smaller angles at the third 
order band than at the second, the angles for the wide slit being 0*017 and 0*024 
radians respectively. Since the measurements in the carbon bands extend over 
a range of about 2-6A the long-wave ends of the intensity curves are weakened 
by about 4 % as compared with the short-wave ends. A glance at the form of the 
curves shows that the effect is not important. It seemed unwise to increase the 
wedge angle, and, remembering that there might be some small variation in the 
sensitiveness of the photographic plate and in the reflecting power of the grating 
over the wave-length range, it appeared superfluous to apply a correction. 

Before starting the actual experiments, a good deal of preliminary work was done 
in the attempt to obtain a long and reasonably even focal spot on the anti-oathode 
parallel to the slit of the spectrograph. Some of the testing was done by coating 
the anti-oathode with a thick layer of boron and observing the appearance of 
the Incandescent patch on its surface when the X-ray tube was riuming, and 
some was done by preliminary exposures. In the final arrangement, the helical 
filament was suitably placed between, and connected to, two parallel plates. 
Slit, filament and focusing plates were ail vertical. Figure 4 shows that at a distance 
of 1-3 X (16*3)/(7*4) s 2*9 mm. on either side of the maximum of the focal spot the 
radiating power has only dropped by 10 %. 

Teat jilatea. It was considered possible that there might be some systematic 
intrinsic ratio of intensity between the ‘wide’ and ‘narrow’ beams, quite apart 
from the effect of the size of the apertures. Test exposures were therefore made 
with apertures of equal size with the purpose of detecting any such effect and, if 
necessary, of allowing for it in the numerical value of the geometrical intensity 
ratio. The lack of equality could be computed with sufficient accuracy from the 
Xffiotometer records of the test exposures by employing the blackening curve of 
a plate in which the usual two to one slit ratio had been used. 
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Plates L60, h1l and L77 were such test exposures. In L60 (order HI) the 
intrinsic difference between ‘narrow^ and ^wide* beams was 3 %. This was highly 
satisfactory, and was within the likely limit of photographic and photometric error. 
Evidently there was no serious intrinsic difference. In L 71 (order HI) the difference 
was about 7%. (A second OKler test indicated a larger difference but was discarded 
as unreliable owing to a blemish on the plate.) It should be mentioned that the 
plates between L 60 and L 71 show no evidence of any systematic change. The mean 
difference as given by L60 and L71 was thus 5 %. This error was not large and 
could have been a random error of the photographic photometric processes. It 
was to be expected that with the small densities and small contrast factors such 
errors would be larger than those of the visible region of the spectrum. It seemed 
logical to apply a correction of 6 % for this error, despite the fact that it might, at 
least in part, be random. The main object of this was to discover how large a change 
it would produce in the shapes of the curves. The intensity curves of the bands 
without the correction have therefore been plotted, and also, for each substance, 
plotted as a dotted line, the curve with the 5 % correction. The effect of the 
correction was extremely small. It would only have been significant in a comparison 
of the peak intensity with that of the background radiation. The backgrotmd in¬ 
tensity was, however, uncertain in any case, for it must have been a mixture of 
orders of different wave-lengths with possibly different blackening characteristics. 

The final test plate, L77, was very different. When interpreted by means of the 
blackening curve of L76, which was itself abnormal, it was found to show a very 
large difference between the beams. The difference was well outside the experi¬ 
mental error and showed that a change had taken place in the apparatus. M was 
suspected that the trouble arose through a change in form of the focal spot due 
to the ageing of the filament, which had already survived for a longer time than 
usual. Inspection of the ‘pinhole’ curves confirmed this, and demonstrated that 
the change first made its appearance in L75. Actually only two of this second series 
of plates have been employed, L72 quantitatively and L74 qualitatively. These 
points have been mentioned in detail to illustrate the importance of test exposures 
in this method of photometry. 

Wave-length scale. An undesirable and unnecessary complication would have 
been introduced had vacuum spark calibrating lines been thrown on to the spectra. 
Hence, to obtain the wave-length scale for any of the intensity curves, the positions 
of the peak of the carbon band in adjacent orders were measured with a short-focus 
cathetometer. Next, using the wave-length of the peak as given by Siegbahn 
& Magnusson, a quadratic dispersion equation was derived for each plate. With 
this equation wave-length differences within the emission band could be calculated 
to an accuracy of 1 %, This is quite adequate. The wave-length scale could then 
be fitted to an intensity curve by identifying some point on the curve with the 
corresponding Siegbahn & Magnusson wave-length. In some cases this was not 
easy, and the absolute wave-lengths on the curves may be in doubt to about 0-1 A. 
Such an error would, however, introduce an uncertainty of less than 0*5% in 
converting wave-length differences to differences of energy and is therefore of no 
significance to the form of the bands. 
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TJte anti-cathodea. It is not uncommon in soft X-ray tubes for an appreciable 
amount of carbon to be deposited on the anti-cathodes from vapours in the tube. 
This could not be tolerated in the present experiments on various forms of carbon. 
Hence, although it was known that the vacuum conditions were extremely good 
and that little deposition was occurring, an exposure (L62) was made with a copper 
anti-cathode to verify that no significant amount of unwanted carbon radiation 
was present. 

Experiments were performed with carbon in the form of lampblack, 'Aquadag’, 
Acheson graphite powder, diamond dust and carborundum powder. In every case 
the material was mixed with water and painted on to a thoroughly cleaned copper 
anti-cathode block. The coated anti-cathode was dried before being inserted into 
the X-ray tube. Although the surface of the anti-cathode was vertical, the materials 
adhered surprisingly well. 

The lampblack was of commercial preparation and was stated to contain 9I:>% 
of carbon. However, to reduce the possibility of any of the carbon being in 
hydrocarbon form, the lampblack was placed in a clean silica tube which was then 
evacuated and heat/od for 3 hr., the temperature being raised gradually to 700° C. 
No preliminary treatment was given to the Aquadag, the graphite powder or the 
carborundum powder, but the diamond duet was washed with chromic acid in case 
it had been handled in such a way as to leave grease on the surface of the granules. 

After long preparatory pumping and running of the filament, the thermionic 
current in the X-ray tube was gradually raised to a normal value of rather more 
than 20 mA, the normal exposure amounting to about 900 mA-min. In the case 
of carborundum the current was kept rather lower, but, despite this, there were 
signs of incandescence on the anti-cathode surface. In a second experiment with 
carborundum (L 74) the exposure was doubled in order to obtain adequate blackening 
of the photographic plate in the third order. For diamond the current was only 
12 mA, and the exposure 760 mA-min. Even so, there was some incandescence 
and some of the diamond powder was knocked from the anti-cathode, probably 
owing to electrostatic repulsion. Nevertheless, the appearance of the images on the 
plate and of the ‘pinhole curve’ showed satisfactory smoothness. 

Rksults 

The characteristic blackening curves of the photographic plates for soft X-rays 
of wave-length 43 to 46 A were obtained as an intermediate step in deriving the 
intensity distribution in the carbon K bands. Since these blackening curves may 
be of some interest in themselves, two of them are shown in figures 6a and 66. The 
zero of the (irUensity) scale is arbitrary, whilst the zero of the blackening 
scale in figure 6a refers to an unexposed portion of the plate, and in figure 66 refers 
to the absence of the plate, the unexposed portion of the plate being in this figure 
represented by the dotted line. The curves are similar to those for visible radiations. 
Their slope, small for small blackening, increases and eventually becomes constant. 
The values for the slope of this straight line portion of the curve vary considerably 
from plate to plate. Such a variation justifies the choice of a method in which the 
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blackening curve is obtained for the actual plate on which the spectrum is registered 
and in which the blackening curve is actually derived fk)m the spectrum itself^ 
On the other hand the variation might be taken to indicate an error in the photo¬ 
metric tecimique. For this reason it is particularly gratifying that two separate 
plates for lampblack with different contrast factors (one having had double 
development) give intensity curves for the carbon band which agree well in 
general outline. Again, the curves for Aquadag and for Acheson graphite powder, 
which might be expected to agree, are seen in figure 6 to be in good general accord 
despite the fact that the contrast factors of the blackening curves on which they 
are based are respectively 0-31 and 0-25, The contrast factors are email, being 
usually of the order of It might be expected that extended development would 
enhance the contrast factor and, there is evidence that there is at least some 
increase. In the second series of plates the development time was increased from 
three to six minutes but unfortunately only two of these plates were deemed suitable 
for intensity calculations. Figure 56 comes from one of these. The plates show no 
appreciable chemical fog, and in any future work it would be desirable to increase 
the development still further and to experiment with developers in the hope of 
improving the contrast and increasing the accuracy of measurement.’** 

It is to be pointed out that the blackening curves were obtained in rather 
abnormal circumstances, the radiation making an angle of only about 7® with the 
surface of the plate. Farineau ( 1938 ) has published a blackening curve for (Sevaert 
X-ray film for normal incidence for the much shorter wave-length of 8*3 A. Its 
derivation, like that of our own curves, makes no assumption of the reciprocity 
relation, but is not obtained from the actual spectrograms. The curve shows the 
same initial increase of slope, the same straight line portion, and it also shows the 
familiar ‘saturation* effect at large blackenings. The contrast factor is 0-85. 

Since every successful exposure yields a ‘wide beam’ and a ‘narrow beam’ 
spectrum, there are at least two intensity curves for each anti-cathode examined. 
To make the best use of all the experimental information, the procedure of plotting 
mean curves has been adopted. It has the merit of diminishing errors due to dust, 
abrasions and grain size, which are always to be feared in photographic photometry. 
It has the disadvantage that it depends upon the accurate superposition of the 
original curves. If the superposition is inaccurate, then genuine local features of 
the curve may be obscured when the mean is taken. This disadvantage is perhaps 
superficial, for any effect lost in this way must at least have been an uncertain one. 
Actually the curves were superposed, not by matching any particular features on 
them, but by matching the effective centres of the bands. It is much the more 
reliable method. 

Lamj^lack and graphite. The K emission band of lampblack is shown in figure 7. 
It is the mean of four curves, a pair from each of two plates. A check of the accuracy 
of the method was provided by the good agreement of the shapes of the curves 
derived from these separate plates. In figure 6 are shown the bands for graphite 
in the form of Acheson graphite powder and of Acheson Aquadag. These curves 

• It is possible that it would be better to employ the slower but more contrasty Ilford 
emulsion. 
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would naturally be expected to be Bimilar, and it is satisfactory to find them so. 
Only in minor local details do they differ, and these differences do not appear to be 
significant. The moan of the two bands has therefore been taken to represent 
graphite and has been plotted in figure 7. 

A comparison of the lampblack and graphite bands is of some interest. Their 
general similarity is obvious. However, on measuring the widths of the bands at 
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half maximum intensity, it was found that the value for every one of the four 
lampblack curves was slightly in excess of the greatest value for the four oorves 
of graphite. For the mean curves and with allowance for the background radiation 
the values for lampblack and graphite become 1-28 and 1'22A respectively, corre¬ 
sponding to 8-0 and 7-6 V. For the corrected curves the corresponding figures are 
i -33 and 1’25A, 8-3 and 7-8 V. The difference might just possibly be ascribed to 
error in the characteristic blackening curves. This, however, is imlikely, for the 
short-wave ‘shoulder’ of the band at about 44-1A is actually higher for graphite 
than for lampblack, and if this difference in height were due to a blackening curve 
error, it would need to be an error in the opposite direction. The difference in width 
therefore appears to be real. 

Both substances show a short-wave shoulder at about 44'1 A: both show a steep 
rise from 44-22A: both show complexity between this point and the main peak; 
and, beyond the peak, both fall away gradually and in similar manner. The com¬ 
plexity near the main peak is not certain. The separation of the components is 
about the limit of resolution of the spectrograph. However, inspection of the 
individual curves embodied in the mean curve of figure 7 and of additional curves 
from other plates inclines one to believe that, for graphite, the complexity shown in 
figure 7 may be genuine. It will be noticed that the small peaks and dips shown 
by graphite are repeated for lampblack. The dip at 44*14 for lampblack is not 
visible on the graphite curve, but a close inspection of the curves of figure 6 shows 
possible traces of the effect. The detailed shape is not quite the same, but, bearing 
in mind the inevitable random differences between individual photometer curves, 
it is not believed that this is significant. Indeed, the differences are no greater than 
those between the Aquadag and Aoheson graphite curves. The intensity falls 
sharply beyond the main peak, and beyond about 46A the form of the curve is 
found to be exponential. It may be represented by the equations / »> c -i-wa-» 6-78) 
for lampblack and / ■= c -wwA-u Te for graphite on the corrected curves. The figures 
46-78 and 46-74 have no fundamental significance, for they are dependent on the 
arbitrarily chosen* scale of /. On the other hand their equality and the reasonable 
agreement of the factors 1-73 and 1-66 demonstrate the similarity of this portion 
of the lampblack and graphite curves. The exponential form is of some interest. 
I am not aware of any suggestion of this form in the modem electron theory of 
solids, and possibly other functions would fit the curve with sufficient accuracy, 
but it does suggest that the bands might extend for a considerable distance in the 
long-wave direction. In this connexion it may be recalled that L. P. Chalklin and 
the writer ( 193 a, 1936 ), when obtaining spectra of great intensity with an instrument 
of low dispersion, found distinct evidence of diffuse carbon radiation at 61A which 
was shown by a photometer record to be part of a * tail ’ of the K emission line. Less 
definite ‘tails’ were found for the L* lines of Fe, Co, Ni and Cu. Skinner also 
has reported the existence of ‘tails’ on the long-wave side of soft X-ray emission 
bands, and has discussed them, in a more recent paper ( 1940 ). Siegbahn A Mag- 

* Tho peakB of tli^ ‘ wide * unoorrected curve*! liad been brought arbitrarily to approximately 
the »ame value, and the corrected curves were euijtaated to match the unoorrected at half¬ 
maximum intensity. 
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nusBon ( 1935 ) record the measurement of subsidiary eflFects in the long-wave slope 
of the K bands of lampblack and graphite, their positions being indicated at the 
top and bottom of figure 7. In the course of the present investigation many records 
have been taken, and many of them show irregiilarities in this region. However, 
in the mean curves the effects, with the exception of the inflexion at 44-99 A for 
graphite, are weak and their location doubtful. The careful visual determinations 
of Siegbahn & Magnusson may be taken to provide ample evidence of the reality 
of the effects, but the present work does no more than demonstrate their weakness. 
Graphite is included in the very comprehensive study of soft X-ray emission bands 
by Skinner. On his curve he marks, in this region, effects at 45-33, 45-70 and 
46‘6A. The general photometric procedure of Skinner and of O'Bryan & Skinner 
is based on the assumption of the reciprocity law. The present curves differ from 
theirs in emphasizing to a greater degree the intensities of the peaks. Thus, in the 
case of graphite, whilst there is much similarity between the curves, the ratio of 
the intensity of the short-wave ‘shoulder’ to that of the main i)eak is less in the 
present curve (0-67 for graphite and 0*60 for lampblack)* than in that of figure 13 
of Skinner’s paper. 

Diamond, The results for diamond dust are shown in figures 8 and 10 . Despite 
the difficulty of dealing with this anti-cathode material, two successful exposures 
were taken, one with a long time of development and one with an abnormally short 
time. Unfortunately the former (L75) had to be discarded for the reason given 
above. Consequently the intensity scale is perhaps not quite so reliable as usual. 
The intensity curve presents a striking contrast to those of graphite and lampblack, 
the conversion to intensity having given it a form very different from'thkC of the 
photometer records, and very different from the record of Siegbahn & Magnusson. 
As in the case of graphite; it differs from Skiimer’s curve in giving more emphasis 
to the high intensities. It emerges in a form far simpler than that of graphite or 
lampblack. It has a rather definite starting point at 43-66A (figure 8 ) or 283-5 V. 
on the corrected N^(E) curve of figure 10 and its form is only slightly concave 
upwards before curving in to the main maximum at 44-37 A. The precise shape 
near the peak is doubtful and the apparent dip at 44*25A is without significance, 
but a maximum at 44-60 A would, however, appear to be real. 

From about 44-7 to 45 A the curve is slightly convex upwards. Beyond this 
there is a very definite ‘hump ’ in the curve at 45-74A and another, less pronounced 
at 45-18 A, The slope of the short-wave side of the band is greater than that of the 
long-wave side. It is impossible to tell from internal evidence whether or not the 
humps at 45*18 and 45-74A are part of the band itself or whether they represent 
some form of satellite. In any case the exponential fall of graphite is missing in the 
present case, and any tail effect appears to be weak. If one were to assume that the 
two ‘humps* were separate from the main band, and were to extrapolate the 
curve from 46 A, a result of about 45-25A would be obtained for the end of the 
band. On the corrected Nj,(E) curve of figure 10, the corresponding point would 
be at 273-6 V. giving a total width of 10-0 eV. for the band. 

* These figures are for the corrected curves but are almost identical with the imoorrected 
figures. The difference between 0-67 and 0-60 is partly due to the lampblack dip at 44-14 A. 
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Carborundum. Of the two satisfactory plates obtained for the carbon K radiation 
of carborundum, one (L67) was suitable for the photometry of the second order, 
and the second (L74) was given an abnormally long exposure in order that^the 
third order might be examined. Records and calculations were made for this plate, 
but, as the intensity was small and as the third order was superposed on a first 
order silicon Ln^ m band of comparable intensity, the results were not quantitatively 
useful and are not reproduced in tliis paper. The second order intensity curves of 
L67 were in excellent accord and their mean is shown in figure 9, Once again it 
differs much from the photometer records from which it was derived, and once 
again it emerges in a more simple form. After a start less definite than that of 
diamond, it rises steeply and regularly till it approaches the well-defined peak at 
44*39 A. Re-inspection of the points on the blackening curve suggests that the peak 
might well be even sharper, and the curve on either side more nearly linear than 



Fiouee 10. Diamond. Corrected curve shown by broken line. 

the figure actually shows. On the long-wave side the curve descends linearly to 
the inflexion at 44*88A, after which it again falls steadily till it rises to the definite 
sharp peak at 45*30A. The 44*88A inflexion, though small, is probably genuine. 
The shape of the curve suggests that the two 45*30 and 44* 88 A effects represent 
subsidiary bands superposed on the main band. If this is indeed the case a rough 
estimate may be obtained of the width of the main band by extrapolation of the 
straight portions. The band would then be considered to start at 43*98A and end 
at 46*36A giving a width of 8*5 eV, On the corrected curve the figures are 43*94A, 
46*38A and 8*9 V. Such a procedure disregards the weak but definite tail on the 
short-wave side of the band. 

Significance of the curves. Although the main purpose of this paper is the presenta¬ 
tion of experimental results, it is desirable to give a very brief account of their 
relation to the theory of solids. This was investigated by Jones, Mott & Skinner 
( 1934 ) and later summarized and extended by Skinner ( 1940 ). The K emission 
bands which we have examined are the radiations which are produced when 
iST-ionized atoms in the crystal are refilled by valence electrons. The transitions 
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may be described as iT-* mfonce, and, since the K level ia known to be sharp, the 
energy width of the emission band represeilts the energy range of the valence 
states involved in the processes. The intensity distribution within the band must 
depend on the energy distribution of the valence electrons, or, if the states are all 
occupied, the number of levels per unit energy range, where the energy £ of 
the valence levels may be measured from the lowest level. Remembering that the 
transition probability contains a factor v®, the intensity distribution 1{£J) may be 
expressed as: ^ 

provided that all the levels in the range considered are occupied. At low temperatures 
the valence electrons occupy the lowest levels, and above a certain energy, governed 
by the number of electrons available, the levels are empty. At a point corresponding 
to this energy the emission band should come to an abrupt stop. This implies that 
the emission bands should have sharp edges on their short-wave side—and this has 
been amply verified by O’Bryan & Skinner for metals. 

The periodic variation of potential through the crystal lattice causes the valence 
levels to be divided into bands of levels which may or may not overlap. For 
insulators the electrons are supposed to fill the lower bands completely and the 
next, empty, bands are at appreciably higher energy. Hence the application of an 
electric field cannot change the energy of the electrons. The high energy end of the 
emission band corresponds to the high energy end of the band of valence levels, and, 
for insulators, its form should be governed by the distribution of levels in the band. 
It is not expected to have a sharp edge. This is well illustrated by the results for 
diamond. The slope of the carborundum curve is indeed rather steep on the short¬ 
wave side, but neither this substance nor graphite, both semi-conductors, show 
the sharp edge which is characteristic of the partly filled bands of levels in metals. 

When considering the shape of the curves it is necessary to separate the valence 
states of carbon into two groups—those corresponding to wave-functions which, 
near the nuclei, have the form of atomic s functions, and those corresponding to 
atomic p wave functions. Applying the usual selection rule, the expression for the 
intensity distribution in the K bands becomes: 1(E) oc i^f{E)p^gNp(E), where 
refers to the transitions to the K (Is) state from the p valence states and 
shmild in fact be constant. On this basis Np{E) is proportional to I(E)ji^ or to 
Actually the intensity curves would represent only if the dispersion were 
constant over the bands. It varies by merely 3 %, and its effect is in the opposite 
sense to the error due to variation of angular aperture. There is no point in allowing 
for it. Hence, in figure 10 , the values of Ep(E) are obtained by dividing the 
observed intensities by and by multiplying by a convenient factor so that 
comparison may be made with the original curve of figure 8 . The abscissae, if + F, 
are the energies in eV corresponding to the wave-lengths A. There is indeed some 
difference between figures 8 and 10 , but it is not large. It has therefore been thought 
preferable to leave the curves for other anti-cathodes in their actual experimental 
form and to provide scales so that conversion can be made readily if desired. 

Very recently the problem of the energy bands of the valence ^ectrons of graphite 
has been attacked by Coulson ( 1947 ), who has published a preliminary account of 
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his findings. Graphite consists of planes of hexagonally arranged atoms whose 
separation is much smaller than the distance between the planes. A group of valence 
electrons is allotted to a type bonds within the planes. One electron per atom is 
^left over. This is a w electron similar to a atomic orbital with z perpendicular to 
the planes. Coiilson finds that these tt electrons form a band which is symmetrical 
about, and drops to zero at, its mid*pomt. Since the band would accommodate 
two electrons per atom, it is half full, and is filled in fact to the zero mid-point. The 
semi-conductivity of graphite is explained by the escape, at increasing temperatures, 
of small but increasing numbers of electrons into the upper half of the band. 

Coulsou's preliminary curve gives no scale and it is therefore not yet possible to 
compare it with ray experimental results for graphite. In any case it gives a 
qualitative explanation of the short-wave slope of my emission band and is roughly 
of the same form. Coulson’s curve also shows the gradually decreasing slope on 
the long-wave side of the band. As it stands, however, there is no explanation of 
the main peak of the observed emission band with its apparently complex structure. 
This, however, is presumably to be ascribed to transitions of the tr electrons. 

To test Coulson's prediction of a half-filled symmetrical band, it will be imperative 
to supplement the present work by a photometric study of the carbon K absorption 
spectrum. The empty half of the tt electronic band should obviously yield an 
absorption band similar to the emission band caused by the full poi'tion. Such an 
absorption band was in fact found in an early soft X-ray study (Chalklin & Chalklin 
1934), but, although its form certainly resembles that of the graphite emission 
band, we were not certain of the form of the carbon, aiid the width of the band, even 
allowing for the low resolution of the instrument employed, appears to rather 
larger than that of the emission band of the present paper. It would also be 
interesting to seek for a weak line caused by the electrons which have e8cai)6d into 
the bottom of the upper half of the band. The intensity of this line should, of course, 
increase with rising tem})erature. 

The difference in width at half maximum intensity between lampblack and 
graphite merits some discussion. Differences of temperature should have little 
efieot on this width either on the simple Sommerfeld theory or on the basis of 
a completed half-band. Since, in addition, neither lampblack nor graphite is 
believed to have been excessively heated during the experiments, the idea of 
temperature as the cause of the effect may be discarded. It must be admitted that 
the preliminary heat treatment that was adopted for the lampblack was insufficient 
to guarantee the complete absence of hydrogen from the specimen. On the other 
hand it is extremely improbable that hydrogen was present in quantity sufficient 
to affect the form of the carbon band. The conclusion is that the width difference 
is a real difference between lampblack and graphite. 

Until lately, lampblack has been considered to consist of small particles of 
graphite with a slightly diminished spacing in the planes of hexagonafiy arranged 
atoms, and a slightly increased spacing between these planes, together with some 
‘amorphous" material to account for small angle X-ray soattering. More recent 
X-ray evidence (Bisooe & Warren 1942) shows that carbon blacks differ from 
graphite in that the parallel layers of hexagons are orientated at random about 
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their common normal. It is natural in this case that the effective spacing between 
the parallel planes should be increased. In fact it is about 3*47 A, as compared with 
3* 36 A for graphite. On the basis of this model the interatomic distance in the 
hexagons is found to be the same for carbon blacks as for graphite. The dimension 
of the parallel layer groups normal to the layers is usually less than 20 A, but both 
this and the dimensions of the planes themselves grow rapidly when the carbon 
black is heated above 1000® C.*** 

An increase of interatomic distance, or a decrease of electronic density, should 
produce a contraction of the valence bands, and hence of the emission bands. The 
increased spacing of the lampblack layers can therefore scarcely be responsible 
directly for the observed broadening. The variability of the spacing is probably the 
cause of the effect. Interatomic distance controls the potential energy and hence 
the positions of the valence bands.f Thus, in lampblack, the position of the 
emission band should be variable over a small range, and the observed band, made 
up of slightly displaced components, would be expected to show a broadening. If 
this explanation is correct, then the lampblack curve represents a slightly blurred 
graphite band and the details of its structure should be less sharp than those of 
graphite. It is not possible to be certain on this point, but the curves of figure 7, 
and in particular the form of the main peak, seem to support it. 

The spectroscopic work described in this paper was performed at University 
College, London, in the laboratory of Professor E. N. da C. Andrade, F.R.S. It is 
pleasant to have the opportunity of thanking him for his constant encouragement, 
of thanking Mrs L. P. Chalklin for her assistance in the photometric work, and of 
thanking the University of London, whose grant from the Dixon Fund made 
possible the construction of the vacuum spectrograph. 
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The magnetization o\irv ©0 of tin and mercury cylinders wore measured in transverse 
magnetic delda at a variety of temperatures in the superconducting range, and for various 
cylinder radii from 1-8x10** to 1-7 x 10** cm. As the cylinder radius was reduced the 
magnetization curve departed more and more from the simple form to be exj>ected for an 
infinite cylinder of large radius, and the details of the departures agree qualitatively with the 
predictions of Landau’s theory of the intemiediate state. The experiments show also that the 
sharp drop of magnetization oorresponditig to entry into the intermediate state coincides 
closely with the appearance of resistance. Detailed comparison with Landau’s theory (as 
worked out more fully by Andrew in part III) yields estimates of the surface energy at 
a boundary between normal and BU]:>erconduoting phases at the various temperatures. 


iNTBODUCmON 

If a magnotio field is applied perpendicular to the axis of a long superconducting 
cylinder of circular cross-section, it is well known that on account of the zero 
permeability of a superconductor, the field is distorted by the cylinder, and the field 
is in fact twice as great at the ‘equator’ of a cross-section as it would bo in the 
absence of the cylinder. It follows that at the equator the field roaches the critical 
value for destruction of superconductivity when the applied field is only 
and for greater applied fields Peierls (1936) and P. London (1936) have shown that 
the cylinder assumes a so-called intermediate state, which is a mixture of super¬ 
conducting and normal phases. Experiments (de Haas, Voogd & Jonker 1934; 
Misener 1938) have shown, however, that resistance reappeared in the cylinder not 
at ^Hg, but usually at about 0'58J^. 

A possible cause of this discrepancy was first suggested by Landau (1943) who 
made a theoretical investigation of the structure of the intermediate state and 
showed that owing to the necessity of creating surface energy at the boundaries 
between superconducting and normal phases, the intermediate state would not 
form until a field rather higher than \Hg had been applied. Landau’s theory prediots 
that this effect should become more marked as the cylinder diameter is reduced, 
and since most of the existing experimental data refer to cylinders of much the same 
diameter (about 0<2mm.), a new experimental investigation seemed worth while. 
At the same time Landau’s paper, though indicating clearly the nature of the 
theory, does not work it out in sufficient detail for comparison with the new experi¬ 
mental results, BO a more detailed theoretical investigation has also proved necessary. 

All previous experiments on small-diameter ojdindets have been limited to resist¬ 
ance measurements, though in fact much useful information can be obtained from 

t 8» 1 
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measurements of magnetization, which give a direct indication of the relative 
proportions of superconducting and normal phases. The present paper (I) describes 
the magnetization curves for thin tin and mercury cylinders at various temperatures 
and for various cylinder diameters; the results agree qualitatively with the theory 
and yield an estimate of the surface energy as a function of temperature. The second 
paper of this series, by E. R. Andrew (referred to as II), describes now resistance 
measurements which were carried out partly to clear up the contradictions of 
existing data and partly to investigate the correlation of resistance and magnetiza¬ 
tion curves; in particular one experiment was made in which resistance and mag¬ 
netization measurements were f^imultaneously taken on the same specimen, and 
which proved iiseful in the interpretation of the other resistance measurements. 
The third paper of the series, also by E. R. Andrew (referred to as III), gives a 
detailed account of the developments of I^andau's theory necessary for the 
discussion of the results of I and II. A preliminary account of some of the data 
in I and II was given at the Physical Society Cambridge Conference in 1946 
(Shoenberg 1947 ; Andrew 1947 ), but some of the conclusions tentatively put for¬ 
ward then have been considerably modified. 

Experimental details 
(a) Method of mmsurement 

The method of measuring magnetic moments has already been described (Shoen¬ 
berg 1947 ; D 6 sirant & Shoenberg 1947 , 1948 ); the sensitivity was such that the 
magnetization curves of superconducting specimens of volume from 0*5 x 10“® to 
0*5 X 10 * c.c. could be accurately determined. A small correction for the magnetiza¬ 
tion of the specimen mounting had to be applied; this was always estimated by 
measurements at fields higher than and never exceeded a few per cent of the 
maximum magnetization of the superconductor. As will be explained below, the 
value of Hf, cannot be deduced from the magnetization curves with the cylinder 
transverse to the field, and since it is important for the detailed comparison with 
theory, special measurements were made for some specimens with the cylinder 
parallel to the field. All temperatures quoted are deduced from the vapour pressme 
of the helium bath by means of the 1932 Leiden scale; the experimental error is 
unlikely to be greater, than 0*006° K, though the scale itself may be in error by a 
greater amount. 

(6) The S'peeimena 

The superconductors studied were spectroscopically pure mercury and tin (see 
table 1 ). For large diameters a single cylinder woe used; the apparatus limited the 
permissible length to only about 8 mm. (when the cylinder was transverse to the 
field), and so the diameter could not exceed about 0*6 mm. without causing appreci¬ 
able departure from the ideal case of an infinite cylinder. For smaller diameters 
two methods were used to obtain sufficient volume: (i) a row of cylinders was 
prepared spaced in such a way that each cylind^ had practically no magnetic effect 
on its neighbours, and (ii) a spiral of wire was wound with the turns suitably spaced 
so that they had practically no magnetic effect on each other, and of a pitch such 
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that the angle between the wire and the field did not differ tod much from 90*. 
For one particular diameter, both such methods of construction were used {H9 
and H 2), and the experimental results showed that both kinds of specimen had 
similar magnetic properties. 

Nearly all the cylinders and spirals were prepared by filling pyrex glass capillaries 
with liquid metal ; one of the tin specimens (S9), however, was made from extruded 
wire. In order to avoid large mechanical strains the specimens were always slowly 
. cooled to liquid nitrogen temperature before the final cooling to liquid helium 
temperature and no adhesive was used in the mounting of bare tin specimens except 
at the ends. The capillary method cannot easily be extended to indefinitely small 
diameters, since for diameters less than 2 x 10“®cm. a pressure greater than atmo¬ 
spheric is required in filling to overcome the pressure due to surface tension. Details 
of all the specimens used are given, together with the experimental results, in table 1. 

Experimental results 
(a) Tin 

The transition temperature of tin is about 3-72° K, and transverse rnagnetiKation 
curves were taken both with increasing and decreasing fields at about 3*49, 3*00 
and 2'13*K for each specimen. In a few cases measurements were made also at 
3*00* K, but it was found that the slight spread of transition temperature, due to 
slight inhomogeneities, caused ‘tails’ to the magnetization curves, which above 
3*5* K were sufficiently pronounced to complicate the interpretation. Typical results 
are illustrated in figures 1 to 6 which show the magnetization curves for one specimen 
(8 9) at all three temperatures, and for all the specimens at one temperature (3*00* K); 
one of the curves (figure 1) is shown on a larger scale to bring out certain features 
more clearly. In each case the ordinate is — times the magnetization in gauss 
and the abscissa the applied field h in gauss. As will be explained below, the initial 
slope of the graph must always be close to 2 and this fact has been used to determine 
the magnetization in absolute units; it ha^ also been used to make a more precise 
estimate of the specimen volume (and hence radius) than is possible by more direct 
means. In each diagram a theoretical curve has been fitted to the experimental 
points by a procedure which will be explained later. 

In the case of S9, measurements of resistance were simultaneously made by 
E. R. Andrew, and various features of these measurements are marked in the 
diagx-am (figure 1) which will be mentioned briefly below and discussed more fully 
in II. The results for the longitudinal magnetization curves (field parallel to the 
cylinder axis) are sufficiently illustrated by figure 7 plotted in the same way as the 
transverse curves, and figure 8 in which the ratio of - 4ff times magnetization to 
field is plotted against field; the method of deducing the critical field is discussed 
later (p, 74). The appropriate values of are marked in all the ounces. 

(b) Mercury 

The transition temperature of mercury is about 4* 17* K, and transverse magnet¬ 
ization curves were taken at about 4*06, 3-97, 3*09 and 2* 13* K for each specimen. 
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As for tin, no useful results could be obtained closer to the transition temperature. 
The transverse results are illustrated by figures 9 to 16 in thb same way as those for 
tin, %ure 9 being shown on a larger scale to illustrate the various features used in 
the interpretation of the measurements. Longitudinal measurements were made only 
with H 7 and are not illustrated, since they are similar in character to those for tin. 



FiotjbeI. Transverse rnagiiotization curve ofS 9 at 3-000° K. G increasing fields; + deoTeasing 
"Tlblds. Full curve is theoretical assuming A'/r ~ 2-Ox 10“*. x, first appearance of resistance; 

y, rapid rise of resistance; z, full resistance restored..discontinuous rise of — 4 ,nl aooom- 

paniwl by discontinuous fall of resistance. 


Discussion of besults 

The results are most conveniently discussed in two stages: first (a) pointing out 
the general features which are in qualitative agreement with the theory and also 
other features whose interpretation is more speculative, and secondly (6) showing 
how the results may be fitted in more detaU to the theoretical predictions, thus 
determining the value of the surface energy between superconducting and normal 
phases. 

(a) Oeneral features 

For a cylinder of large diameter (where surface energy effects are negligible) we 
should expect to find a transverse magnetization curve of the isosceles triangle form 
shown in figure 16 (see, for instanoe, Shoenberg 1938, Chapter in), which we shall 
refer to as the ‘bulk’ curve. As shown in III, however, if the cylinder diameter is 
small, the theory predicts a somewhat modified curve, such as iUustrated in figures 
1 to 6 and 9 to 15, and shown by a broken line in figure 16, and we shall first indicate 
how far the experimental results agree with the theoretical pirediotiims as regards 
points of departure from the ‘hulk’ curve. 




4:7tI (gauss) — 4^/ (gauss) 
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h (gauss) h (gauss) 


Figure 2. S9, 3-490^K, A'/r = 6-0 x 10-*. Figure 3. 89, 2-12rK, A'/r = M x 10“>. 



h (gauss) h (gauss) 


Fiotoe 4 . 88, 3-010'‘K, A'/r = 0-84x 10-». Figure 5. 87, 3*006“K, A'/r == 4*7 x 10“*. 



h (gauss) 


Figure 6, S 6, 8-002“ K, A'/r = 8*6 x 10“*, 

figures 2 to 6 aro traiisvorse magnetization curves of various tin specimens. In each oaee the full curve is 

theoretical aasuming the values of A'/r indicated..disoontinuous rise of -^49r/. 0 increasing helds; 

+ decreasing fields. 
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The main features are: 

(i) Just as the theory predicts, the rising linear part of the magnetization curve 
continues well above In this region the cylinder is wholly superconducting, 
and as shown in figure 1 resistance appears only when there is an appreciable 
departure from linearity and very close to the point at which the ma^etization 
drops steeply. 



Fioithk 7. Longitudinal majnw'iizfttion curvo of F’iochjs 8 , t-urvo of — against h for S5 at 

S5 at 3-()06“ K. 3*006’^ K. The critical field H, is at ordinate 0*6. 



FiouitE 9, TransverHo magnetisation curve of H 9 at 2' 125® K. 0 increasing fields; 4- deoreasing 
fii^ds. Full curve is theoretical assuming A'/^ = PS x 10"'*. - - -. - tangent to experimentai curve 

at to illustrate how hj^ and hj) are obtained. .illustrating extrapolation of 

experimental curve to obtain 
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Fiotmic 10. H9, 4*046” K» A7^ = 6*4 x 10~*. Piourk 11, H9, 3*962” K. A'/r = 4*3 x 10*®. 




Figures 10 to 15 are transverse magnetization curves of various mercury specimens. In each case the 
full curve is theoretical assuming the value of indicated. .<iiscontmuous rise of - 4nl, 0, in¬ 

creasing fields; i decreasing fields. 
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(ii) For most of the specimens there is a fairly definite field at which the 
magnetization begins to drop steeply, and the drop is nearly vertical in the case of 
the extruded tin wire (S9). The ratio p = is considerably greater than 0*5 
and increases as the diamoter is reduced for a given temperature, and as the tern- 
perature is increased for a given diameter. These facts are in qualitative agreement 
with the theory if it is supposed that the surface energy increases with temperature. 
The experimental values of p (making a somewhat arbitrary extrapolation of the 
kind shown in figure 9 when the experimental curve is rounded at the turn-over 
point) are collected in table 1. These values are not very accurate, especially for 
mercury, both owing to the uncertainty of the extrapolation and of the values 
(see p. 74). Our values of p agree only roughly with those obtained by Andrew 
from resistance measurements (II) and in particular Andrew finds less temperature 
dependence of p than we do. Detailed examination of the results for S 9, where both 



FlotmBi IS. Theoretical magnetisation curves. Full curve for r infinite (*bulk curve^); 
broken curve for = 3 x 10 *•. 

kinds of measurements were made simultaneously, shows, however, that the values 
of agree very well with Andrew’s A, values and that diiferences arise mainly in 
the assumed values of H,. 

(iii) The steep fall of magnetization is followed by a more gradual fall which is 
nearly linear, so that the initial drop somewhat resembles a bom on the magnetiza¬ 
tion curve. As will be seen from figure 16, this feature is predicted by theory, though 
the ‘ horn ’ is much less marked in the mercury curves than in those for tin. The cause 
of the dilTerenoe between tin and mercury in this respect will be discussed later 
(see p. 78). 

(iv) As already mentioned, the descending portion of the ma^etization curve 
usually has a slight tail before the magnetization vanishes. The tail becomes rela¬ 
tively more pronounced as the transition tenjperature is approached, and since its 
absolute width is roughly the same at edl temperatures it is probably due to a slight 
spread of transition temperatures within the specimen. The same observatioiu apply 
also to the longitudinal curves. The width of the tail depends on the specimen, but 
a typical width is 3 gauss, corresponding to a spread of order 0*02° K in transition 




desraiptioB* (cm.xlO*} Pbnlk (°K) (°K) (gauss) (gauss) (gauss) (gauss) /> tT 

1 Pyres c^piDacy about 179 0-502 3-711 3-490 31-6 30-6 18-5 17-2 0-583 0-560 
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temperatures. The specimen S 8 , which was a single cylinder, had about three times 
smaller spread, suggesting that part of the larger spread in other sjKscimens is due 
to differences between one cylinder and another, rather than to variations within 
a single cylinder. If the tail is ignored by extrapolating the almost linear portion of 
the descending curve to meet the axis at a field (see figure 9), it is found that 
is always appreciably less than the critical field deduced from longitudinal 
measurements, the ratio becoming smaller as the diameter is reduced or the 

temi>erature raised. These facts are again in (jualitative agreement with theory. 
A useful characteristic for comparison with theory is obtained by extraj)olatmg the 
almost linear descending portion (strictly speaking, the tangent to the curve at the 
point indicated in the footnote) backwards to meet the superconducting part of the 
curve at field (see figure 0 ); the ratio <r = hj^jhjy has a simple explicit form in the 
theory (see equation (4) below) and the observed values of tr for the various speci¬ 
mens, together with the values of hj^ and Aj^ are also given in table 1 . 

(v) So far wf 3 have discussed only the ‘ rising field * curves, when the field has been 
raised monotonioally from zero to above We now deal with the hysteresis 
features which arise when the field is reduced motiotonically from above to zero. 
In its initial stages the hysteresis seems to have the characteristics of a * super¬ 
cooling’ (see, for instance, Shoenberg 1940 ), for in the case of a single cylinder speci¬ 
men (8 8 , see figure 4) the magnetization rises quite disoontinuously at a field which 
is only roughly reproducible in repeated cycles. The discontinuity is shown as a 
sudden kick of the galvanometer if the field is very gradually lowered in the appro¬ 
priate region. Where the sjjecimen consists of several cylinders, separate discon¬ 
tinuities occur; these could be followed in detail for H7 and the number of dis¬ 
continuities was approximately the same as the number of cylinders,! but when the 
number of cylinders is large it becomes difficult to separate discontinuities reliably 
and the curve apj)ear 8 to be continuous. In general the degree of supercooling is 
greatest for small diameters and high temperatures, but the effect varies a good deal 
even for similar specimens. For instance, with the mercury specimens the degree of 
supercooling was sometimes quite different if the mercury was melted between two 
cycles of magnetization. 

When the field is further reduced beyond the discontinuity, the return curve often 
almost coincides with the original descending portion, but departs from it under the 
horn until it rejoins the rising field curve in the superconducting region with no 
further hysteresis. It is probable that this behaviour (e.g. as in S 9) is characteristic 
of ideal conditions, but for specimens with great supercooling the descending portion 
of the original curve is never reached and the whole specimen becomes supercon¬ 
ducting only at a low field (e.g. as in S5). A further complication is that often the 
return curve never quite rejoins the original curve, even in the su|>eroonducting 
region, and a small ‘frozen-in’ moment is left in zero fie^d. This frozen-in moment 

• For reasons wliioh are explained in III this extrapolation has actually been done by 
drawing a tangent to the curve at a point where — 4/r/ = 2A—H,, {B = in cases where 
the descending portion of the curve is appreciably curved. 

t It is not possible to illiistrate this feature clearly in figure 13, but it is quite evident at the 
higher temperatures. 
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is always'fimall and roughly proportional to the critical field, so it is probably due 
to some geometrical defect in the cylinders (e.g. sharp ends) rather than to impurity 
(see Shoenberg 1937 ). It was noticed that the frozen-in moment was smaller if a 
field greater than was switched off suddenly rather than gradually reduced, which 
suggests that it may be i>artly associated with the way in which the supercooling 
is overcome. Whenever any appreciable frozen-in moment occurred the specimen 
was warmed above its transition temperature and recooled before the next magnet¬ 
ization curve was measured. 

Of the various hysteresis features the one most directly relevant to the theory is 
the fact that the return curve never retraces the steeply falling part of the rising 
field curve. This is consistent with the theoretical interpretation of the steeply" 
falling part of the curve as an almost discontinuous transition from the super¬ 
conducting to the intermediate state. We may supj>OHe that when the field is reduced 
in this region the superconducting state is thermodynamically more stable than the 
intermediate state, but cannot be achieved until the fiehi is further i*eciuced because 
the normal regions are unable to disappear suddenly and must be ‘squeezeti out’. 
Similarly the theory suggests that in the last part of the intermediates state region, 
the normal state should become thermodynamically more stable than the inter¬ 
mediate st^te, but a discontinuous transition cannot be achieved because of the 
difficulty of squeezing out the superconducting regions; on reducing the field again, 
however, the normal state persists at least until the intermediate state is the more 
stable. Even then, however, a nucleus of superconducting phase is required for the 
transition to start, and so some supercooling can occur below the point where normal 
and intermediate states have equal free energies. The reproducibility of t^e horn 
part of the curve suggests that no analogous ‘superheating' occurs in the transition 
from the superconducting to the intermediate state; this point is discussed further 
in Ill. 

( 6 ) Detailed comparison mth theory 

Two small corrections to allow for the experimental conditions have to be con¬ 
sidered before the theory can be fitted to the experimental magnetization curves. 

. First, our specimens are not exactly equivalent to the ideal infinite cylinder with 
which the theory deals, both on account of their finite length and of the mutual 
influence of the various cylinders within a specimen. A fair approximation is to 
treat the specimen as if it had a demagnetizing coefficient slightly less than the 
value 2n characteristic of an infinite cylinder. The difference is easily estimated 
from the known geometry and is always small; its effect is to shear the magnetization 
curve slightly in the direction of higher fields, so that even if the specimen was 
scaled up to make surface energy effects negligible, the value of p would not be exactly 
0-5 but slightly higher. If this higher value is denoted by A>ttik» Is ^ g<>od enough 
approximation to suppose that the theoretically predicted magnetization curve 
for the appropriate cylinder radius is also sheared to the same extent, so that the 
theoretical values of p or <r, for instance, become multiplied by Conversely 

the experimentally determined values of p or <r should be divided by 2p^uVk fgive 
the values of /> or <r to be compared with theozy; this correction has been applied in 
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table L In working out the correct scale for —4^7 in the experimental graphs 
{figures 1 to 6, 9 to 16) we have also made an allowance for the fact that the penetra¬ 
tion depth is not negligible; this means that even if were exactly the initial 
linear rise would have a slope slightly less than 2. This effect amounts to about 
1 or 2 % for the thinnest specimens at the highest temperatures. 

The second correction is usually very smaU and arises from the small magnetic 
field of the current in the coil used to compensate the magnetic moment of the 
specimen. This field is at first proportional to the main applied field and then 
becomes progressively weaker as the magnetic moment falls. Since the effect of this 
field is again to cause a slight shear of the magnetization curve (plotted against the 
main applied field alone), its effect is equivalent to a slight change in the effective 
demagnetizing coefficient of the specimen. It is most simply dealt with by a slight 
adjustment in the values of deduced from the geometry of the specimen, and 
this adjustment has been made in the values ofgiven in table 1. 

In fitting theoretical curves to the experimental data it is essential to know the 
value of the critical field /(,. Since at a given temperature varies slightly from 
one specimen to another, the use of published values by other authors is not accurate 
enough . In the case of tin, longitudinal measurements were therefore taken with the 
same specimens (in the case of S 9 some samples from the same piece of extruded 
wire were used). The value of was determined as the field at which half the volume 
had returned to the normal state, i.e. the field at which the ratio of 4m times the 
magnetization to field in figure 8, had dropped to half the superconducting value. 
It was found that to a suflSoient approximation the difference of between different 
specimens at the same temperature could be attributed to differences of transition 
temperature,* and so in the case of S7 the critical fields were deduced from those 
of the other specimens by allowing for its slightly different transition temperature 
(in this case obtained by extrapolating the T curve to zero hjy). All the 7^ 
values and the assumed transition temperatures are given in table 1. 

For mercury the complication arises that once the mercury has been allowed to 
melt, it is after the next freezing effectively a different specimen. Longitudinal 
measurements were taken on H 7, and the critical fields of H 7, H 8 and H 9 appro¬ 
priate to the transverse experiments were deduced as explained above from estimates 
of the appropriate transition temperatures. Unfortunately the transition tem¬ 
peratures could not be very accurately determined from the Ap, T curves, and so 
the He values for mercury are not as reliable for mercury as for tin. The possible error 
in He is of course greatest at the highest temperatures, and may be as much as 6 % 
at 4*05° K and 1 % at 2*1° K. In table 1 we have, in the case of mercury, inserted 
in brackets alternative values of and the corresponding assumed transition 
temperatures, which were found most suitable for fitting theoretical curves 
(see p. 77), 

Comparison of the values for both tin and mercury with those obtained by 
Andrew fh)m resistance measurements, and other determinations (see II, table 1), 

♦ For S 6, the thinnest specimen, the measured values of were about 1 % higher than those 
deduced by oomparison with S8 and 89. This may be evidence of a genuine size dependence of 

associated with the finite penetration depth. 
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shows that our values are on the whole about 1% higher, even at low tem¬ 
peratures (where possible differences in transition temperature are relatively 
unimportant). The cause of this discrepancy is not clear at present, and requires 
further investigation. 

We are now ready to apply the theoryun detail. As explained in III, the theory 
predicts the transverse magnetization curve of an infinite cylinder of radius r in 
a complicated implicit form involving and the parameter A'/r, where 


A^ = A-.A, (1) 

with A = SnajHay (2) 

where A is the penetration depth of a magnetic field into the superconducting phase 
and a is the surface energy per \init area at a boundary between superconducting 
and normal phases. Although the relation between magnetization and field cannot 
be expressed explicitly in terms of A'/r and H^y two features of the curve have simple 
explicit expressions. 

For reasons discussed in III (particularly the fact that resistance appears almost 
simultaneously with the first sharp drop of magnetization) it is likely that only a 
laminar structure need be considered for the intermediate state, and on this assump¬ 
tion the theory predicts that p is given by 

/> *= i + 1 •283(~y - 1 . (3) 

The theory also gives (t explicitly as ^ 

+ (4) 

There are thus three ways of estimating the value of A' from the experimental data, 
and so constructing the appropriate theoretical magnetization curve. 

(i) We may use the experimental values of p and compare them with equation (3). 
In figure 17 we have plotted the experimental values of p for tin against A'/r, 
assuming that A'«= 0*7 x 10^®cm. at 2-1''K, 1-0x10^® cm. at 3-00° K and 
2-0 X 10“® cm. at 3-49'^K, and it will be seen that the experimental points lie fairly 
well on a single curve, which is in fair agreement with the theoretical curve of 
equation (3), except for high A'/r. For mercury the experimental values of p are less 
accurate than for tin and this procedure gives only a rough indication of the value 
of A', suggesting that it is of order 0^3 x 10“®om. at 2-l°K and several times larger 
at 3-97^ K. 

(ii) If we plot <r against equation (4) predicts a linear graph at any one tem¬ 
perature, with a slope of 2*2A'*. This has been done in figure 18 for tin and similar 
graphs are obtained for mercury; though there is a considerable scatter of the 
experimental points, A' may be estimated roughly, and we find for tin 

A' « 2 0x 10“®cm. at 2d^K, 3-6x 10“®om. at 3'00°K 
6 -2xl0“®om. at 3*49‘^K, 


and 
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and for mercury 

A' = l-2x 10-»om. at 2-l'’K, 2-lx 10-»cm. at 3-09“K, 

2-8 X 10 ® cm. at 3-97° K and 2-1 x 10"®cm. at 4-06°K. 

These values are several times larger than those estimated from p, and we shall see 
why this is so directly. 



Fioitkk 17, 8is5« variation of p for tin. Full curve theoretical (equation (3)). ©, 3*5‘\K 
assuming A' ss 2 x +, 3'0"K aKsuming A' = 10 '*cm.; x* 2'r'K assuming 

A' = 0*7 X 10“*cm. 



FiatTRE 18. Variation of <r with for tin. 0 , 3'fi° K; +, 3-0° K; x , 2* P K. 

(iii) We can attempt by trial and error to choose a value of A' at each temperature 
which will produce theoretioal magnetization curves for all the different specimens 
fitting the experimental data as well as possible. When this attempt was made, a 
difficulty at once became apparent in the form of a slight inherent discrepancy 
between theory and experiment* The theory predicts in fact that whatever the value 
of A' (provided it is not too large), the magnetization curve when the whole of the 
specimen is in the intermediate state should pass through the point — 4ir/ « 
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while the experimental curves nearly always pass appreciably above.thie 
point. It is possible that this discrepancy arises from simplifying assumptions in 
the theory, but, whatever its interpretation, it is clear that the value of a deduced 
from an experimental curve must always be higher than that corresponding to 
a theoretical curve in which the magnetization vanishes at about the same field as 
in the exj)erimental curve. A higher value of cr means, of course, a higher value of A' 
and so it is clear that the estimates of A' from cr give an upper limit. 

In fitting the curves for tin. the values of used were those obtained from longi¬ 
tudinal measurements, but for mercury it was found that some slight adjustments 
of the values shown in table 1 greatly improved the fitting. The adjustments 
amounted essentially to assuming that the transition temperatures were slightly 
different from those first chosen as explained on p. 74 , and affected the high tem¬ 
perature curves most; the adjusted valuer of and are shown in brackets in 
table 1 and since they do not differ from those first chosen by more than the likely 
errors we consider their use quite justified. 

The sharp drop in the theoretical curves corresponds to the point where the fre^ 
energy of the intermediate state becomes e(^ual to that of the superconducting statti 
and, as explained in III, this should really not be a vertical drop but more gradual. 
Owing to the difficulty of calculating the form of the curve in this region, the drop 
has been shown vertical in the fitted theoretical curves, but the more gradual fall 
found experimentally is qualitatively just what would be expected. The fact that 
the experimental curves usually pass above the point — 47r/ = f//^, h = 
also be due to the same inadequacy of the theory; if it were possible to calculate 
the form of the steep transition into the intermediate state properly it mij^ turn 
out that the transition was not yet quite completed at h — so that the value 
of - 47r7 should indeed be more than f If this inadequacy of the theory is borne 
in mind, and it is remembered also that the theory probably breaks down in the 
region of transition from the intermediate to the normal state, it will be seen that 
the experimental points are in fair qualitative agr'eement with the theoretical 
curves. 

Apart from the inherent approximations of the theory itself, another possible 
cause of the lack of detailed agreement may be anisotropy both of the surface energy 
a and the penetration depth A, and hence of A', There is indeed experimental evidence 
that the penetration depth A is anisotropic (Laurmann & Shoenborg 1947) and there 
is no reason why a should not be anisotropic too. In this connexion the following 
rather speculative considerations may be mentioned. 

(1) In the case of 8 8, which is a single cylinder, there is a suggestion of two separate 
steep drops in magnetization near the top of each magnetization curve (see, for 
instance, figure 4 ). The specimen was examined by cracking off the glass wall and 
etching with acid, and proved to consist mainly of one large crystal and one smaller 
one with a differerlt orientation. The experimental curves would thus be explained 
by supposing that A" had different values for the two crystal orientations, and was 
larger for the larger of the two main oiystals. A less marked effect of this kind occurs 
with H 7 too, but in this case no subsequent investigation could be made of the 
crystalline character of the specimen. 
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(2) The fact that the mercury curves are more rounded at the top than the tin 
ones may be due to the fact that A' for mercury is more anisotropic than for tin 
(though there is no independent evidence for this). If there are many large crystals 
(assuming each capillary consists of only a few crystals) in a specimen and if they 
have widely varying values of A', this would result in a considerable smoothing 
out of the theoretical discontinuity for a single value. It is perhaps significant that 
the fall of magnetization is particularly steep in S 9 which is an extruded tin wire, 
and so presumably behaves practically isotropically. 

The detailed working out of the implications of an anisotropic A' is complicated 
and need not be considered until new experimental data on single crystals is 
available. 


Discussion of the A' values 

Owing to the ina^oouracies of the p values given in table 1, and the uncertain 
interpretation of the cr values, it is likely that the most reliable estimates of A' are 
those obtained by the curve-fitting process. These values are collected in table 2. 
The fitting of theoretical curves is rather insensitive to the exact choice of A' values, 
but very sensitive to the assumed value of so the estimates shown in table 2 
must be regarded as very rough, especially at high temperatures (for instance, quite 
a small error in the assumed values would bring A' for mercury at 4*05° K below, 
instead of above, the value at 3'97°K); it is unlikely, however, that our estimates 
are wrong by more than a factor 2. In table 2 we show also the estimates of A' 
obtained by Andrew from resistance measurements (II). The numerical differences 
are not greater tlian can be accounted for by the errors of the two experiments, but 
Andrew’s estimates do not show such a marked temperature variation as ours. 
Since Andrew’s figures are derived essentially from only one feature of the experi¬ 
ment (the reappearance of resistance), while ours are based on the whole magnetiza¬ 
tion curve, we are inclined to believe that the temperature variation may be really 
as marked as suggest^ed by our measurements. 


Table 2 


A' (om.xlO*) 



temp. 

present 


Bubstano^ 

("K) 

work 

Andrew 

Sn 

3*5 

3*7 

2*6 


30 

1*6 

1*8 


2-1 

0*8 

1*7 

Hg 

4*06 

M 

f 


3*97 

3*7 

0*9 

0*7 

<0-6 


21 

0*4 

1 


estimates of fi 
<om. X 10^) 


^.. " ' s 

penetration D^irant & 

depth A A = A'-f A Shoenberg Ginsburg 


(cm. X W) 

(cm. X 10*) 

(1948) 

(1945) 

1*2 

4*9 

— 


0*7 

2*2 

— 

— , 

0*6 

1*3 


— 

2*3 

3*4 


2*4 

1*8 

2*7 

<(M 

1*9 

1*2 

1*9 

1*0 

0*8 

1*2 


0*7 


From our values of A' we may estimate A, using the values of A indicated by other 
experiments; for mercury the values of A given in table 2 are obtained from experi¬ 
ments of Shoenberg (1940) and D^irant Sc Shoenberg (1947); for tin only values of 
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A(T)—A(2-1°K) are available (Pippard 1947; Laurmann & Shoenbeig 1947), but 
A(2'1'’K) can be estimated by extrapolation, using a plausible theoretical form of 
the temperature variation of A, and this procedure gives the figures in table 2. 
Adding A' and A we find the values of A given in table 2. 

Without a proper theory of superconductivity no interpretation of these values 
of A can be given, but it is clf interest to compare them with the values of /?, where 

P = ( 6 ) 

and and a, are the surface free energies per unit area between an insulator and 
normal and superconducting phases respectively. Only very indirect evidence about 
is available from critical field measurements of thin films (Appleyard et aL 1939). 
Ginsburg (1945) and D6sirant & Shoenberg (1947, 1948) offer somewhat different 
interpretations of this evidence, which produce the estimates of shown in table 2, 
and it will be seen that though, as might be expected, A is of the same order of 
magnitude as /?, it is appreciably greater, so that a > 

We wish to thank Mr E. R, Andrew, Mr A. B. Pippard and Mr H. N. V. Temperley 
for many valuable discussions and Mr J. M. Look for help with some of the measure¬ 
ments and in the preparation of the diagrams. 
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The reeiHtmioe of tin and mercury oylindors was measured in transverse magnetic fields 
between 1*5° K and the stjperconductivity transition temperature, for cylinder radii from 
5x]0*‘*orn. to 1 *3 x 10"* om. It was found that the field pH,,, which first caused the 
appearance of resistance, and which is well known to he greater than increased with 
decreasing radius approximately in the manner predicted by Landau's theory of the inter¬ 
mediate state. There have been considerable discrepancies between the results of previous 
workers concerning the temperature dependence of p, and on the basis of the present 
measurements it has been possible to suggest plausible explanations of the discrepancies. It 
has beetk shown that the resistance and magnetic induction in the intermediate state are 
closely cxfrrelate<l aa might be expected. ITsing this correlation in conjunction with the 
magnetic behaviour pre<iicted on the basis of Landau’s theory (see following paper referred 
to as 111), estimates are obtained of the surface energy at the boundary between super¬ 
conducting and nonnal phases; it is the finH<e size of this energy which is responsible for the 
fact that p is greater than 


1 . iNTRODtJOTlON 

In part I measui'ements of the magnetization of cylindrical superconductors in 
a transverse magnetic tield have been described. In this paper, measurements of 
the resistanc^e of such cylinders will be presented. If a long cylindrical supercon¬ 
ductor of circular cross-section is placed in a transverse magnetic field, electrical 
resistance does not appear when the applied field h is equal to half the critical field 
although the field at some part of the surface of the cylinder has then reached 
the critical value. The applied field, which does eventually cause the appearance of 
resistance will be referred to as and the ratio hJH,, will be termed 

Measurements of by previous workers are summarized below, and show con¬ 
siderable discrepancies: 

(a) de Haas, Voogd & Jonker (1934), found « o -58 for a monocrystalline tin 
wire of diameter 0-26 mm. at 2 » 92 '' K, using a potentiometer method of measurement. 

(b) Misener (1938), investigated polycrystalline wires of spectroscopically pure 
tin, of diameter 0*10 to 0*15 mm. by the same method. He found that was a linear 
function of temperature, increasing from the value of 0-50 at 7 ^ as the temperature 
decreased, and having the value 0*57 at 2 * 92 ° K in agreement with (a). Experi¬ 
ments with indium and lead gave similar results. 

(c) Mann, Grayson Smith & Wilhelm (1937,1938) used a persistent current method 
to study cylinders 3 mm. in diameter. For a single crystal of ‘ chemically * pure tin, 
Pi w^as found to vary with temperature in the manner found by Misener. On the 

[ 80] 
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other hand a polycrystalline cylinder of speotrosoopioally pure tin, diameter 3*65 mm. 
yielded a value of = 0*58 independent of temperature. 

(d) Casimir (1943) has reported numerous measurements on single crystals of 
diameter about 0*26 mm. ♦ for which pi had the fairly constant value 0*58, independent 
of temperature. 

In view of these conflicting results, a more thorough examination was undertaken. 
The investigation has covered a wide range of cylinder diameters in order to test the 
size-dependence of/? predicted by Landau (1943), which could not be checked from 
existing data. Polycrystalline and monocrystalline specimens of tin have been 
studied, and the investigation has been extended to mercury, both metals being 
obtainable in a very pure state, and having convenient transition temperatures for 
use in a liquid helium cryostat. The potentiometer method for resistance measure¬ 
ment was employed, since it gives more information concerning the behaviour of the 
wire in the intermediate state than the persistent current method, which has the 
additional disadvantage of being much more sensitive to slight irregularities of 
shape. 


2. Thjc sfboimens 

Th(^ most important considerations governing the design of the specimens were 
that they should be as pure and strain-free as possible, and that electrical con¬ 
nexions to them for resistance measurement should involve neither impurity at the 
joint nor field distortion causing appreciable deviation from the behaviour of the 
ideal infinite transverse cylinder. The residual resistance, the transitioij^ tem¬ 
perature and the width of the temperature transition are a useful guide to purity 
and freedom from strain. 

(a) Tin 

The tin specimens were prepared from two samples, Hilger 10,000 and Johnson 
& Matthey 12,966 (J. & M,). A spectrographic analysis by the makers showed less 
than 0*004 % impurity in the former (mainly iron, lead, copper and bismuth), and 
less than 0*008 % in the latter (mostly lead, with some copper). Hilger 10,000 was 
the material used by Misener (1938) and for the pure poly crystal of Mann et aZ. (1938). 

The tin wires were prepared in three ways: by drawing, by extrusion through a 
die, and by filling evacuated glass capillaries with molten tin under atmospheric 
pressure. The last method was most used since it yields specimens with clean surfaces, 
and can conveniently be applied to very small diameters. The glass could be removed 
from specimens of large diameter by carefully cracking it off, and, when possible, 
this was the best method. For narrower diameters the glass could be removed by 
solution in hydrofluoric acid, but as mentioned later, this method is slightly suspect. 
Alternatively the glass was left on, except just at the ends, where it was removed to 
allow leads to be attached. 

* 

Single crystals of tin vrere prepared using a travelling furnace. X-ray oscillation 
photographs were taken at various points along the length of the axis to confirm 

• Professor CSasimir has kindly informed me of the diameter, the value of which was not 
given in the paper. 
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their monocrystalline character. The specimens used for this purpose were made in 
glass capillaries which served to maintain their circular cross-section. 

For cylinders of diameter greater than 0* 1 mm., potential leads of the same material 
about 0-1 mm. diameter, were fused with a pinhole gas flame at points 4 to 5 cm. apart. 
The specimens were examined under a microscope, particularly near the joints, to 
make sure that their cross-section was uniform, as any irregularity with a demag¬ 
netizing coefficient n>^ would cause the premature appearance of a small amount 
of resistance. Leads of 44s.w.g. copper wire were then attached to the four current 
and potential leads. The assembly was mounted straight on a thin paxolin board 
using flurofix, which was applied to the leads only. If the adhesive was applied to 
the specimen itself it was found to become strained at low temperatures, causing 
a change of critical fields. When the glass was left on, there was usually no evidence 
of strain, the tin probably shrinking away from the glass surface. 

For cylinders of diameter less than 0-1 mm., fusion of leads with a pinhole flame 
was unsatisfactory, while any method of welding or soldering involving another 
metal would have invited trouble from alloy effects. The (sylinder E was therefore 
laid on paxolin A , and its ends clamped between small brass plates B as indicated in 
figure 1 (a), current and potential leads being attached to opposite sides of the upper 
brass plates (7(7. To reduce the end resistance in the brass a tin foil FF, 20// thick, 
was clamped in also, and provided that FF is parallel to the applied field, it causes 
negligible distortion. The residual end effect was less than 1 % of the normal resist¬ 
ance of the specimen at liquid helium temperatures. 

Details of individual specimens are given in table 2, Circularity of cross-section 
was checked under the microscoyie, and could be confirmed by comparison of the 
specimen’s behaviour for different directions of the applied transverse field. 

(6) Mercury 

The mercury specimens were prepared from two samples, Hilger 10,673 and 11,023, 
the spectrographic report of the latter showing 0*0001 % silver as impurity. Here 
the problem was to devise a method for supplying current and potential leads to 
a capillary without the use of reservoirs which would cause field distortion. In the 
arrangement used, figure 1 (6), the glass capillary OH, was sealed into radial holes 
in two distrene capillaries LL, MM, thus forming two coplanar T-junctions. The 
seals were made with a solution of distrene in toluene. The distrene capillaries were 
14 min. long and had diameters 1 mm. internal and 5mm. external. Four platinum 
wires K, 0*25 mm. diameter, were similarly sealed in, about 1 mm. from each end. 
Platinum and mercury do not interact appreciably at room temperature. Three of 
the open ends were sealed, and after filling the system with mercury through the 
fourth, it too was sealed. This method was used successfully for specimens of 
diameter down to 25//. The assembly was mounted on paxolin board and placed 
vertically in the empty Helium Dewar flask.*** By pouring a little liquid air into the 

• In this hiborafcory tho liquid helium is contained in a Dewar vessel surrounded by liquid air 
in a larger Dewar vessel. The interspace of the inner Dewar flask contains air at low pressure, 
which acts as a heat conductor at liquid air temperatures. However, at liqtiid helium tem¬ 
peratures the air solidifies and the vessel becomes ‘hard’. 
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outer {liquid air) flask, the mercury cooled slowly from the bottom end and froze 
without breaking. 

The transverse magnetic field was applied parallel to the reservoirs LL, MM. 
Being in a longitudinal field, these remained superconducting until the critical field 
was reached, so that the four limbs could be used as current and potential leads for 
the wire OH. The additional resistance appearing at the critical field, when the 
reservoirs ceased to be superconducting, was negligible in comparison with the full 
resistance of the wire OH, which had by then also completely returned. Since the 
reservoirs were not infinitely long cylinders, they produced a slight distortion of 
the field at 0 and H, but calculation showed that the effect was small enough to be 
neglected. 



(a) {b) 

FiotTBE 1. Specimen construction, (a) tin for diameters <0-10mm.; (6) mercury. 

3. Expkkimentax. method 

(a) The resistance measurements were made with a potentiometer circuit of the 
type described by Kapitza & Milner (1937) and Milner (1937). The primary galvano¬ 
meter was a Cambridge Short Period, whose deflexions were amplified by means of 
a divided photocell attached to a similar secondary galvanometer. The overall 
sensitivity was 600 mm.//eV for a scale at 1 m. The stability of the spot was such that 
measurements could be made with an accuracy of 2 x lO^** V. 

(b) The transverse magnetic field was produced by a pair of coils arranged in 
Helmholtz fashion, which gave a transverse field uniform within 1 % over a speci¬ 
men length of 5om. The field along the axis was uniform within 1^ % over the 
same length, and could be used for measurements in a longitudinal field. For the 
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investigation of the final three specimens A 21 to 23 , the coil system was slightly 
modified to produce a greater uniformity of field, namely a transverse field uniform 
within 0'6 % and a longitudinal field uniform within 0-1 % over a length of 5 om. 

(c) The routine examination of the specimens comprised the following: 

(i) Resistance measurement at room temperature. 

(ii) Temperature transition in absence of applied field. 

(iii) Resistance transitions in increasing and decreasing transverse and longi¬ 
tudinal fields at selected temperatures from the transition temperature down to 
about 1 ' 5 °K. 

In one case a transverse resistance transition was carried out for a constant value 
of the magnetic field, the temperature being increased and then decreased again. 
The resistance-temperature curve was approximately a section of resistance-field 
curves at constant temperature, and will therefore not be described separately. 

The value of the measuring current i A, for transverse transitions, was such as 
produced a surface field 2 i 71 Of of about R^/IOO. The shift of ftj, with increasing i was 
found to be approximately in accord with SUsbee’s h3rpothe8is, but the field dis¬ 
tribution ceased to be symmetrical, which made it desirable to keep the correction 
small. For each specimen, at one temperature at least, transitions were made for 
a variety of measuring currents. 

(d) All temperatures have been calculated on the basis of the 1932 Leiden scale 
of helium vapour pressures (Keesom 1932). 


4. TeMPBEATUBB TEAPrsmONS ANT> BE 8 ISTANCB EATIOS 

Tin 

The breadth of the temperature transition varied from 0‘02‘’ for a polyorystalline 
specimen to 0-002® for a good single crystal. The transition temperatures, defined as 
the temperatures at which the resistance had fallen to one-half of its normal value, 
lay between 3‘713 and 3 - 728 ® K, with a mean value 3 - 722 ° K. The resistance at 4 - 2 °K 
was almost entirely residual, and its ratio to the room temperature value was small 
enough to indicate a high degree of purity. For wires of diameter greater than 100/t, 
the mean ratio was 6-6 ± 0-6 x 10 “* for Hilger 10,000 and 2-2 ± 0-4 x 10“* for J. & M. 
12 , 966 . The ratios compare favourably with those found by previous workers, e.g. 
Sizoo, de Haas & Onnes (1925) and Misener (1938). It will bo noticed that the Hilger 
tin was 2-5 times more resistive than the J. & M. tin, possibly due to the larger iron 
content. No difference in the superconducting properties however, was noticed. 
For diameters less than 100/t increasing residual resistance w&a found, which prob¬ 
ably has its origin in the mean free path of the conduction electrons becoming 
comparable with the wire diameter (see for instance Lovell 1938). 

Mercury 

The breadth of the temperature transition was always less than 0-02° K and 
transition temperatures lay between 4-160 and 4 - 180 ® K with a mean value 4 - 170 ° K. 
There was no apparent difference in the low temperature resistivities of the two 
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samples used. As the Debye temperature is very low for mercury, the ideal resistance 
still predominated at 4*2® K, the resistance being a mean fraction 4*5 x 10“* of the 
room temperature (liquid) value. At 1*6° K, the resistance in a transverse field 
had fallen to 4 x 10“* of the room temperature value for diameters greater than 
100/4. The residual resistance would be still less than this as the magneto-resistance 
effect is quite important here. For diameters less than 100/4 the resistance showed 
higher values as with tin. 



SSS 

666 

. 1 ' 

Fiouke 2. Typical tiii resistance transitions, (a) In increasing and in decreasing transverse 
fields; (6) in increasing longitudinal field. Diameter 0-40mm. at measuring current 

200 mA. 


6. General features of resistance transitions 
(a) Tin , 

A typical resistance transition is shown in figure 2, and serves to indicate the 
general features. The arrows indicate the transitions in increasing and decreasing 
fields. Resistance first appears at a quite definite value h^, and grows slowly at first, 
AB. It then rises more sharply BG, finally increasing almost linearly with field 
(provided, as will be seen later, that the measuring current is not too small), until 
just before the critical field is reached, where there is a slight rounding at D, the whole 
normal resistance having returned just before h = Hg determined from longi¬ 
tudinal measurements, discussed later). 

With any one specimen there is of course a spread of critical fields corresponding 
to the finite temperature transition width, amounting to two or three gauss in the 
worst oases. This spread contributes to the rounding D, and is most in evidence at 
the highest temperature, setting the limit of approach of useful measurements to 
the transition temperature. In addition there is a genuine rounding, roughly pro¬ 
portional to Hg and therefore not caused by spread of critical fields, which increases 
with diminishing wire diameter, as indicated in figure 3. It is apparent therefore 
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that the extrapolation method for determining the critical field from transverse 
transitions suggested by Misener ( 1938 ), can only be valid for large diameters. The 
rounding at D corresponds to the final tail of the magnetization curves (see I, 
e.g. figure 2 ) and the extrapolated field value corresponds to the size-dependent hj^ 
mentioned in I. The theoretical interpretation of these, and other features will be 
discussed in III. 



Figure 3, Sizo depondmce of roBistance transition for tin at 1»66“K. Cylinder diameters: 
(1) I'OSmm., (2) 0*15mrn.. (3) 0*062mm., (4) 0*027 mm.; with measuring currents 400, 50, 15 
and 6 mA respectively. 

The resistance-field curves reflect the main characteristics of the magnetization 
curves of tin cylinders, described in T. The exact correlation of the two was confirmed 
by a combined experiment on specimen A 23 for which magnetization measure¬ 
ments were carried out by D 68 irant & Shoenberg (who refer to the specimen as SO) 
simultaneously with the resistance measurements. The specimen consisted of a 
27 cm. length of extruded tin wire of diameter 0*15 mm., wound bifilarly on a 
cylindrical distrene former 0*84 cm. diameter, pitch 2x1 mm., comprising ten turns 
and a diameter. These dimensions represent a compromise between angle of rise of 
the helix (4*") and adequate spacing of the turns (mean demagnetization coefficient 
modified from \ to 0*493), compatible with the space available in the magnetization 
apparatus. 

A typical magnetization curve for this specimen is shown in I, figure 1 . The corre¬ 
sponding B-h curves have been deduced from the magnetization curves, and are 
shown with the resistance curves in figure 4, the curves in increasing and in decreasing 
fields being separated for clarity. It is not to be expected that the resistance curves 
will follow the B-h curves exactly, since different arrangements of the phases in the 
intermediate state could produce different resistance values for the same J 8 . It will 
be seen, however, from figure 4 that there was a close oorrespondenoe between the 
pairs of curves. Penetration of induction commenced at K, indicated by the appre¬ 
ciable departure fkim linearity of the magnetization curve, Resistanoe did not, 
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however, appear until I (one part in 10* readily detectable). In the interval KL 
there is penetration without resistance. The rapid rise of reaLstanoe mn corresponds 
to the sharp increase in induction MN, indicated by the sharp drop of magnetization. 
The linear portions NO, no correspond, and the rounding of the resistance transition 
op, has its counterpart in the B-h curve, indicated by the tail of the magnetization 
curve. This correspondence was of considerable value in confirming the interpreta¬ 
tion of the resistance curves, and the main features of both magnetization and 
resistance curves find explanation in III. In these simultaneous experiments 
magnetization measurements were made both with and without the resistance 
measuring current flowing, but no significant effect of this current was found. 



FiotTBB 4. Resistance and magnetic induction curves for the tin specimen A 23 at 2-998° K, 
measuring current 30 mA. Full line, resistance; broken line, magnetic induction. 


It is the ratio Pi *= determined by first appearance of resistance (A figure 2, 
I figure 4 ) which is to be compared with the results of previous workers, but it is the 
ratio p, = hJHg determined by the sharp fall of magnetization and sharp rise of 
resistance (B figure 2, Mm figure 4 ) which corresponds to the transition of the whole 
cylinder into the intermediate state, as will be seen in III, and which is to be compared 
with the theory. 

The critical fields used in computing these ratios, were determined from longi¬ 
tudinal transitions on the same specimens, and mean values are given in table 1, 
where they are compared with other published values. Interpolated values of the 
mean critical fields used by D^irant & Shoenberg in I are also shown. These inter¬ 
polated values from I are about 1 % higher than those obtained in the present 
experiments, which agree quite well with the other published values. The comparison 
is only fair, however, if the mean transition temperatures are the same. The mean 
values of Tg from 1 (table 1), are in fact only 0-002'’ greater than those found in the 
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present experiments for both tin and mercury, but it should be pointed out that in I, 
is obtained by an extrapolation of the curve, which for mercury is stated to 

be a very approximate procedure. Moreover, there is evidence that the extrapolation 
method gives lower values of than the resistance temperature transition indicates. 
It is therefore likely that there is no real discrepancy here and that the differences 
with tin (for which the estimates of in I are more accurate), are due to a small 
mean displacement of the threshold field curve, possibly caused by the fact that in 
I all the specimens were in glass capillaries which may produce small strains, whereas 
in the present experiments only half the specimens were in capillaries. There is in 
any case a possible error of J ^be field calibrations in both series of experiments. 

Discrepancies due to this cause, and to real differences in values, will not affect 
the values of p. 


Table 1. Critical field values B^ from lonoititdinal 

RESISTANCE TRANSITIONS 


tin 




de Haas & 

Daunt & 

D6sirant & 

temperature 

B, 

Engolkes 

Mendelssohn Shoenberg 

(°K) 

(gauas) 

(1937) 

(1937) 

I 

3*48 

34 

34 

34 

35 

3*20 

72 

70 

72 

' — 

2*90 

103 

103 

100 

104 

2*53 

164 

166 

160 

— 

2*15 

196 

196 

m 

198 

1*66 

237 

238 

235 

— 



mercury 





Daunt & 


D4sirant Sc 

temperature 


Mendelssohn 

Misener 

Shoenberg 

(°K) 

(gauae) 

(1937) 

( 1940 ) 

I 

4*00 

32 

34 

32 

34 

3* SO 

122 

121 

122 

123 

8*00 

200 

200 

201 

— 

2*60 

268 

269 

268 

* — 

2*00 

322 

320 

322 

325 

1*60 

362 

359 

363 

— 

First then we examine values of Pi, which are 

given in table 2 for a number of 

cylinders of diameter ranging from 0*106 down to 0*0027 om. 

and for temperatures 


from 3*5 to 1*5° K. It is apparent that there is no great temperature variation ofpi, 
in contrast with the results of Misener, but that for a given specimen, Pi is almost 
constant, in accord with the Leiden experiments (Casimir 1943 ) and the Canadian 
experiments for speotrosoopioally pure tin (Mann ei at. 1938 ). The mean value of p^, 
for each sfwcimen is seen to increase from 0*54 for a diameter of 0* 105 om. to 0*66 for 
a diameter of 0*0027 om. Closer examination shows a slight decrease in p^, with 
temperature of the order of 2 % from the highest to the lowest temperatures. In 
§ 7 the results of other workers are compared with the present measurements, and 
explanations are offered of those which do not agree. 



Table 2. Values of and for tin 
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We now tuni to values of It is possibJe to estimate to about 1 %, Values of 
P 2 thus obtained are also given in table 2 . Here again, as with pj, there is little varia¬ 
tion with temperature below 3*25" K, while at the highest temperature 3*48" K, 
Pjj is on the average about 3 % higher. At this temperature, however, the accuracy 
of the measurements is least, as the inhomogeneity of the critical field is always an 
appreciable fraction of the critical field {34 gauss). 

There is less temperature variation of than found for p — hj^lHc 
for the five lower temperatures it is justifiable to take a mean value for each specimen 
for the purpose of comparison with the size-variation predicted by the theory. This 
mean is also given in table 2 . Again it is evident that pg increases continuously as 
the cylinder diameter decreases. In III formulae for pg have been derived on the 
basis of models suggested by Landau ( 1943 ). For the thread-like model the relation is 


pyt = ^ -f- 2*311 

r 

|*-1-38| 

fA'\ 
1 r f 

while for the laminar model it is 



= J + 1.283| 

'a' 

1 -1061 

/A'^i 
\ r j 


where —A and A = a-i^. 

HI 

A is the penetration depth of a magnetic field into the superconducting phase, a is 
the energy per unit area of surface between superconducting and normal phases 
and r is the /jylinder radius. 

In figure 5 the mean values of p^ given in table 2 for tin are plotted against 
the cylinder radius, the latter on a logarithmic scale, together with curves calculated 
from equations (1) and (2) assuming suitable values of A'. The experimental values 
fit equation (2) better than (1), suggesting that the intermediate state commences 
with a laminar form, and. thus supporting the mechanism of penetration sug¬ 
gested in III. Fair agreement with the theoretical curve is obtained assuming 
A' = 1*7 X 10“® cm. The greatest deviation occurs for the cylinder of smallest radius 
(r = 80 A'), which suggests that the approximations of the theory, which require 
r<A', are beginning to fail here. 

The small temperature variation of p, in the range covered by the five lowest 
temperatures, mentioned above, corresponds to a decrease of A' from 2*0 x 10"® cm. 
at 3*20" K to 1 ‘0 X 10"® cm. at 1*67" K. The larger values of p^ at 3*48" K correspond 
to A' == 2*5 X 10”® cm., but as already mentioned the accuracy in the determination 
of Pa is much less here, and deviations from (2) are greater. As mentioned in I, the 
values of p^ agree approximately with those obtained from the magnetization curves, 
and the differences are probably due to a combination of the following causes; 
latitude in the determination of both and h^\ the discrepancies in already 
mentioned; differences inherent in the specimens themselves, such as small strains. 

The specimens so far mentioned, and others which were investigated less syste¬ 
matically, showed no significant difference in behaviour between monoorystalline 
and polyorystalline cylinders, except in so far as the former had sharper tempera¬ 
ture transitions, and consequently a smaller critical field range. However, it will 
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be seen from (1) and (2) that A' is a rapidly varying function of /), and the scatter 
of the experimental p values could easily ma*sk an anisotropy in A' of the kind 
suggested in 1. 



Fioukk 5. Experimental p valuer plotted with the theoretical curves laminar model (full 
line) and thread model (broken line). 0 Tin with A' = 1*7 x I O '® cm. for laminar model and 
2*2 X 10”®cm. for thread model. A Mercury with A' 0*5x 10"® cm. for laminar itiwtdel and 
0-65 X 10"® cm- for threafi model. 



Fioukk 6, Typical reaiatanoo curve for a moroury cylinder. Diameter 0*065 mtn.» 2*495° K, 

(6) Mercury 

A typical TCBiatance curve is shown in figure 6, which illustrates the difficulty of 
quantitative deduction for this metal. Penetration appears to take place more 
gradually than in tin, as evidenced also by the rounded tops of the magnetization 
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curves in I, which unlike those for tin show no very sharp drop. Similarly the 
resistance shows no sharp rise but increases more smoothly than with tin. It is 
therefore impossible to derive a value from the transitions. Values of the field 
which produces the first trace of resistance, are used to obtain the values of 
given in table 3. As with tin, there is little variation of with temperature, while 
the mean value for each specimen increatses with decreasing diameter. The experi* 
mental values fit relation (2) quite well, figure 6, with a value of A' = 6*0 x 10"* cm. 
which must be regarded as a lower limit if as with tin pi < p^. The values of p obtained 
from the magnetization curves are stated in I to be only of suSicient accuracy to 
give a rough indication of the value of A', so that there is no significant difference in 
the indications of the two methods. 

Table 3. Values of p^ for mercurv 


spoci* 


meter 

X 10» 

“room 

400° 

3-60° 

3-00° 

2-50° 

2 - 00 ° 

1-60° 


men 

material 

(mm.) 


K 

K 

K 

K 

K 

K 

mean 

B 6 

H. 11,023 

0*79 

3-3 

0*54o 

0-63, 

0-52, 

0-63, 

0-53; 

0-54, 

O-OS, 

B3 

H. 10,073 

0-31 

5*0 

0-64, 

0-644 

0-64, 

0 - 66 , 

0-65, 

0 - 66 , 

0-564 

B 1 

H. 10,673 

0*20 

3-i 

0-674 

0*64, 

0 - 66 , 

0-56, 

0 - 66 , 

0 * 66 , 

0-56, 

B2 

H. 10.673 

012 

4-9 

0 - 68 , 

0-684 

0 - 66 , 

0-667 

0-56, 

0 - 66 , 

0*57, 

B4 

H. 11,023 

0-066 

7-2 

0‘58i 

0 - 68 , 

0*58, 

0-69, 

0-584 

0*69, 

0-687 

H 6 

H. 11,023 

0-030 

11-5 

0-69, 

l)-60. 

0-60, 

000 , 

0-69, 

0-694 

0-60, 



FiotJBE 7. Hysteresis oyclo for tin Bpecimen A16. two single crystals, 
0-12inin, diameter, 2*686^ K, measuring current lOraA. 


6. Hysteresis effects 
(a) SeMStance^field effects 

The main features are illustrated by the cycles in figures 2, 4, 6 and 7, and have 
their counterparts in the magnetization curves in I. Possible explanations of these 
effects are given in III. There was always supercooling on the return curve, sometimes 
with a steep continuous fall (e.g. figure 2), but usually with a discontinuous drop to 
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the intermediate state at a field value which was not perfectly reproducible. The 
magnitude of the supercooling varied widely from one specimen to another but in 
general was greater for specimens of smaller diameter. The return curve often coin¬ 
cided with that for increasing field, but waa sometimes rather higher and occasionally 
as in figure 1, dropped well below, on one case to zero, an effect which has been 
noticed previously by de Haas & Voogd ( 1931 ). This effect need not imply a return 
to the superconducting state, but merely an arrangement of the intermediate state 
with a superconducting path between the ends, as would be the case if laminae were 
set parallel to the wire axis. The return curves did not show the same degree of 
concavity at the lower resistance end as did curves in increasing field, resistance 
disappearing at lower values of h, which will be termed ^ 3 . We may define another 
ratio />3 “ hjiley which like and has little temperature dependence. The size 
variation of p^ is, however, much smaller, and pg was usually between 0^52 and 0*55 
for all sizes. There was frequent evidence that the metal was not always in its most 
stable condition, as the following examples indicate. Discontinuous transitions, 
such as that from the normal state to the intomediate state were occasionally 
initiatefl by making and breaking the measuring current in balancing the potentio¬ 
meter. Another curious hysteresis effect which was sometimes encountered is shown 
in figure 7, In the combined resistance and magnetization experiment, mentioned 
earlier, the magnetic field was on one occasion switched off when the metal was in the 
intermediate state with B about When the field was suddenly switched on again, 

the resistance was found to have a different (smaller) value than before, although the 
magnetization was unchanged. If, however, the field was switched off and increased 
gradually to its former value as in a normal cycle, the original value of mistance 
was again obtained. 

( 6 ) Current effects 

As found by de Haas ei aL ( 1934 ) and by Misener ( 1939 ) and illustrated in figures 
8 (a) and 9 (a) for mercury and tin respectively, the curves in increasing field were 
more concave for weaker measuring currents, as if in the limit of zero ^measuring 
current, the transverse and longitudinal transitions would become identical. For 
thinner specimens a limiting curve was found, smaller measuring currents producing 
no further concavity. This limiting curve became less concave with decrease of 
diameter, and for SOp had become practically linear. In fact at that diameter there 
was scarcely any current effect at aU. Similar effects were found in a decreasing 
field, 08 instanced in figure 8 (6). On a laminar picture, one may suppose that laminae 
lie almost parallel to the axis for large diameters and weak measuring currents (or 
electric fields), and turn normal to the axis for larger electric fields; for small diameters, 
however, the laminae are almost perpendicular to the axis even for weak electric 
fields. 

(c) Current hysteresis 

A new hysteresis effect was observed when the current was varied for constant 
temperature and magnetic field. Suppose a transition in a transverse field has been 
partially completed, and the state of the cylinder is given by P, figure 9 (a). Then 
if the magnetic field is held constant, and the measuring current increased, the 
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resistance increases, as given by Q, R, 8. When a large current has been reached, 
such that the transition curve reached is linear, there is little further increase, 
figure 9 (6). If now the measuring current is decreased, the resistance remains con¬ 
stant at the value determined by the largest current, instead of decreasing again 



Fioitkb 8 . Current effoctn. (o) For transition in an increasing iield, mercury, diameter 0-31 mm., 
3’007® K; (b) for transition in a decreasing field, tin, diameter 0*16 mm. 2*530‘’K. 



Fiouke 9. Current hysteresis, (a) Resistance transition for constant measuring current; 
(6) I'esistance transitions for constant transverse field. Monocrystalline tin specimen, A13, 
diameter 0-17 mm., 2*530® K. 


to R, Q, P. Similar hysteresis effects are shown in figure 9 (6) for other values of the 
constant transverse field. In another experiment, the resistance transition with a 
current of 100 mA was partially completed as indicated by T, figure 9(a). The 
current was reduced to 10 mA, resistance remaining unchanged. The transition was 
then completed using 10 mA and was found to follow the 100 mA curve. Hence it 
seems that once an arrangement of phases in the intermediate state has been 
impressed by a higher current, subsequent reductions of current do not modify it. 
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7. CoMPARISOK WITH PERVIOUS WORK 
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These experiments have shown that the ratio for spectroscopically pure tin 
showed little temperature variation, in agreement with the results reported by 
Mann et ak (1938), and by Casimir (1943). Such small temperature variation as was 
found was in the opposite sense to the strong temperature variation found by 
Misener (1938). The experiments have also shown thatpj is a function of the cylinder 
diameter, having the value 0-67 for a diameter of 0 » 25 mm. (interpolated from 
table 2), in satisfactory agreement with the value 0-58 given by de Haas etaL (1934) 
and by Casimir {1943). On the other hand, for a cylinder 3*65 mm. in diameter, an 
extrapolation of the experimental values in the light of the theoretical relation (2), 
predicts p^ — 0-526 which is well below the value of 0-68 found by Mann et al, (1938). 
The following possible explanations may be offered of the two discordant ex|->eri- 
ments just mentioned. 


(a) The results of Misener (1938) 

Curious results obtained with one specimen A 16 , suggested an explanation of 
Misener’s results. This polycrystalline drawn tin wire of diameter I* 05 mm. of the 
J. & M. 12,966 sample, was compared with the wire A 14 of table 2, from which it 
differed apparently only in being a single crystal. Its resistance behaved, however, 
very differently from that of A 14 ; the main features of difference were: 

(i) Aj differed considerably from the values of A 14 , see table 4 , the fractional 
discrepancy increasing at lower temperatures. 

(ii) The transition took the form of figure 10, resistance increasing rapidly at first 
to about 0*8 of its normal value, and then increasing slowly until full resistance had 
returned, which did not occur until a field aboixt twice as high as at the lowest 
temperature. 

(iii) At 1 * 66 ^K, a longitudinal transition was also measured and found to be 
very broad, over arrange 370 to 610 gauss = 236 gauss). 


Table 4 . The anomalous specimen A 16 compared with A 14 


temperature 

ht for A16 

A, for A14 

CK) 

(gausH) 

(gau.s8) 

3-48 

20 

— 

3-20 

41-6 

38-6 

2-96 

64 

66 

2*62 

112 

84 

2*16 

167 

104 

1-66 

222 

128 


7/;forA16 jy, for A16 


(gauss) gaiws) f/ = hJHi 

36 33 0-56j 

, 72 70 0-68 

103 103 0-62 

168 162 0-71 

198 196 0-79 

260 236 0*89 


If apparent values of critical field, Hq, are obtained by Misener’s extrapolation 
method indicated in figure 10, they are found to be not very different from the 
critical field values of A 14 {both given in table 4 ). Moreover, if apparent values of p 
are obtained from p* « Aj/ff', they are found to increase almost linearly wdth 
AT « T (table 4 and figure 11). The slope is greater than Miaener’s, and similar 
to that obtained with 'chemically' pure tin by Mann & Wilhelm (1937)* 
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The broad transitions implied impurity or strain, but the resistanoe at room- 
temperature and at 4-2® K had normal values, with ^ 2-4kx 10"^, 

A spectrographio analysis of a portion of the wire did not show measurably greater 
impurity than the material from which the wire had been prepared* These facts, 
coupled with the shape of the transition curve, suggested that the bulk of the wire 
was pure, behaving normally, but that there was an impure surface layer. This 



Fio 0RK 10. Transverse transition, for tho anomalous speoimen A10, at 2'147° K. 



PiauBE 11. Apparent temperature variation of p for the anomalous specimen A16. 

layer would not affect the resistance appreciably above the transition temperature, 
but would have a higher critical field than the pure substance in the usual alloy 
manner. The alloy layer would shunt the pure core, especially at fields greater than 
the true Hg, when the core is in the normal state, hi would be determined by the 
impure layer, and Hg by the pure core, and hence p'l would increase with temperature 
if the critical field ciuwe of the impure layer rose more linearly than that of the pure 
metal. To explain the shape of the resistance transition, the effective depth of the 
layer would have to be a ^ew per cent of the diameter. This hypothesis was eon* 
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firmed by dissolving away the siirfaoe of the wire in hydrochloric acid, until its 
diameter was 10 % smaller, when it was found to behave quite normally, giving 
a sharp longitudinal transition at the correct field, a temperature independent 
value of p, and a full return of resistance at in a transverse field. 

Hence it seems possible that the wire used by Misener also had an impure surface 
layer, the impurity being smaller than for the above specimen A16, the history of 
which, unlike that of the other specimens, was not quite certain, as it had not been 
drawn in this laboratory. The fact that surface purity is very important was also 
shown by the fact that tin wires prepared in glass capillaries subsequently dissolved 
off with hydrofluoric acid, sometimes acquired an anomalous surface layer. In this 
case the main effect was to broaden the temperature transition considerably. 
Dissolving away the surface in hydrochloric acid removed this anomaly also. 

(6) The remits of Mann et al. (ig^8) 

In the persistent current method, the intermediate state is approached under 
entirely different conditions than those prevailing in the resistance measurement 
method. The magnetic field is highly asymmetrical, so that magnetization cannot be 
uniform. The authors show that the magnetic induction penetrates the cylinder on 
the side of high field at A = This penetration could cause a reduction of the 

demagnetization coefficient, such that the persistent current i did not become zero 
until 0 * 68 jE(y. A simple calculation on this basis accounts satisfactorily for the i~h 
curve found. Nevertheless penetration at fields h < 0-50flT, should not be stable, and 
it is possible that the time effects found liad not completely died away ever; after 
60 sec. as the authors assumed. Whether this explanation be true or not, the fact 
that the value 0*58 is the same as that of pi found in the original resistance measure¬ 
ments of de Haas et aL ( 1934 ), appears to be coincidental. 

Mann et ah also showed that the addition of small quantities of impurity consider¬ 
ably affected the ratio and it is therefore likely that the curious results tiiey 
obtained with the less pure tin described as ‘chemically’ pure, are to bo attributed 
to the presence of bulk imi)urities. 

I acknowledge with pleasure the advice received from Dr Shoenberg, who sug¬ 
gested this problem. My thanks are also due to Dr C. L. Smith who prepared the 
tin single crystals, and to Mr E. Laurmann who carried out the spectographic analysis 
mentioned in the text. Most of the work was performed whilst holding an award 
from the Department of Scientific and Industrial Research. 
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The intermediate state of superconductors 
III. Theory of behaviour of superconducting cylinders in 
transverse magnetic fields 

By E. R. Andrkw, Stokes Student, Pembroke GoUege 
and Royal Society Mond Laboratory^ University of Cambridge 

{Communicated by Sir Latorence Bragg, F.R.S.—Received 12 December 1947 

— Read, 3 June 1948) 

The magnetic behaviour of cylindrical superconductors in transverse magnetic Helds is 
developed for Landau’s branching laminar model of the intermediate state, and for a 
branching thread model. The main features of the magnetir^ation and resistance curves 
presented in parts I and II receive qualitative explanation, and expressions are derived for 
quantitative comparison of experiment with theory. 

1 . Inteopuctiok 

In connexion with the experimental work reported in parts I and II of this series, 
the behaviour of models of the intermediate state put forward by Landau ( 1943 ), 
has l>een developed. Landau described a laminar model of the intermediate state, 
mentioning that when the magnetic induction B is small, a structure consisting of 
threads of normal metal would probably be more favourable thermodynamically 
than that of laminae. Such a model was not actually described in the paper, and 
since the results for both models will be required, a thread structure is first of all 
discussed here. The magnetic behaviour of both models is then developed, and used 
t o construct a possible explanation for the observed behaviour of cylindrical super- 
conductors in a transverse magnetic field. 

2 * Thread model 

Consider a plate of thickness L in the intermediate state, situated in a magnetic 
field A normal to its surfaces, figure 1 . In the centre of the plate the magnetic induc¬ 
tion is carried by identical cylindrical threads of normal metal parallel to the 
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Fiotn« 3. Typical branching prooees. 
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applied field, and embedded in superconducting metal, the induction in each 
being The threads are taken as circular in cross-section, and arranged in square 
array such that if produced to meet the surfaces, they would intersect as the large 
circles 1, figure 2. As in the laminar model, to overcome difficulties of stable entry 
of the induction into the metal, without infinite fields at comers, the threads are 
supposed to divide successively each time into four equal threads, two in one plane 
containing A, and two in a perpendicular plane containing h. A typical branching 
process is shown in figure 3. If after the first branching process the threads were 
produced to meet the surface, an array of circles 2, figure 2, would be obtained, 
conditions being adjusted so that this array is a similar square one, but with half 
spacing. After a second branching, the circles 3 are obtained, and so on, the array 
being reproduced half-size after each subdivision, A section through the plate in 
a plane containing the axis of one of the principal threads and a diagonal of figure 2, 
gives figure 1. After many subdivisions a ‘mixed phase’ is reached at the surface, 
having an almost uniform density of magnetic induction. 

The detailed calculations, which are exactly parallel to those of Landau for the 
laminar case, are outlined in the appendix. They are accomplished in the following 
five steps: 

(i) The diameters a„ of the threads aftern— 1 branching processes are related by 
the condition of constant flux through a tube of induction. 

(ii) Minimization of fre«5 energy for a single branching process, yielding a relation 
between the diameter of the thread, the semi-angle of branching 6^^ and the 

IP 

surface energy between the two phases a ^ A per unit area. The quantity A thus 

Htt 

defined has the dimensions of a length. 

(iii) The reproduction of the arrays of figure 2 half-size at each sub-division 
imposes a relation on the distances of the branching processes from the surface. 

(iv) The mean value of B for the metal as a whole determines the spacing bi of 
the main threads relative to their diameter 

(v) Finally the total free energy of the system is minimized with respect to the 
remaining variable a^. 

The results of these steps are given in table 1, together with those of the laminar 
model for comparison. The following points are noted: 

(а) The free energy/ before the minimization of step (v), is a slowly varying func¬ 
tion of (Zi (7), with a shallow minimum such that a factor of two in merely increases 
the free energy by 10 % of the second (small) term of (8). This is relevant when later 
wc consider how exactly the intermediate state is likely to conform to the structure 
of minimum free energy, 

(б) The effect of penetration into the superconducting phase has been neglected. 
For those superconducting regions which are much thicker than the penetration 
depth A, the effect is to reduce the radius of each normal thread, and the half¬ 
thickness of each normal lamina, by A. A corresponding decrease in free energy 
IP 

A per unit interphase surface area is produced, so that wherever A has been used 
in these calculations it should be replaced by A' A—A, a result given by Ginsburg 
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( 1945 ), This simple correction cannot, however, apply close to the surface where the 
superconducting regions have subdivided to a thickness of the order of A, and where 
the mixed state may be considered to begin. Using the relations of table 1, it may be 
shown, however, that the depth of the mixed state thus defined, is of the order of 
A*/A* for both models. Since A A ^ cm., the depth of the mixed phase is small 
enough to justify the use of Ginsburg’s correction for all cases in which these models 

Table 1 


thread model laminar model (Landaii 1943 ) 
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Where L = thickness of the plate. 

He " critical field. 

B = moan magnetic induction. 

A = SnalHl, where a is the surface energy i^cr \mit interphase area. 
dff =s semiangle of branching at the nth junction. 

Xn = distance of the nth junction from the plate surface. 

=K diameter of the normal threads, or the thickness of the normal laminae, before 
the nth branching prooi^ss. 

61 = distance between axes of the main threads (figure 2 ), or the thickness of the 
superconducting laminae. 

/ = free energy of the system per unit area of plate before the minimum of step (v), 
®/ 47 r = = minimum free energy per unit volume. 

^ 2 = so that H — d^fdB = He^d4>jdB, 
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are applicable. Consideration of the stability of superconductors in the normal 
state for fields greater than leads to the conclusion (London 1935 ), that A > A, so 
that A' = A“A ifl a positive quantity. This simple correction assumes that the 
penetration depth is a function of temperature only. If, however, A is also a function 
of magnetic field as Ginsburg suggests may be the case, the formulation of the 
problem would be considerably modified. 

(c) The assumption of B =» in the normal regions of the intermediate state 
has been made, but strictly we should put JS = if, and determine H thermodynamic¬ 
ally, This would make the mathematics much more complicated, but because 
H — H^^d<j>ldB, where d<pldB is a first order correcting term, in general small com¬ 
pared with the modification to the theory is of the second order, and its omission 
does not cause serious error. 


3, The point op entry into the intermediate state 

Landau ( 1943 ) has shown that the free energy of an infinite cylinder of circular 
cross-section in the superconducting state situated in a transverse magnetic field h, 
including the field energy, is equal to that for the cylinder in the intermediate state 
for a value of B Bf given by; 


The corresponding value of applied field h ^ being given by: 





(13) 


When (p and d^/dB are substituted in ( 12 ) from table 1 , equations in B^ are obtained, 
which in conjunction with (13) yield a solution for p = hfjH^ in series form, as shown 
in the appendix, the important terms being: 

Thread model: 


- i-f 


/ 2^7r y/AV 1 / 2> y/AV 

\{^2-lV \l) :^(2n)\{^2-l)) \lJ 


(14) 


Laminar model: 




(15) 


The question now arises: what is the value of L? The thickness of the cylinder 
increases from zero at the edges to 2 r, the diameter, in the centre. If we require the 
value of h at which the tot/al free energies are equal, then the appropriate mean 
value of L must be taken. If on the other hand we require the value of h for which 
the free energies appertaining to any port of the cylinder first become equal, then 
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the diametrical value L == 2r must be taken. The significance of this choice will be 
discussed later, but for the present putting L = 2r in (14) we find: 

P2. = H2-07(^y-M9(^-y. (16) 

Equation (16) is of the same form as that given by Landau ( 1943 ), (disregarding 
the final term which in practice is small). However, in (16) the coefficient of (A'/r)* 
is about five times larger in Landau’s equation. A corresponding calculation for 
a sphere gives = f + 2-32(A7r)*, and here again the coefficient is about five times 
larger than that given by Landau. Since Landau does not give a detailed calculation 
it will be assumed that our coefficient is correct and that Landau has made a numerical 



Figubb 4. The variation of p with X/A'; curve T for thread model, 
curve L for laminar raotlel. 


error. An alternative possibility is that entirely different models have been used. 
In this connexion it should be stated that two other thread models have been 
studied, one similar to this, but having threads of square cross-section, and the other 
having threads of circular cross-section but branching into three instead of into four 
at each junction, triangular arrays being reproduced 1/^3 smaller at each sub¬ 
division, just as in figure 2 square arrays are reproduced half-size. These two models 
gave free energy values very little different from those of the model described here 
and yield relations for of the form of equation (16), the coefficients of (A'/r)^ 
being 2*20 and 2*12 respectively. 

py and px, are plotted as a function of LjA* in figure 4, and it will be seen that 
Pl > Pt ^ > 300A', In view of the approximations made it is clear that these 

calculations can only be reliable for LpA\ However, as will be seen later these 



104 


E. R, Andrew 


structures will probably only be encountered for values of which yield p< 1 /^ 2 . 
From equations (14) and (15) it follows that for p< l/-y/ 2 , A'/i is less than about 
10 and the corresponding angles 0^ are thus less than about 25°, and small enough 
for the calculations to be a reasonable approximation* 


4. Magnetic bkhavioitr 

Commencing with the three general relations: 

H^h-innl, B==H + 4nI,' H = (17) 

on 


where the demagnetizing coefficient n is ^ in this case, the complete magnetic 
behaviour of the cylinder may be described. The B-h relation for the intermediate 
state takes the form B = 2h — Hg~d^ldB, sathat for the thread model; 


B 



M 


W (I-/?)* 


(18) 


and for the laminar model: 


Hr 


2 v 


where 


M 




1 




1 A'y 


(19) 


Now the free energy of a magnetized ellipsoid, together with the field energy, 
reckoned per unit volume of the ellipsoid, F, is given by (Landau 1943 ): 


^nF = <t> — 


HB+hB~hH 

2 


Hence for the cylinder in the normal state 


SttF. 


"m 


"= 1 . 


while in the superconducting state 


UnFr „ 

Si' ■ 


and in the intermediate state 

SttF 2<j) B h (, B\ {h-B)d6 
HI H\^H,^hX hJ^~ Hj dB' 


In figure 6 , HnFIH^ is plotted for the normal and superconducting states, and for 
the intermediate states with A'jL^ 1 -6 x 10 “* (both models). The free energy curves 
for the thread and laminar models are not very different, and in the limit of A'/i-^O, 
all models must have the same free energy: 


SjtF.o 4A ^ 
H~H* 
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This is also shown in figure 6, and it will be noticed that the curve touches that of 
the superconducting state at A, where h =* and that of the normal state at B, 
where h = For any non-zero value of however, the intermediate state 
curves intersect that of the superconducting state at C and D with finite angles. If 
phase transitions take place at C and /), which correspond to h/If =» pj, and p^^ 
respectively, the finite angles of intersection imply an accompanying discontinuous 
change of magnetization. For — 0, however, transitions at A and B will not 
be accompanied by a change of magnetization, since the angles of intersection are 
in this case zero. 



AG Superconducting state. VE Intermediate atatts, laminar model, j 1*5x10“® 

BO Normal state. Intermediate state, threatl model, / 

AB Intermediate state, any model, ^'jL = 0 (broken curve). 


Transitions from one state to another do not necessarily take place when the 
second state becomes more favourable thermodynamically, but only if a mechanism 
is available for the process in the course of which the free energy does not increase. 
Failing such a mechanism, the firat state continues in a raetastable condition, as 
instanced by the supercooling of a liquid. If, however, possible mechanisms of 
transition do exist whenever free energy curves meet, then the B-h and I~h curves 
for the transverse cylinder follow direetly from equations (17), (18) and (19), the 
transitions points being obtained from figure 5. The complete curves are shown in 
figure 6 where only the laminar form of intermediate state is illustrated for sim¬ 
plicity. Also the additional facts that i3 = 0 and I = —hj^n in the superconducting 
state, and that B and Z « 0 in the normal state are used. Since the point of 
intersection E, figure 6, occurs for h appreciably less than the transition into the 
nomal state should take place here despite the applied field being less than the 
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critical field. However, the possibility of another form of intermediate state taking 
over in the interval EB is not excluded. The transitions at C and E would not be 
quite discontinuous as shown in figme 6 since L varies from 0 to 2 r, but would 
nevertheless be fairly sharp since half the volume is contained within the region 
defined by i/2f > 0*92. * 


C 



FiatTAK 6 . Thermodynamically most favourable B-h and I-h curves for a transverse cylinder 
with A^/L as 1*5 X 10"**. Broken lines for A'/L = 0. (a) Magnetization. (6) Magnetic induction. 

In figure 6 the B-h and I-h curves are continued beyond the transition points as 
dotted lines, and are seen to show turning points, with I apparently becoming 
jKJsitive. These curious features are associated with the approximation, previously 
mentioned, of taking H as in the normal regions, since the difference term d^jdB 
becomes large as B tends to the limiting values 0 and as indicated by ( 11 ) table 1 . 

It should be noticed from G, figure 5, that the superconducting state can never 
be stable for h > quite irrespective of considerations of the intermediate state. 

If no free energy curve of any form of intermediate state intersects that of the 
superconducting state before HJ^J2 then a transition directly into the normal state 
should occur. In fact at this value of A, the points G, iff, 0 become coincident in 
figure 5 and the vertical portions CC, EE in figure 6 coalesce. The limiting value of 

^ 1/^J2 corresponds to A'jL ^ 10 ~*, the value which has already been used a.s 
the lower limit of the size L for which the models must cater. 

Let us now consider how far these postulated mechanisms arc likely to be realized 
in practice. It is curious that although p is least in the diametrical plane containing 
the applied field, so that penetration of induction has been assumed to occur there 
first, in actual fact the external field is zero in this plane, and is greatest at the sides 
of the cylinder. 

Thus physically we should first expect penetration to occur at the edges, and the 
experiments of de Haas & CasimifnFonker ( 1933 ) suggest that this might be the case. 
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A possible mechanism, therefore, is one of penetration at the side (see figure 7 
where a schematic picture is given), forming localized normal regions, which as they 
grow inwards produce regions of low field, causing the reappearance of the super¬ 
conducting phase at 1, 2 and then 3 in the normal region, the whole branching 
laminar structure being pushed in sideways. Thfi laminae are not to be considered 
as necessarily running the whole length of the wire, but it is likely that there will 
be pockets of growth on alternate sides along the wire. Slight stable penetration at 
the edges in the manner of (a) figure 7, may take place as soon as A > and this 



Figube 7. Schematic illustration of possible mode of entry into intonnediate state. 


would account for the slight deviation from perfect diamagnetism in the interval 
KM (part H, figure 4). Only when it is the stable state, however, will the whole 
laminar system form, and then fairly suddenly {MN, II, figure 4). This point will 
occur at a value of p corresponding to equality of total free energies. Since 0 and 
d</>jdB are proportional to /> *, the appropriate value of L to be used in (14) and (15) 
is MJOr. 

Relations (14) and (15) thus become: 



(20) 

/A'\l /A'\* 


(21) 


At the transition from the superconducting state the /-A relation will still have 
the same general form of figure 6, as illustrated in figure 8, with some rounding at 
the top due to the initial penetration Just mentioned. The resistance tail hn in II, 
figure 4, would correspond to small local pockets of intermediate state. 

Turning to the other end of the curves for the intermediate state, E, figure 5 
suggests that the normal state becomes the stable state, but one cannot expect the 
superconducting regions to be suddenly ejected here. It is more likely that they will 
continue to shrink in a metastable condition. The transition into the normal state 
will therefore be somewhat as indicated in figure 8, and we note that if the laminar 
structure, or something very like it, persists until / = 0, then this transition occurs 
at a value of applied field less than Hey the discrepancy increasing as the cylinder 
radius r decreases. 
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It is more difficult to predict the variation of resistance with applied field in the 
intermediate state, as the geometrical disposition of the normal and superconducting 
phases has also to be taken into account. If the mean induction B has the value 
y/Zp then the fraction of normal resistance may have any value between 0 and y. 
In particular, for a structure of the threads of normal metal embedded in super¬ 
conducting metal there should be no resistance. However, it is reasonable to expect 
that if resistance is found, there should be a correlation of the main features of the 
B-h and resistance-field curves. 



In connexion with the fitting in I of the theoretical curves to those experimentally 
found, it is useful to consider the slope dljdh, of the J~h curve in the intermediate 
state. For A'/r — O it is l/27r, and becomes steeper as A'/r increases. Using 
/ = (B-h)l2n for a transverse cylinder, in conjunctions with equations (18) and 
(19), it is found that ,, , , 


for the laminar model (22) 
for the thread model (23) 

with r-| Md 

If now we construct the triangle OAB, figure 8, from the I-h curve of the super¬ 
conducting state and any tangent to that of the intermediate state, then the ratio 
<r ssr OD(OB ^ i(l + e). Moreover, if we take the tangent at y « BjH^^ we 


where 

and 


e sss — 


27rl“-€* 

1 /A'\» 




0-80*.3.2*.[(V2-1)J«7»{1 

nHl-m __ /Ay 

()-8()» .3.[(V2-l)]‘y»(l-/?)‘\r/ 
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find that e, which is a slowly varying function of y, has the same value for both 
models giving ,.I 

<r “ ^ + , (24) 

In applying this relation to experimental curves, one must be careful that AB does 
in fact represent dl jdh for the intermediate state, and is not affected by the transition 
range from the superconducting state at the upper end, nor by the tails of the 
transition into the normal state at the lower end. 

We now turn to transitions in a decreasing magnetic field. As indicated by E, 
figure 6, the intermediate state does not become thermodynamically favourable 
until well below The cylinder is initially entirely in the normal state, with 7—0, 
and B and h uniform through space. Hence in contrast with the transition from the 
superconducting state in an increasing field, no portion of the body is more likely 
than another to be a centre of change, the edges, which played this role in an in¬ 
creasing field, being in no different condition from the remainder. It is likely that 
the formation of the intermediate state in an increasing field is brought about by 
a growth of the natural penetration of induction into the surface of a superconductor. 
There is no counterpart to this in the normal state, and therefore in a decreasing 
field ‘supercooling’ effects are to be expected, for just as with the condensation of 
liquid drops from a supercooled vapour, nuclei of formation are required. Once the 
transition has begun it proceeds discontinuously, provided that the material is 
homogeneous. Since BE\ figure 5, increases with decrease of cylinder radius, and 
since smaller cylinders would probably contain less centres of formation of the 
superconducting phase, the total delay in formation of the intermediate stat^^ may 
be expected to be greater for thinner wires. Just as in an increasing field no sudden 
expulsion of the superconducting regions was expected, so here in a decreasing field 
no sudden expulsion of normal regions is expected for h ^ the intermediate 
state continuing until the normal laminae or threads have shrunk to nothing. This 
will occur for a value of h slightly greater than 

5. Discussion 

On the basis of these models the following main features of the magnetization 
curves find qualitative explanation: 

(а) The delay of formation of the intermediate state in an increasing field until 
h - pH^) the ratio p having the value ^ for a cylinder of infinite diameter, but 
increasing as the diameter increases. 

(б) Slight departure from linearity just before this transition point. 

(c) Rapid drop of magnetization at this transition point, giving the characteristic 
‘horn’. 

(d) In the intermediate state an almost linear I-h relation whose slope dlidh is 
greater than the value 1 12n for an infinite cylinder diameter, by an amount increasing 
with decrease in diameter. 

(e) The normal state is reached for h < the difference increasing with decrease 
in diameter. 

(/) In a decreasing field, a supercooling which increases with decrease in diameter. 
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{g) In tlie intermediate state a retracing of the increasing field curve as far as 
the horn, and continuing almost linearly beyond it, until the curve for the super¬ 
conducting state is reached. 

The combined resistance and magnetization experiment, whose results are 
illustrated in I, figure 3 and II, figure 4, showed the expected correlation of the main 
features of both curves. The fractional resistance, was, as suggested, always less than 
the ratio but for sufficiently large measuring currents not very much less, 
suggesting that the intermediate state realized in practice does have a predominantly 
laminar character. 

The quantitative comparison of theory and experiment, namely the variation 
of p and of dljdh with the cylinder radius, and the detailed fitting of the magnetiza¬ 
tion curves, has been shown in I and II to give fairly good but not perfect agreement. 
We should, however, be cautious in considering these models as giving more than 
an idealized picture. The shallowness of the free energy minima mentioned in §2 
suggests that a considerable latitude is probable, and the experiments of Meshkovsky 
& Shalnikov ( 1947 ) using a sphere, indicate irregular laminar and thread formation. 
Since, however, the free energy does not appear to be very dependent on the actual 
configuration of the intermediate state, these idealized models may be expected to 
give a reasonable indication of its macroscopic behaviour. 

A further result of the experiments of Meshkovsky & Shalnikov, was that although 
an essentially laminar system was under suitable conditions set up in the inter¬ 
mediate state, the critical width of separation of the two halves of the sphere pre¬ 
dicted by Landau ( 1943 ), was not found. For quite wide separations the flux left 
the plane surfaces of the hemispheres with periodicity of the unbranched main 
laminae. This naturally suggests that the laminae may not branch at all, but come 
out to all surfaces with the same macroscopic divisions. The results of the experi¬ 
ments proposed by Meshkovsky & Shalnikov to determine whether this is so or not 
will be of great interest. Examination of the more regular patterns in their paper 
(figures 11 and 14), shows that the periodicity ofthe laminae = 0*13 ± 0*02 cm. 

Landau ( 1943 ) has shown that for a branching laminar system, the periodicity of 
the principal laminae is given by + Taking L as the diameter of the 

sphere (3*9 cm.), this relation gives the value A' = 1*8 x 10 ~^ cm. at 3® K. The values 
of A' obtained from the magnetization measurements in I and the resistance measure¬ 
ments in II are 1*5 x 10 “® and 1*8 x 10 "^^ cm. respectively at this temperature (see I, 
table 2 ). The agreement may be accidental, but it is possible that even without 
branching the periodicity of the laminae may be given by a relation of the form just 
quoted. The effect that lack of branching would have on the present theory would be 
to remove the last term in the brackets of equation ( 6 ). The free energy/would then 
have no minimum, very thick laminae being favoured. In practice the periodicity 
of the laminae would probably then be determined by conditions at the outside 
surface of the metal, and by the mechanism and rate of formation. 

I gladly record the benefits I have received from discussions with Dr D. Shoenberg 
and Mr A. B. Pippard. Most of the work was carried out during the tenure of an 
award from the Department of Scientific and Industrial Research. 
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Appendix 


A. Detailed calculations of the thread model 

Step (i) deBcribed in § 2 yields relation ( 1 ) directly. 

Step (ii) proceeds exactly as for the laminar model, the results (2) for the two models 
differing by a factor 2 uhder the square-root sign. The factor occurs because a 
cylinder has twice the surface area/volume ratio of a plate having a thickness equal 
to the cylinder diameter. 

The relation between the angles 6 ^,^, (3), follows from ( 1 ) and ( 2 ), and is the same 
for both models. The reproduction of the arrays of figure 2 half-size (step (iii)) 
requires as for the laminar model, and hence the relation between 

the distances of branching processes from the surface, is also the same for the two 
models (relation (4)). Step (iii) also requires that the maximum deflexion of an 
infinitely subdivided thread shall be half the distance between the surfaces of two 
diagonally arranged principal threads, as may be seen from an examination of 
figure 2 . This gives equation (5) of table 1 : 


Step(iv). The mean value of 2? is evidently given by jTraff^ == 6 f 5 which yields ( 6 ). 

Step (v). The free energy of the system is now formed, reckoning that of the 
superconducting state as zero. If the system just consisted of all the main threads 
of diameter running right through without branching, then the free energy per 
unit area of plate would be: 


If now the threads branch once only (at each end), at distance from the surface 

//* 

there is additional surface energy: 7r(4a2~<*i)2a?i—- A. There is also an additional 

oTT 

volume energy, which, as a consequence of stop (ii), has the same value. Extending 
the argument to the complete model with an infinity of branching processes, the 

additional free energy is: 2 v[4n-i{4a^^j~a^)2xJ. Performing this sum- 

oTT 1 

mation with the aid of (1) and (4), and adding the free energy of the unbranohed 
threads (A 1 ), in which a substitution for 6 ^ in the first term is made from ( 0 ), we 
arrive at the free energy per unit area of the 




(A 2) 


From(6),using(2)and(6)wehavexi Sub¬ 


stitution of this value of *2 in (A 2) yields (7), table 1, where/is now^a function of one 
variable o, only. After minimization of / with respect to a,, the free energy per unit 
volume <I>/4rr has the form (8), the minimum occurring at a value of Oj given by (ft). 
By putting » Hg B+{6 the free energy arising from the surface energy is separated 
off as ^/47r per unit volume. 
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B. The point of entry into the intermediate state 
Consider first the thread model. Substitution for ^ and d^JdB from table 1 in (12) 
gives after rearrangement: 


B 


r 2 yjn AH* 

L(V2-l)iJ 


( 1 -/?)- 


(A3) 


This value of B is substituted in d(f>ldBt and both are then put in (13). After expanding 
hf as a power series in /?, and substituting for B from (A 3) to whatever degree of 
approximation is required, the ratio found as a power series in (A7^)*» 

of which (14) shows the important terms. A similar procedure for the laminar 
model gives the corresponding ratio as a power series in (A'jL)^ the initial terms 
being given in (15). Numerical solution of (13) for particular values of ii'/L shows 
that (14) and (15) are accurate to about 0*1 % for A'lL = 10 and within 1 % for 
A'/L ^ 10-2. 
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Aspects of a theory of unimolecular reaction rates 
By N. B. Slater, University of Leeds 
{ConimunicGded by M. O. Evans, F.R.8,—Received 29 December 1947 ) 

A uniform gaa of polyatomic moloculos is treated ae on assembly of classical vibrating 
systems, which dissociate when one internal co-ordinate q reaches a critically high value 
which is related to the dissociation energy Eq. The imimolecular velocity constant at 
temperature T is fotind to be 

K =^v exp {^EJkT), 

where the ‘frequency factor’ v lies in the rai^e of molectilar vibration frequencies. The 
factor V may be interpreted (i) as a weighted average of t>»o normal vibration frequencies, 
or (ii) as the ratio of the product of the normal frequencies to the product of the frequencies 
with q fixed, or (iii) in the case where dissociation is duo to the rupt\ire of on isolated bond, 
as the vibration frequency of an imaginary diatomic molecule consisting merely of the two 
bonded atoms oomieoted by the original bond-force. 

The disBooiation rate is formulated bi several ways, which represent different aspects of the 
physical picture. The main contrast is between (o) the rate as the average frequency with 
which the normal-mode vibrations come sufSoiontly into phase to carry q to the critical value 
90, and (h) ‘transition state’ formulations, giving the rate as the product of the relative con¬ 
centration of activated complexes (molecules with q near 90) and the mean transition 
frequency. The mathematical equiv^ence of these methods is shown by a study of the 
asymptotic distribution of values of sums of harmonic vibrations. 

The present model is used to illustrate some concepts of transition state or activated 
complex theory, such as the ‘effective mass’ in the reaction co-ordinate, and,the partition 
function of the activated complex. The ndation of the model to Kas^’s theory is shown by 
calculating the dissociation rates of molecules of speoiRed total energy. 
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1. iKTEODXICmON 

This theory of ummoleoular reaction rates in gases is based on the model of a poly¬ 
atomic molecule as a classical vibrating system which dissociates when one particular 
internal co-ordinate, such as a bond-extension, attains a critically high value. The 
general formula derived for the high-pressure rate at absolute temperature T is 

vexp(-JSo/*3r)8eo;-*, ( 1 ) 

where N is the concentration, k is Boltzmann’s constant and JSq the ‘activation 
energy’ per molecule. The frequency factor p lies between the greatest and least of 
the vibration frequencies of the molecule. 

Polanyi & Wigner ( 1928 ) and Pelzer ( 1933 ) obtained reaction rates of this nature 
for simple chain molecules. For the general molecule approximate, and later precise, 
formulae of this type have since been derived (Slater 1939 , 1947 a). Now the model 
giving this result is crude, in that it uses classical mechanics and ignores anhar- 
monicity of the vibrations. Its simplicity, however, makes it suitable for comparing 
different approaches to rate problems, and also for illustrating some concepts of 
transition state theory. Using the same model of dissociation we shall therefore 
derive the rate K by several methods, and examine their relation to each other and 
to the general formalism of the transition state as expounded by Qlasstone, Laidler 
& Eyring ( 1941 ). We summarize in (i) to (vi) below these different approaches, and 
then state the corresponding forms of p in the rate ( 1 ). 

(i) In § 3 the internal co-ordinate q which is to break at a critical value < 2*0 is treated 
as a sum of normal-mode vibrations: 

qsF{t) = X (2) 

1 

where e, and Vg are the energy and frequency in the «th mode. A formula of Kao 
( 1943 ) gives the asymptotic frequency, 2L, of zeros of F(t)—qo in the case where 
the Vg are linearly independent numbers. The rate K,(\), is obtained as the average 
of L over an equilibrium distribution of the energies e,. This formulation, and the 
significance of linear independence, is discussed in § 4. 

(ii) In § 6 it is shown that the frequency 2L can be expressed in terms of m(q, q), 
the distribution function of a sum q, (2), and its derivative q. This suggests the for¬ 
mulation of K’ in § 6 as the mean of q, the velocity in the reaction co-ordinate, over 
the distribution m{q^, 4) averaged over energy states. 

(iii) In § 7, an extension of Pelzer’s method, K is formulated as the direct average 
of q over an equilibrium distribution in phase-space, where the kinetic and potential 
energies are the general quadratic forms 

T'= F => ( 9 * 21 ). (3) 

No use is made here of normal modes, but in §8 the equivalence of this method to 
that of (i) is shown by a transformation of phase-space. 

(iv) In transition state theory, a rate is calculated as the product of the popula¬ 
tion of ‘ activated complexes ’ (in our case, molecules with q near q^) and of the mean 
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transition velocity through the critical configuration. These concepts have been 
used in (ii) and (iii), but in § 9 the rate is formulated in direct imitation of Eyring's 
partition function treatment. The physical significance of the transition velocity 
and of the partition function of the activated complex is discussed. 

(v) In § 10 the model is illustrated by the potential energy diagrams used in 
transition state theory, with particular reference to the error of the assumption that 
the vibrations are exactly harmonic. 

(vi) Finally in § 11 the dissociation rate is derived for molecules of 8 j)ecified total 
energy. The result is formally identical with the specific rate derived by Kassel 
( 1932 ) on a different model of the dissociation process. 

The constant y takes different forms in the derivations (i) to (iv) of the rate ( 1 ), 
namely 


Isa?/ 

... ...^ 1 

(iii): 


v = vjK... j^;). 

(iv).. 


Here are as in (2): A, B denote the determinants ||a^^ ||, |1 of (3) and ^4^^, 

Bii the co-factors of are the frequencies obtained with a fixed 

value of 9 in (3), and correspond to the ‘frequencies of the activated complex’. 
The equivalence of the forms (4) will be shown first in § 2 . In the important case 
where dissociation is due to the breaking of an isolated bond between two atoms, 
p is equal to the vibration frequency of an iniaginary diatomic molecule consisting 
of these two atoms connected by the same bond-force as in the polyatomic molecule. 

2 . MolkcttIoAR VIBEAT10N8 

Some formulae are derived here concerning the normal modes of a vibrating 
system, and the ‘average frequency* p which will occur in the dissociation rate. 

The internal kinetic energy T' (marked to distinguish it from the temperatme T) 
and potential energy F of a polyatomic molecule will be taken to be the classical 
positive definite quadratic forme: 

T' = i SS = i LS (5) 

I 1 

Here n is the number of internal degrees of fi-eedom; rotation of the whole molecule 
is ignored. Typical co-ordinates are elongations of interatomic bonds, or changes 
in bond angles, from the equilibrium configuration; the inertia coefficients then 
depcmd on the atomic masses and equilibrium bond-lengths. By treating the ‘force 
constants’ 6 ^^ as fixed we neglect anharmonioity of the vibrations. 

Let > Qn ^ normal co-ordinates, in terms of which 

F - S c; (A. = inv,), (6) 

1 1 

where the normal mode frequencies will be assumed to be distinct. The 

solution of the motion is, from ( 6 ), 

e, « V«,ooB2»r(»',<+^,) (« « 1, 
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where €, is the energy in the «th normal mode and is a phase constant. If a = (o^) 
is the matrix of transformation from g to Q, so that 

= (7) 

8 

then the solution for one co-ordinate, for example q^, is 

= S “i* 2n{vJ+ff). ( 8 ) 

9 

We shall be interested mainly in and shall usually omit the suffices 1 in (8). We 
refer to the or as the ‘amplitude factors’ for the co-ordinate 
The ^average frequency' v associated with co-ordinate will be defined first by 


n 



u = \l2n, A* = a“*Sa»Af, 

1 

(») 

where 

a« = Sa5. 

(10) 


1 


Thus is the mean of the vj, weighted by the amplitxide factors a| of co-ordinate q^. 
We shall now derive two alternative formulae for v. 

Since (7) reduces the forms (5) to (6), in matrix notation 


J&aa = A“*^, |5ba ~ 1, 

where S is the transpose of a, and A is the diagonal matrix with elements Af,..,, A*. 
Multiplying these equations each by initial a ^ and final a”^ and inverting the 
results, we obtain 

oAa = 2a-i, aa = 


The leading elements of these matrix equations are 


SaLA* = Sat == 25^/5, 


where Ay B denote the determinants co-factors of 

^iv Hence in (9), (10) 

aU* == 2AnlAy a* - (11) 


and 


27t 2n\ABii) ' 


( 12 ) 


which is the second form of v. 

To obtain a third form, we note that 


since the AJ are the roots in A* of the secular equation 


I|o«A«- 6,,||-0 {r,a-l,...,n). (13) 

Let A^,..., A^ be the roots of the equation obtained by omitting the first row and 
column of (13): then similarly 


BiJAj^ = A,*... A^. 


(14) 



N. B. Slater 


116 


Henoe (12) may be written 

P * (15) 

which is the third form. The vi are the normal frequencies for the system con¬ 
strained to have fixed at zero (or at any other value), and so by a well-known 
theorem their magnitudes are interlaced with those of the original frequencies 
It follows then from (15), or directly from the first definition (9), that v lies between 
the greatest and least of the 

The 'activatim energy'. By (8), q can just reach a prescribed positive value q^ if 
the energies e* satisfy v i ^ i / 

iw I 1 — q^. 

The values satisfying this and making the total energy E ^ a minimum are 

easily found to be a « * 

e, = = gjaja-*, (16) 

where a* is defined by (10). Hence the minimum total energy for q to attain q^ is 

= Se.0 = 3o/a*- (17) 


This may also be written, by (11), 

(18) 

We shall later identify with the 'activation energy’. 

A particular caae. If the co-ordinate is the elongation of the distance between 
two atoms of masses Wj, then it can be shown that, irrespective of the nature of 
the remaining co-ordinates 

AJAix « miWj/(mi-hmj)sm, (19) 

which is the ‘reduced mass’ of the two atoms in relative motion. If, further, the 
potential energy contains no cross terms so that in (5) 


2F = 6u?;+SE (20) 

s 


then =» 6ii. (21) 

Henoe in this case, by (12), (18), 

Thus u is here the vibration frequency of an imaginary diatomic molecule, with 
masses m, and force constant bn, and is its energy at extension qQ. 


3. Thb unimouboular vblocity constant 

In this section the dissociation rate is formulated, and evaluated by using a 
formula of Kao for the frequency of zeros of a trigonometrical sum. The validity of 
the formulation will be discussed in § 4, and Kao’s formula in § 6. 

We consider the dissociation at high pressure of a gas of polyatomic molecules 
represented by the vibrating systems treated in § 2. We assume that a molecule 
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dissociates when a particular internal co-ordinate q^qi attains a large critical value 
we assume also that the vibrations remain harmonic up to the point of rupture. 
In an undissociated molecule, the behaviour of q is given by (8), namely 


n 



qmF{t) = 2®,co8 27r(»',< + \4^,), 

1 

(23) 

with 

II 

(24) 


The energies and phase constants change only when the molecule collides. The 
molecule is said to be energized if q can reach q^, that is if the satisfy 

(26) 

A molecule energized by collision will not dissociate, however, unless the terms in 
(23) come sufficiently into phase for q to reach q^ before further collision removes the 
high energy. If, as we assume, the pressure is large enough, collisions will be much 
more frequent than the attainment of the dissociation configuration, and so will 
effectively maintain a steady population of energized molecules which is slowly 
depleted by dissociation. We assume, then, that 

(а) the ‘dissociation frequency’, or fraction dissociating per second, of energized 
molecules with specified values (ej,..., is equal to L, the average frequency with 
which F{t), (23), rises to the value q^; and 

( б ) the number of molecules, out of a total concentration N, which have energies 

in the ranges (e^, + dCi)... (e„, + de^) is effectively the equilibrium number 

iV/(e)ci!ei...de„, /(e)s(*T)-»exp(-Se,/A;T), (26) 

where T is the absolute temperature and k is Boltzmann’s constant. 

These assumptions lead immediately to the dissociation rate; for as a fraction L 
of the molecules (26) in any small energized range dissociate in unit time, the overall 
unimolecular velocity constant is 

Km - J...jL/(e)rfe,...de„ (27) 

where the integral is over the ranges e, > 0 satisfying (26). 

Two types of definition may be suggested for the dissociation frequency L, 
namely a long-time average and a phase-average L,: 

L, - i lim {M(r)lr}, (28) 

• ■ Jo • •• 

where M{t) is the number of zeros of F{t) — [(23)] in the time 0 S t < t. (The factor 
^ represents our selection of zeros for F(t) rising to ^q.) We shall assume that the 
frequencies i',, v„ in (23) are linearly independent in the field of rational numbers, 
that is that there is no set of integers i„ not all zero, such that 

|iA = o. 


(30 
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In this case and L, are equal, and have the value (Kac 1943 ) 


L = jn Jo(«.i)-n (31) 


We use this to evaluate (27). As L vanishes where (25) is not satisfied, each e, in (27) 
may be given the range ( 0 , oo). By an inversion of the order of integration, (27) then 
becomes 


where 


UL 7) - J “ 'Jo [«. 




(32) 


by the use of Weber’s first exponential formula (Watson 1922 , p. 393). Thus by the 
definitions (9), ( 10 ) of A, v and a. 


K = ^j_"^cos(g„g)exp(-lfc7’a*g*)d^J_"^[l-exp(-ifera*AV)]^ 

= v^xp{-qlla^kT)^ (33) 


by. well-known formulae. In terms of the energy of (17), the result takes the 
final form A' = v exp (- E^IkT). ( 34 ) 


Here Ag is the minimum energy for dissociation (that is, for q to reach ^g), and for 
comparison with experimental rates is to be identified with the activation energy 
per molecule. As we mentioned in § 2 , v lies in the range of the molecular vibration 
frequencies, and so is in effect confined to the range 10 ^* to l(P*seo.“^. Its value 
may be calculated from ( 12 ), or from ( 22 ) in the case where dissociation is due to 
the rupture of an isolated bond. 


4. Notes on the formitlation 

We examine the significance of some assumptions made in § 3. First we estimate 
the relative magnitudes of the dissociation frequency L and of collision and vibration 
frequencies. Secondly we shall discuss the condition of linear independence of the 
vibration frequencies, and the correct definition of L. 

For the distribution (26) of energies to be effectively maintained, it was assumed 
that L is small compared with Vgou, the frequency of collisions per molecule. .We 
take the simple case* of a molecule for which the amplitude factors a, (24) ate approxi¬ 
mately the same, and likewise the normal frequencies v,. If E^>nkT, the average 
molecule with en^y greater than Ag will have total energy approximately Ag + kT. 
The distribution most favourable to dissociation will be approximate equipartition: 

e,Si{Eg + kT)ln («»!,...,»). (36) 

Using my previous approximate formula (Slater 1939 , equation ( 8 )) for A, and the 

v-Wkc.-‘. 
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we find for the energies (35) that 
when n 1 6 10 15, 

then L-IO^^ 10» 10* lO-^sec.^^ 

If the energy distribution is more uneven than in (35), then L will be smaller* 

Collision frequencies }>er molecule, as typified by ethane at atmospheric pressure 
and temperature 500° K, are of the order 

^cou. == 10® sec. 

Thus for polyatomic molecules, with n > 10, at normal pressures 

so that the assumption that L is small compared with r^ou is valid. For simple 
molecules with small n, greatly exceed L only at impossibly high pres¬ 

sures, so that a first-order reaction would not be observed: this agrees with experi¬ 
mental results. 

Linear independence and the dissociation frequency 

When the vibration frequencies are not linearly independent the limit of 
(28) depends on the phase constants \jf^ in (23), although the phase-average (29) still 
has the value (31)* If the were after a collision randomly distributed over the 
range (0,1), then an average of the tjrpe (29) would correctly represent the dissocia¬ 
tion frequency in all cases. Energizing collisions tend, however, to concentrate the 
phases towards the values 1 or just as a pendulum suddenly struck from small into 
large oscillation begins its new large swing relatively near the middle. Tlj^us the 
initial phases are not entirely random. As, however, the inequalities (36) indicate, 
there is time after an energizing collision for many individual oscillations (of average 
frequency r) to occur and smooth out any initial phase-concentrations. These con¬ 
centrations will recur quickly if the frequencies obey relations of the type (30) with 
small t,, but not if the frequencies are linearly independent. This indicates that linear 
independence is of physical significance in the present classical treatment. It will 
be remembered that independence is required in quantal theory if the normal modes 
are to be quantized separately. 

A deeper analysis of the ‘dissociation frequency’ would require consideration of 
the evenness of spacing of zeros of F(t)-qQ, and of the effect of an initial con¬ 
centration of phase on the time to the next zero. This has not been attempted here: 
a problem of thk type has been investigated by Rice (1945). 

y 5. The distribution of VADUES of a TRiOONOMKTRIOAti SUM 

In this mathematical interlude we shall sketch proofs of the basic formulae used 
in §§ 3 and fi- We derive first the asymptotic distributions of a sum F(t), (23), repre- 
sentiing the (K)K}rdinate g, and of dFjdt representing the velocity q. We then express 
2Lj, (28), the asymptotic frequency of zeros of F(t) - q^y as an integral of q over the 
distribution of q and g, and indicate how this leads to Kao’s formula (31)* 

Let 6^ denote the fractional part ofVgt +so that 

1 (« 1, .,.,»t). 


(37) 
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We employ the following form of the Kronecker-Weyl approximation theorem; if 
linearly independent, and {6^, - •»are considered as the rectangular 
co-ordinates of a point JF} in the ‘ unit cube * (37); and if * meaBr(if/in 0) ^ denotes the 
measure of tj out of 0 S ^ for which f} lies in a region 0 within the unit cube, then 


lim mea 8 ^(i^ in 0 ) =1 extension of 0 , 

r-*>oo\r 


Consider first the sum F{t) of (23), which in terms of the 0^ may be written 

"n 

F = 5]®gOOB27r0,, 

1 


(38) 


(39) 


(40) 


and let wt(g'o) s liin j - meas^ (go < ■^’(0 < + *^ 0)1 

be the * fraction of time ’ for which F(t) lies in a short range By the theorem (38) 

m(qo) = J- • ■ • • <^^n. (■* 1) 

where the integral is over values in (37) such that F (the function (39) with 0i, 
now treated as independent variables) lies in (?o>^o + ^o)‘ (^ 1 ) * 

I ^m(go)exp(igol)c*9o = exp(iFS)dffi...dd^ 

“ hjoM. (42) 

1 

by a formula for the Bessel function Jq. The Fourier transform of (42) is 

wi(go) = (2»r)-^ f exp(-»gog) nyo{o.S)<^ 

J «0 

008 (gog) n Jo(aJ) d^. (43) 


( 2 rr)- 


■L 


This result could also be inferred from a discussion by Wintner ( 1932 ). The present 
method is easily extended to give the distribution of F(t) and of the derivative 

F'(t) « - Sa,A, sin 2»r(v,<+f,) (A, = 2?ri»,), 

which in terms of the 5 , can be written 

F'SB _2o,A,8in2xr0,. (44) 

For, if the simultaneous distribution of F and F' is given by 

«i(9o.9)«i3o<*ii- lira(imea8,[go<F(0<go+dgo.?<^’'(0<9+<*^]}. (45) 

then by a simple extension we And 

»»(?o.lf) - ^J^...J^exp{»(F-g,)|+»(F'-^)g}<Wi...<W„dg<l£, (46) 
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where F, F' denote (39), (44) as functions of the 0,, Hence 

»»{9o.9) ^cos(g'og)co8(gi/)n«^oKV(£*+7*^)]‘*7‘^^- (*7) 

For a given value of F, the possible values q of F' are limited to a s}rmmetrioal 
range {—XJ,U) depending on q^. Thus 

"»(? 0 . ?) = 0 for 1 9 1 > f/. (48) 

It is to be inferred from the definitions that 

“ J ^”‘(«o.9)‘^9 = »»(5'o)- (49) 


The frequency of zeros of F{i) — q^ 

Out of a long time r, the time for which F{t) and F'(t) lie simultaneously in speci¬ 
fied ranges dq^, dq is by (45) a 83 rmptotioally equal to 

rm(qfi,q)dq^dq. 

The time taken by F(t) to pass through the range (gp, q^ + dq^) with F' - g is 

dqoIlQl- 

The ratio, Tm(gp, g) | g | dg, of these expressions therefore gives the number of 
‘passages’, that is the number of zeros of F(t)-qQ, with a given value g of F'. 
The total number of zeros in time r is therefore 


M(r)~rjm{qo,q)\q\dq, 

where by (48) the limits of integration (here and in the following integrals of dq) are 
(— f/, C/) or (— 00, oo). Hence the asymptotic frequency of zeros (28) is 

2Li * lim = f»»(?o. ?) 131 (50) 

t-^CO J 

It is worth noting that if Vq denotes the average of | F' | for a given value g^ of F, 
so that 

Vq = 


J«»(?o. 3) 15f 1 Mqo> 4) 


then by (49) we may write (60) as 

21^ * m(q^)Vo, 


(61) 


which expresses in a manner typical of ‘transition state’ theory. 

To derive Kao’s formula (31), we insert (46) in (60) and integrate first for q and q, 
obtaining /•« n 

=■ (2w)-i I ...| exg{i(F-qn)i}\F'\ddi...dA„di. (52) 

To proceed, we write * . 

1 1 « 7 r-» I _ 7 -«{l - cos (F'q)] dq, 

and thence derive (31) by a process similar to the last stages of Kao’s derivation 
(Kao 1943 ). 
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6. The velocity constant in TBsais of DKTEiBirnoN functions 

The argument leading to the formula (50) for suggests an analogous formulation 

of the velocity constant K. We again assume that the frequencies Pg are linearly 

independent. The fraction of molecules with energies (e^.e„) which have the 

breaking co-ordinate q in the critical region {qo—dqQ,q^) with also q in a range 
(q,q + dq) may be represented by (46), where qsF(t) is given by (23), (24). Hence 
for an equilibrium distribution (26), the number of molecules of all energies with 
q, q in these ranges is NM{q^,q)dq^(i4> where 

-M(go.?)=f •••I m(%>q)f(e)dei...de„. (63) 

Jo Jo 

Inserting (26) and (47) for/and m(qo,q), we obtain 

1 Tf ® » 

M(qo,q) = ^co8(5fog)co.s(gj/) n ULv)di}di 

“ na^Ak f ( “ AT " 

where we have used (32) and have introduced Eq from (17). 

The time taken to pass through the critical range (?o"*“'^o>9'o) ^ dissociation at 
% is if ? 18 positive. Hence the proportion of molecules dissociating per second— 
the velocity constant—is 

^=Jo (55) 

(The second form follows as M is an even function of q.) Using (64) we obtain 

K = vex^i^EJkT) (v = A/27r), (56) 

which agrees with the earlier I’esult (34). This is to be expected, as (56), (63) are seen 
to be equivalent to the earlier basic formula (27), by reference to the form (50) of 
The interest of the present method lies in the use of the distribution m(qQ, q) instead 
of using an explicit frequency L^. 

A Hramiticm state' formulation 

In transition state theory a dissociation rate is formulated as the product of the 
equilibrium population of * activated complexes ’ (molepules in the ‘ transition state ’ 
bordering on dissociation) and of the average rate of transition. The method just 
given can be translated into this form. Our transition state comprises all configura¬ 
tions with q increasing and in a short range q^). The chance that a molecule 

with energies (e^,., e^) is in this state may be represented by (40). Hence 

out of an equilibrium population (26), the concentration of activated complexes is 
where 


N*jN . ii?oJ*...J"m(g,)/(6)(fe,...«fe„. 


( 67 ) 
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(The factor J represents the choice of molecules with q increasing, Eyring and 
others transfer this factor to the mean velocity of transition.) Using (26) and ( 43 )* 
with (32) in the evaluation, we find 

Now the average velocity v in co-ordinate q through the transition state is, by 
reference to the definition of MiqQ^q) above equation (53), 

«=J ^M(qo,q)\q\dgIj^^M(q^,q)d4. (69) 

Hence using (54) we find v ~ (x\yJ{kTln). (60) 

The average frequency of transition is v/dg©: so the velocity constant is 

as before. The equivalence of this method with the first approach of this section is 
seen by reference to (49). The ‘transition state’ formulation appears less direct 
becaust^ of the separate averaging of v in (69). 


7. GjffilflBRAI^ZATION OP PeLZKB’s OALCITLATION 


Pelzer ( 1933 ) calculated the unimolecular rate for a chain molecule, with the 
potential energy of the form V = by a direct statistical method not involving 
normal vibrations. We shall extend his method to the general energies of ( 6 ). 
Transition state formalism will be^ used, as this does not here involve any com¬ 
plication. 

In a population of N molecules in statistical equilibrium, the number with 
and (jg in specified ranges dq^is - 1 ,..., w) at any time is assumed to be Ndg, with 

dg^ C-^exp{^(r^V)/kT}dq,,..dq^, (62) 


wheref 


C = |... jexp {- (r' + V)lkT} dxi,... dq„ 


(63) 


Bind the energies T' and V are given by ( 6 ). The fraction of molecules ‘activated’, 
that is with positive and qi in the transition region (g'o“<^o> 9 'o)> >8 


N* 

N 


idq, 




^xp{-VJkT)dq3...dq„ 


J,;, Joxp (- VJkT) dqi...dq„ 


(641 


where ^ denotes V with q^ = The mean co-ordinate velocity, « = 1 |, at the 

transition state is . . 

I... exp (- T'IkT) \qi\d4i ...dq„ 

-. (65) 

J.. .J exp (- T 7 *T) dg,... dg„ 


t The iindta (- oo* + txi) are to be understood in idl integrals in {$ 7, 8 , 9 where no limits 
ore fipeoified. 
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The unimolecular velocity constant is, as in § 6 , the product of N*IN and the mean 

transition frequency: ™ 

K = ( 66 ) 

Ndqo 

This could be written by (64), ( 66 ), or derived directly in imitation of Pelzer, as 

K = ^C-'^j...jexp{~{T'+Vo)lkT}\qi\dq3...dq„dqi.,.dq„. (67) 

We proceed ito evaluate the factors (64), (65) of ( 66 ). In (64) we write 

= ^ 1 . 9 , = *« +(«= 2 ,...,»), ( 68 ) 

where is the co-factor of in iSs ||6„ ||. This gives in ( 6 ) 

2V =* + 

a 

and in particular, when — q^, the potential energy is, by (18), 

= JS?o + i (69) 

a 

This identifies again as the minimum energy at the transition state, since the sum 

in (69) is essentially positive. By ( 68 ), (64) becomes 

N*jN = idq^exp { — EJkT) Ijex]^ ( — Bx^l2BiikT)dxi 

= \dq^exp{ - E^lkT)^{BI2nB^^kT). (70) 

This agrees, by (11), with the result (58) off 6 . 

To evaluate (65) we use the similar transformation 

9 i •= i, “ v, + .4i,Vj/^„ (« » 2 , ...,?t), 

where A„ is the co-factor of a„ in 4 «|| a„ H. This gives in ( 6 ) 

2T'^ Av\IA^^^'£za„v,v,. 

Thus ( 66 ) becomes 

r » Jl Vj I dvij je-^ dvy » Avl/2Au kT) 

- ^(2kTAiJnA), 

which agrees with (60) of §6 by virtue of ( 11 ). 

The results (70), (71) for the factors of K give for ( 66 ) 

which by ( 12 ) is the same as the results (34) of §3 and (61) of § 6 . Here, however, 
V has not arisen as an 'average frequency’, but as the combination (72) of deter¬ 
minants. The form (72) leads naturally to the 'particular case’ discussed in § 2 , and 
shows by reference to ( 22 ) that the unimolecular reaction rate for the breaking of an 
isolated bond between two atoms of a large molecule is the same as the rate for an 
imaginary diatomic molecule of these atoms with the same bond-strength (Pelzer 
1947 ; Slater 19476 ). 


(71) 


(72) 
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8. Rblations of the methods 

The parallelism of the transition state methods in § 7 and at the end of § 6 was 
indicated by the identification of the corresponding expressions for N*jN (70) and 
V (71). The method of §6 is a bridge between the sharply contrasted methods of 
§§ 3 and 7. It is of interest to complete the cycle by transforming the basic formula 
(67) of §7 into that (27) of §3. 

Since in (67) TJ denotes V with 

exp(-Fo/fc3r) = + 

This gives for (67) 

K = j...jexY>{-(T'+V)lkT}BX]p{i(qi-qo)i}\qt\dqi...dq,,d^. (73) 

We transform from (g^, g^) to normal mode energies and phase angles 0^, where 
(compare (8)) 

g, = 2:a„ Ve.cos 2nd^, g, = -Sa^A^Ve.Bin 2n0^. (74) 

As this transformation may be compounded of linear transformations together with 
the contact transformation from normal co-ordinates and momenta to action and 
angle variables, it has a constant Jacobian. Applying (74) to the integral in (73) and 
also to the integral (63) for C, we obtain 

K = ^(27rC')-^jdij^de,,..j'^dei ...exp{i(F-go)g} 1 F’ \ exp(-Le./M"). (76) 
where F, F' denote (39), (44) with o, = OLg-jet and 

O' = I “ dej... ... exp (- 'LeJhT) = (JfcT)”. 

Hence by the formula (52) for the frequency 2X(,, 

X - (itr)-» f *. .. f " Z., exp (- Se,/ikT) ... <te„, (76) 

Jo Jo 

which by (26) is the basic formula (27) of §3. 

This identification raises the question of the status, in the formulation § 7, of the 
linear independence of the frequencies, imposed in §3. It was suggested in § 4 that 
(o) an energized molecule starts with phases concentrated towards J or J, and that 
(6) if the frequencies are linearly independent this distribution will be smoothed 
out during the energized lifetime. The corresponding picture in the (g,g) or (g,p) 
phase space of § 7 (with p. »= dT'jdqr, the generalized momentum) is that (o) an 
energized molecule starts with comparatively small g’s and large p’s, and that 
(6) these values spread out over available phase-space. It is known that if the 
frequencies considered as the ‘average motions’ of the system (compare Epstein 
1936 ) are linearly independent, then any trajectory fills the ergodioally available 
phase space uniformly. This corresponds to the distribation (62) of § 7, extended 
as in (63) over all phase space: this distribution would therefore not be justified 
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(with our initial concentration of g, p) if the were not linearly independent. There 
is thus a close correspondence between the role of linear independence in §§3 and 7, 
The transformation (74) preserved equality of weighting of elements of phase space, 
as is required if the correspondence is to hold. 


9. Teansitiok VBiiOoiry and paetition functions 

The present model will now be used to illustrate some concepts of transition state 
theory, in particular the transition velocity and the partition function of the 
activated complex. This theory has been fully expounded by Glasstone, Laidler & 
E 3 rring ( 1941 ), to whom we refer as ‘G.L.E.’. 

In our model the transition velocity v, defined by (69) or (65), takes the form (71). 
This corresponds to the formula of G.L.E. (p. 187, first line) 

5= y(2kTlmn% (77) 


if we identify their m* with AjA^^ in (71). (The extra factor | in (77), absent from 
(71), was included in the activated population (67), as we noted in § 6 .) G.L.E. 
call w * in (7 7) the ‘ effective mass of the activated complex in the reaction co -ordinate ’. 
Now if the kinetic energy T' of ( 6 ) is expressed in terms of the momenta j?,. - 
the term in p\ is \p\A^^IA. Thus AjA^ is a mass-coefficient associated with the 
breaking co-ordinate In the important case in § 2 where q^ is the bond extension 
between two atoms Wj, then by {l^)AjAii ‘reduced mass ’ 

This shows that in this case the effective mass of the activated complex depends only 
on the adjacent atoms and not on the rest of the molecule. 

We turn now to partition functions, and imitate the notation of G.L.E. (pp. 188-9) 
to facilitate comparison. The relative concentration N^jN ((67) or (64)) of ‘activated 
complexes’ equals the ratio jPJ/jP of the partition functions of activated and normal 
molecules, so that the rate ( 66 ) may be written 


K 


dqoF^ 


(78) 


The classical partition function F for the energies (5) is 

F = A-»J...Jexp{- (r + = n (IcTIhu,), (79) 

where Planck’s constant h is introduced to equate classical to quantal weighting of 
phase space, and the Vg are the normal frequencies. The partition function 1* for 
the activated complex {q^ increasing and in {qo—dgo^q^}) is 

n = iA-dgoJ-.Jexp{-(r+F„)/fcr}(ip,...d2>„d3a...dg^^ 

where denotes V with g, = go, as in § 7. By using (68) we find 
j; - iA-»dgo(27rA:T)»-*V(^/Bu)exp(-ifo/iI’). 


( 80 ) 
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This may be an'anged in the form 

Ft^f^wnex]p(-EolkT), ( 81 ) 

where /,*«) = ^^(2nkTA/A,,), («2) 

F, = (2nkTlhy' -^y!(AJB^^) = ft (kTIhv',), (83) 

2 


by the use in (83) of the formula (14) for the frequencies 
with gi fixed. Now by (71), (82), 


“ h • 


A'J2n of the system 
(84) 


Thus the rate (78) becomes, 


by (81), (84). 

K==^^exp{-Eykn 


( 86 ) 


which may also be written by (79), (8,3) 


K 


L^-^exp(-fi„/*r). 


( 86 ) 


This repeats, by (16), our earlier result vexp (— EJkT); it also corresponds explicitly 
to the classical approximation of G.L.E. (p. 193) if only vibrational motion is 

considered. . A i • 

We shall examine more closely the factors of the previous form (85), which is 
a strict imitation of the general rate formula of G.L.E. (p. 189). The first factor 
kTjh, called by them a ‘ universal constant ’ of rate processes at a given temperature, 
was constructed in (84) out of 1 )/%, the mean transmission frequency, and 
which by (82) has the form of a translational partition function for motion in the 
reaction co-ordinate with AjA^j, as the ‘effective mass’. On onr model kT/h appears 
to be at most a formal construct, just as the factor h, as noted under (79), plays only 
a formal role in the classical theory and does not affect the total rate v exp (- EJkT). 

Of the remaining factors of (86), Ftex]>{-EolkT) is the partition function for 
the molecule with fixed at go- For by (68), (69) the energies are then 


F - ii?o + i 6r.(?r- ?ro) (?.' i (S’) 

where gives the configuration of least energy (E^) at the transition 

state. As the frequencies of the system (87) are the K defined under equation (16), 
Ft (83) is the corresponding vibrational partition function, and exp( — E^IkT) 
represents the difference in zero energy level between this system and the normal 
molecule. 

This completes the parallel with G.L.E.’s treatment, showing the rate as a product 
(86) with factors kTjh and a modified partition function representing vibrations at 
the transition point. This analysis has an artificial character here, although formulae 
of the type (86) have been much used in the development of the general theory. 
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10* POTBOTIAL KNBaoy DIAGBAMS 

The dissociation model is illustrated here by the potential energy diagrams used 
in transition state theory. This leads to a discussion of the earlier assumption that 
the vibrations are strictly harmonic. 

Graphical representations are more simply interpreted if we choose co-ordinates 
q'g such that the kinetic energy is a sum of squares (G.L.E. chapter m). To preserve 
the identity of the breaking co-ordinate we choose a transformation (with unit 
Jacobian) which gives in (5) 

This leaves the potential (5) in a general form 

K-issfeU?;. (89) 

1 

The internal motion of the molecule can now be represented by the motion of a 
particle P of mass AjAn in an w-dimensional space ^th rectangular co-ordinates 
(^i> - under the potential (89). 

The equipotential curves are illustrated in figure 1 for the case w « 2. The curves 
are simUar ellipses, centred at the origin (the equilibrium configuration), and 
increasing in size with V. The principal axes represent the paths of P in one or other 
of the normal modes of vibration. If the system has energies in the two normal 
modes, with for example = 10, then P describes a Lissajous curve bounded 
by a rectangle (indicated in the figure by a broken line) inscribed in the ellipse F = 10. 
If the frequencies Vj, are linearly independent, the Lissajous curve is not closed, 
but covers in time the whole rectangle: this is the fundamental role of the condition 
of linear independence. Different values of ej, with the same sum 10 give motions 
in other rectangles inscribed in the same ellipse. The ‘traixsition state’ is a narrow 
strip « (^o"“<^o>?o)> ^-ud the molecule dissociates when P crosses the line 
to the right. The ‘activation energy’ in figure 1 is = 20, since the ellipse F « 20 
touches this line. The |)oint A of contact is the transition point of least energy: its 
co-ordinates were given under equation (87). 

This picture may be extended mentally from the case n » 2 to the large values of 
n characterizing polyatomic molecules. If Eq is large, most energetic molecules will 
have energies not much larger than Eq, so that their equipotentials will contain only 
a small region of the hyperplane q^ = q^. Thus the Lissajous curves may perform 
many loops before crossing this plane. This illustrates the result of § 4 that the dis¬ 
sociation frequency L is small even for a favourable distribution of the typical high 
energy E^ 4- kTy when n is large. 

Returning to the illustrative case n » 2, we discuss finally the harmonioity of the 
vibrations. If the molecule is to dissociate at q^ » q^^ V must diminish as inoreasea 
beyond q^, so that the elliptic contours cannot continue into this region. If, more¬ 
over, the contours are elliptic right up to =« go, then 3F/3gj is strictly positive to 
the left and is negative to the right of this line. Our model thus implies a discontinuity 
in the gradient of F. This may be a useful approximation, but for continuity we 
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require SV/dq^ =« 0 on Thus the elliptic contours* and the potential function 

(5) or (89), must be modified for qi < the complete equipotentials must therefore 
be of the well-known t 3 rpe sketched in figure 2, showing the characterisifiic ‘col' at 
the activation point A . 

This ‘distortion’ of the contours for less than q^ implies that the vibrations 
cannot remain harmonic up to the point of rupture. The error of our harmonic model 
will, however, be small if, for oxarnf»le, V is modified only very near with a 

rapid change of gradient. In a one-dimensional diffusion model Kramers ( 1940 ) has 
compared passage over a rounded barrier with passage over a sharp peak of V, The 
present model might be modified by changing the form of V to round off its values 
near ^1 = 70 ^ modification could for example be introduced into the formula 
(67) for the dissociation rate. The general effect of sucli a modification has been 
discussed by Evans & Rushbrooke ( 1945 ) with njfereniic to entro})y changes. 



Fiocrk 1. Elliptical oquipoteiitial 
curves. 



Figure 2, Modified ©quipotential 
curves. 


11 . SerJOIFIC DISSOCIATION BATES 


In conclusion a brief account is given of the analysis of the dissociation rate into 
the contributions of molecules of specified total energy, and the result? are com¬ 
pared with Kassel's theory. The method of § 3 is used as a basis. 

Molecules whose internal energy lies in a short range {E\ E dE) will be called 
‘£J-molecules\ The number of those in an txpniibrium distribution (26) is Nf^ dE^ 


where 


... f/(6)de, 

J E< Sfii <E-hdE J 


. de„ ^ 


A’« »e 

~Tin)(ic7Y ■ 


(DO) 


If NKh; (IE is the number of JW-molecules dissociating per second, then tlie overall 
rate K, (27), js . » , 

TT = 1 A'ff dU - J ... J i/(«) de,... d6-„. 


Hence, as E represents Se,, we have by (26) 

J*A«e-*'«dii7 = (AT) Lexpj-^z + ^^^jse,jde,...d6„ 

= j^(l +a*7’)-^exp|-Ao^2 + -^j|, 


(91) 


Vol. 194. A. 


9 
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where V, are defined by (9), (17)and the integration hws imitated the pTooessof§3. 

Denoting the last expression in (91) by ^(z), we have as the Laplace transform 

* 1 ^fl + <0D 

pc-ElkT( E--^E \ 

Evaluation gives =-~ 

= 0 (^^<jS^o)I 


The specific dissociation rate, or fraction of A’-moleeules dissociating per second, 
is by (90) 




(93) 


This represents the average of L (§ 3) over all distributions (e^,..., 6 „) of a total energy 
JS, including those distributions for which (25) is not satisfied and L vanishes. A 
similar application of Laplace transforms to the results of §§ 6 or 7 gives the number 
of i?-molecule 8 with specified values of q, or of q and q. The average velocity of 
.B-molecules through the transition state is found, for example, to be 


) _ r(n-i) / 2(ig^igo) \* 
* r(w) [ nAIA^i } ■ 


(94) 


The specific rate (93) is noteworthy for its formal identity with the corresponding 
classical rate of Kassel ( 1932 ). He obtains the factor [(J^ •“ Eq}/E]^~'^ as the chance 
that, of a tota*l energy E distributeil between n equivalent oscillators, more than 
is in one (breaking) oscillator, Instead of the precise factor p in (93). he has an 
arbitrary constant representing tlie frequency of interchange of energy between 
oscillators. The resemblance of this model to the present model of dissociation is 
thus not close, although the common formula (93) ensures the same form, 
i^exp (- EJkT), of high-pressure rate. 

The formula (93) could be used to extend the theory to low-pressure dissociation, 
in exact imitation of Kassers method. On our model, however, this use of would 
not be accurate. At low pressures the concentration of energetic molecules is depleted 
by dissociation, and for a given total energy E those distributions (ej, ..., 6 ,;^) giving 
the largest values of L are the most depleted, so that the use of an average Kis ^ 
is incorrect. The low-pressure rate can, however, be formulated precisely as an 
integral involving L as a function of the energies Cj, Kac's formula (31) for 

L is unsuitable for integration in this case, but the rate can be estimated by using 
my previous approximate formula (Slater 1939 , equation ( 8 )) for L. 


I am indebted to Professor M. G. Evans and Dr G. 8 , Rushbrooke, who suggested 
the translation of the theory into ‘transition state’ form, and to Mr H. D, Ursell, 
for many helpful discussions. I am grateful also to Professor P. Stein for com¬ 
municating to me some unpublished theorems on trigonometrical sums. 
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The transmutation of magnesium, aluminium and 
silicon by deuterons 

if. 

By H. R. Allan, Trinity College, University of Cambridge 
AND Christiane A. WiLKiNsoN, Newnhum College, University of Cambridge 

{Communicated by J. J). Cockcroft, F.B.S.—Received 31 December 1947) 


A study has been made of tlie protons emitted by magnesium, aluminium and silicon 
targets when bombarded by deuterons of energy between 700 and 1000 keV. The 
Q values of these (d, p) reactions have been accurately determined. Observations of the 
induced radioactivity in the targets and comparisons with the Q values in analogous nuclei 
permit tentative assignments to the isotopes responsible. The Q values and assignments are: 


«Mg (d, p) «Mg 
«Mg (d, p) »«Mg* 
«Mg (d, p) *’Mg 
•’Al (d, p) MAI 


“Si (d, p)»8i 


»Si (d,p)«Si 


Q « 6-03 MeV 

Q 4’46 MeV (to excited state) 

Q 4*05 MeV 
Q = 5*46 MeV 
s= 4*46 MeV 1 

3*98 MoV h (to oxoitod states) 
« 3*31 MeV; 

= 6*16 MeV 

Q « 416 MeV 


The yield of the proton group attributed tf» *‘Mg (d. p) **Mg* shows a resonance at 966 kV 
bombarding voltage, as does also the yield of radioactive **A1 formed in the reaction 
*‘Mg (d, n) **AL This indicates a resonance level in the compound nucleus at an 
excitation energy of 17 MeV. The maximum energy of tlie rays from ‘^Al was measured 
ae 2*8 MeV. 

The Q values listed above lead to a set of nuclear mass values, but these mass values are 
not always in satisfactory agreement with the published Q values for oertain other reactions. 


9-2 
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1. Introduction 

The nuclear masBes of elements in the Periodic Table between neon and sulphur are 
not known with the same accuracy as those of lighter elements. The masses of the 
nuclei ®®Ne, ®'^A 1 and have been determined with an eiTor of less than 10 "* mass 
unit with the mass spectrograph, but mass values for many other nuclei in this 
region depend to a large extent on disintegration data (Livingston & Bethe 1937; 
Pollard 1940; Fluegge & Mattauch 1943). The accuracy of these published valiles 
depends directly upon the precision of the measurement of the energy releases 
(Q values) in (a,p) and (d,p) reactions, which depends in turn upon the accuracy 
with which the energy of the bombarding particle can be defined and that of the 
emitted proton determined. For (a,p) reactions, the published ^ values have large 
probable errors mainly because natural a-particle sources have low intensity, but 
in {d,p) reactions considerably greater accuracy can be obtained. 

This paper presents the results of measurements of the Q values of the (ci,p) 
reactions in magnesium, aluminium and silicon; the errors are estimated to be about 
0*05 MeV (5 x 10"“® mass unit). A short account of some of this work has been published 
previously (Allan & Clavier 1946). The Q values themselves are all of the order of 
5 MeV, and the experiments therefore provide also a means of investigating the 
energy levels of the residual heavy nuclei up to this level* of excitation. In the 
past this type of work has boon confined chiefly to elements of lower atomic number, 
for which the level spacing is about 1 MoV; with increasing mass the spacing is 
expected to decrease. 

The (d, p) disintegrations of elements between neon and sulphur have hitherto been 
investigated almost exclusively by using a cyclotron as the source of bombarding 
particles (McMillan & Lawrence 1935; Schultz, Davidson & Ott 1940; Pollard 1940; 
Pollard & Humphreys 1941). In the experiments of Pollard and his collaborators the 
energy of the bombarding particles was between 3 and 4 MeV, and could be defined 
to an accuracy of 0*18 MeV (Martin 1947). This definition can be improved by the 
use of a high voltage equipment for accelerating the deuterons (Cockcroft & Walton 
1934; Burcham & Smith 1938; Murrell & Smith 1939), but only energies of up to 
1 or 2 MeV may then be available which means that the incident deuteron must 
penetrate throtigh the potential barrier of the bombarded nucleus. For the elements 
imder investigation the j)robability of barrier penetration by 1 MeV deuterons is 
about 0*001, and large bombarding currents are required to give a sufficient yield; 
in the present work, currents of about 50 pA at an accelerating voltage of 930 kV 
wore used. Under these conditions, lighter elements present on the targets as bon- 
tatninaiits give a relatively copious yield of neutrons, which are particularly trouble¬ 
some in that they produce a high background counting rate in the chambers used for 
detecting the protons; statistical fluctuations in this background set a lower limit 
to the detectable yield of protons. Elements of atomic number greater than that of 
phosphorus give too small a yield and cannot easily be investigated at a voltage less 
than lOOOkV. 

In § 2 (a) of this paper the experimental methods used for measuring proton 
ranges are described; in § 2 (6) the results of these measurements are given, and the 
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Q values to be associated with the {d^p) reactions in magnesium, aluminium and 
silioon are tabulated, while the excitation functions are considered in § 2 (c). § 3 deals 
with the radioactivity of the targets after bombardment. In § 4 a geneiul discussion 
on the assignment of the observed Q values is given, and a tentative table of nuclear 
masses put forward. 


2, PbOTON RANGK MKAStTREMKNTS 
(a) Method 

The experiments were carried out with the Cambridge 1 million volt high-tension 
apparatus; the magnetically resolved deuteron beam of 50/^A at 030 ± 15kV fell 
on a target area of about 1 cm.*. The targets to be bombarded were {>repared on 



Fiottuk 1. Apparatus for measuring proton ranges, 
ebonite; polythene; 1, ionization chamber; .4, air cell; T, target chamber. 

gold-plated copper buttons, which screwed into the water-cooled copper block B 
in the target chamber (figure 1). This chamber was substantially the same as that 
used by Burohatn & Smith ( 1938 ). Rotation of the vacuum-tight ground joint 0 
enabled any one of three target buttons to be brought into the path of the ion beam. 
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Magnesium and aluminium were deposited on the target buttons by evaporation 
of the metal in vacuo, and silicon was cut in the form of a slab from a fused lump of 
the element. 

Particles emitted from the target at right angles to the deuteron beam emerged 
from the vacuum system through two mica windows in the target chamber walls 
(M, and another out of the plane of the diagram in figure 1 ), and then entered the 
detecting chambers. In the first experiments with magnesium and aluminium 
these were two shallow air-filled ionization chambers, 3*5 mm. deep, each connected 
to a linear amplifier, discriminator and scaling unit. The voltage pulses from the 
amplifier due to protons entering the ionization chamber were greater than the 
noise level of the amplifier only when the proton residual range was less than 2 cm., 
the maximum amplitude being about twice the noise level. The discriminator was 
adjusted so that the amplifier noise was just not recorded; thus only protons entering 
the chamber within 2 cm. of the end of their range were counted and a numbers- 
range curve, obtained by varying the absorption between target and ionization 
chamber, showed several peaks corresponding to the various proton groups. To 
allow for fluctuations in the counting rate due to changes in the deuteron beam 
current, and for changes in the target itself under bombardment, one of the ioniza¬ 
tion chambers was used as a monitor (Burcham & Smith 1938 ). The absorption be¬ 
tween the target and the monitor was such that protons belonging to one of the 
groups emitted by the target element were counted. Readings with the other 
(search) ionization chamber were corrected to a standard level by using the monitor 
counts. 

The search ionization chamber was connected to the target chamber by a cell 
containing dried air, and the absorption between it and the target could be varied 
by placing mica sheets in front of the target chamber window and by adjusting the 
air pressure. The temperature remained between 21 and 22 ° C throughout the 
experiments. A pressure of 1 cm. of mercury in the cell represented an effective 
stopping power between target and ionization chamber of 0*101 ± 0*001 cm. air at 
15° C and 760 mm. The stopping powers of the mica absorbers were found both by 
weighing and by noting the changes of air pressure in the air cell equivalent to the 
addition of absorbers, the numbers-range curve for a well-known group of protons 
being used in this oomparison. The mo of an air cell is preferable to movement of 
the ionization chamber as a whole, since it ensures a definite and reproducible 
geometrical arrangement between the target and the ionization chamber. 

Figure 2 shows the numbers-range curve obtained for the proton group resulting 
from the bombardment of beryllium by deuterons. From this curve an extrapolated 
range (28*49 ± 0*3 cm. of air) was obtained in the usual way by producing the 
straight descending portion of the curve to intersect the background counting level. 
This extrapolated range was corrected by the method of Livingston & Bethe ( 1937 ) for 
good geometry in order to obtain the moan range of the proton group (28*51 ± 0* 4 cm. 
of air). The method used includes a correction of -- 0 - 2 8 cm. of air for range straggling, 
angle straggling, and thickness of target, and a correction of -f 0*30 cm, of air for 
variation of the stopping power of mica with velocity. The energy of the proton 
group was obtained from the mean range by using the range-energy relation 



135 


Disintegration of Mg^ Al and Si by deuterons 

given by Livingston & Bethe, The Q value for the beryllium (d,p) reaction was 
found by this method to be 4*50 +0*05 MeV in good agreement with previously 
accepted values (Oliphant, Kempton& Rutherford 1935 ; Livingston & Bethe 1937 ). 
This agreement indicated that the method used for range measurement was trust¬ 
worthy, and it was applied in the analysis of the proton groups found in the 
transmutation of the other elements investigated in this work. 



range in cm. of air 
Fiourb 2. Protons from bery 1J iuin. 

In the bombardment of magnesium and aluminium there was an undesirably 
high background counting rate in the ionization chambers due to neutron recoils. 
With the object of discriminating against such neutron recoils, the ionization cham¬ 
ber was replaced by a proportional counter and appropriate amplifiers, with which it 
was found possible to obtain pulses ten times the amplifier noise level. This permitted 
an increase in discriminator bias, to give both higher resolution in range for the 
proton groups and a lower background. The proportional counter was therefore 
used in the work on silicon where the proton yield is lower than for magnesium and 
aluminium; the target box of figure 1 was not used in this work, and the geometrical 
arrangement was not so good since the available intensity had to be increased as 
far as possible. Mica absorbers only were used to vary the absorption between the 
target and the proportional counter, and the ranges were determined by measuring 
the difference between the range of the group concerned and that of a well-known 
group. The performances of the ionization chamber and the proportional counter 
are compared in figure 3 ( 6 ), which gives the numbers-range curve for aluminium 
taken by both methods. The better resolution and lower background of the pro¬ 
portional counter are clearly shown. 

( 6 ) Results 

The numbers-range curves for magnesium, aluminium and silicon bombarded by 
930 keV deuterons are shown in figures 3 (a) and ( 6 ) and figure 4. Figures 3 (c) and (d) 
show similar curves for carbon and nitrogen, which are possible contaminants giving 
proton groups of comparable range. It is clear that the groups near 21 and 50 cm. 
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must probably be attributed to the well-known reactions (d,p) i®N*, “C {d,p) “C 
respectively (^*N* indicating an excited state of the nucleus). Groups of range 
less th an 16 cm. were not investigated owing to the presence of intense contamination 
groups from deuterium and oxygen. 



Figurk 3. Proton groups from magnesium, aluminium, and oontaminants. (o) Magiiesium 
target; (6) aluminium target, (i) ionization chamber meaeuroraentB, (ii) proportional counter 
raoa«un>menta; (c) nitride target; (d) carbon target. 



FiotJB® 4. Proton groups from silicon. 
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Table 1 lists the mean ranges and Q values for the various groups (excluding those 
due to contaminants) in accordance with the assignment of the groups to the 
various isotopes as discussed in § 4. 

Table 1 



mean 

range 

reaction 

(cm.) 

MMg(d.p)*»Mg 

42*2 

±0*4 


35-4 

±0*4 

**Mg(d,p)*’Mg 

30-86 ±0‘4 


[23*4 

±0*4 

*’Al(d,p)«Al 1 

|29-3 

35*7 

±0*6 

±0*4 

1 

148*0 

±0-6 

) 

[27*8 

±0*6 


40*9 

±0-6 

1 

^57*9 

±0*5 




•"Si ((i.p)"Si 

32*4 

±0*6 


Other workers* 


(,1 value 

<3 values 

(MeV) 

(MeV) 

5*03 ±0-06 

6*3 


4*46 ±0*06 

815 



6*3 



Is* 15^ 


4*()6 ± 0-05 



’3*31 ±0*05 

'0*64 


3*98 ±0*06 

2-12 


4*46 ± 0*06 

3*10 


6*46 ±0*06 

5*11 



l6-79±0*3j 


[3-76 ±006 
4-87 ± 0-06 

(6-16 ±006 6-7 

/ 6-2 
70 

— - 7*9 

8-9 
. 9 - 8 . 

4*16 ±000 


reference 

Pollard; 
Pollard & 
Ifnmphroys 


McMillan & 
l^awrence 


Pollard 

Pollanl; 
Pollard &, 
Huinphrt^ys 



Figure 6. Excitation functions for proton groups. O, ionization chamber Measurements; 
X, proportional counter measurements; (a) magnesium, (i) range 31 cm., (ii) range 35cm., 
(iii) range 42cm.; (6) aluminium, (i) range 23 cm., (ii) range 36cm., (iii) range 48 cm. 


In the last column of table 1 the results of other workers are listed: some of 

A * 

these are calculated from the list of mass values published by Pollard ( 1940 ). 
Schultz, Davidson & Ott ( 1940 ), working with a cloud chamber and using 3*2MeV 
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deuteronfi, found indioatiouB of fine structure in the proton groups from aluminium, 
but this is not confirmed in the present experiments. The Q values calculated from the 
masses given by Pollard ( 1940 ) and by Fluegge & Mattauoh ( 1943 ) for the mag¬ 
nesium and silicon isotopes suggest that groups of longer range (about 100 cm.) were 
missed in the present experiments, the reactions concerned being *®Mg(d,p)*®Mg 
and A careful search was made in each bombardment for proton 

groups of ranges up to 160 cm., but none was found above the neutron background. 

(c) Excitation function 

The variation of the yield of the proton groups from magnesium and aluminium 
at bombarding voltages between 700 and 1000 kV was determined using thin targets 
(figure 6 ). The target thickness could not be estimated accurately but was probably 
less than 10 keV equivalent, as resonances observed in the reactions (p, y) ^®Al 

and *^AI (p,y) **Si had widths of about 30keV, which is of the same order os that 
of the beam energy distribution. The resonance apparent for one of the magnesium 
proton groups is refen'ed to in §4(6). 

3. Radioactivity 

The deuteron bombardment of magnesium, aluminium and silicon may result in 
the formation of a number of different radioactive nuclei, as shown by the following 
reactions (Seaborg 1944 ): 


( 1 ) 


10-2 min. 


( 2 ) 

*«Mg(rf.a)“Na 

14-8 hr. 

r> y 

(3) 

“Mg(d.n)*«Al 

T'Osec. 


(4) 

«Al{d,j))«Al 

2*4 min. 

P . r 

(5) 


170 min. 

r 


The nucleus ®®A1 can also be formed from magnesium by proton bombardment in 
accordance with the reaction 

( 6 ) *^Mg (p, y) *®A1. 

If reactions ( 1 ) and (4) are responsible for certain groups of protons observed in 
§ 2 ( 6 ), then the activity of the resultant nuclei, and “Al, should be detectable. 
The radioactivity of the targets after bombardment was therefore examined. 

(a) Magnesium 

After a da^^'s bombardment, the magnesium target was removed from the target 
chamber and its yS-activity followed for several days. The decay showed three* dis* 
tinct components of half-lives 10 min., 2-1 hr. and 14-8 hr. Part of the decay curve, 
with its 2-1 hr, and 14*8 hr. components, is shown in figure 6 . 

The 10 min. activity was found by a rough magnetic analysis to consist chiefly of 
positrons, presumably coming from formed by the reaction (d, n) in the 
carbon contamination; about 1/20 of the activity, however, consisted of electrons, 
and was attributed to *’Mg formed according to reaction ( 1 ). 

To permit a comparison of the intensity of the *’Mg activity with that of the 
observed proton groups the /^-active target and an end-on y^-oounter were mounted 
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in the same geometrical conditions as the target and ionization chamber during 
proton measurements. With allowances for decay and for the 10 min. positron 
activity, the number of /^-particles that would have been counted at the time of 
ending the bombardment was found to be 7000 per min. This should also be the 
number of protons per min. from the reaction *®Mg (d, p) ®’Mg; a direct determination 
for the 31 cm. group gave only 2000 per min., which is not unacceptable con* 
sidering the rough nature of the comparison. 



The 14*8 hr. activity was attributed to *^Na, and the assignment confirmed by 
determining the energy of the y?*particle 8 from their range in aluminium. There is 
the possibility that the ^Na might have been produced not by reaction ( 2 )*but by 
the alternative process ^^Mg(»,p)^*Na from neutrons formed in the *H(d,n)®He 
reaction with adsorbed deuterium on the target. This possibility was excluded by 
mounting a second magnesium target close behind the first, where it could not be 
hit directly by the deuteron beam, but would be irradiated by the neutrons. No 
activity was detected on this second target. Traces of sodium contamination on the 
target might also have led to the formation of ^Na, but spectroscopic analysis of 
the magnesium ribbon used for making the targets failed to show the presence of 
sodium. 

The activity of half-life 21 hr. evident in figure 6 was assigned to nucleus 
since absorption measurements gave the particle energy as 0*92 MeV (Seaborg, 
1944 , gives 112 min. and 0*7 MeV for This might have been formed in the 
reaction (d, n) (Welles 1941 ) from oxygen contamination on the targets. 

Observations on the short-period decay of magnesium targets are shown in 
figure 7 . The observed half-life of 7*0 ± 0*2 sec. was attributed to *®A1 formed in 
accordance with reaction ( 3 ). The same period has been found previously in a 
number of reactions—®®Na (a, n) *«A1, *»Mg (p, 7 ) Al, (p,n) ®®A1, *’A1 (y, n) *«A1 
—but measurements of the energy vary from 1*8 to 4*6 MeV (Frisch 1934 ; 
Magnan 1937 ; White, Delsasso, Fox& Creutz 1939 ; Curran & Strothers 1939 ; Huber, 
Lienhard, Scherrer & Waeffler 1943 ). The absorption of the particles in aluminium 
was investigated by measuring the short-period counting rate after successive 
bombardments (each lasting 20 sec.) but with different thicknesses of aluminium 
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between the target and the counter; the results (figure 8 ) give a fi* energy of 
2-8 MeV. 

The same decay period and /?+ particle absorption were also obtained by bom¬ 
barding magnesium with protons (Curran & Strothers 1939 ), as would be expected 
from reaction ( 6 ). White et al. suggest that “A1 may also be produced in these 
bombardments by the reactions **Mg {d, n) “Al and “Mg {p, 7 ) “Al, and that the 
“Al may have a period and /?+ particle energy closely similar to those of “Al. 
No complexity is apparent in the curves, however, and the results for the (p,y) 
and {d, n) reactions appear identical, though the relative amounts of “Al and “Al 
present might be expected to be different. There is thus no evidence for the formation 
of “Al. 



time in sec. cm. Al 

FiGums 7. Decay curve of “Al activity. Fioure 8. Absorption of p* particles 

from “Al. ®, “Mg (p, y) “Al; 

X, “Mg(<i,n)“Al. 

Figure 9 shows the variation of the intensity of the 7 sec. /?+ activity, i.e. of the 
amount of “Al formed, on bombarding a magnesium target with deuteronsyof 
different energies. The resonance is referred to in § 4 ( 6 ). 

The 20 min. positron activity, found by Ridenour, Delsasso, White & Sherr ( 1938 ) 
after the bombardment of magnesium by 3*8 MeV deuterons was not observed, 
being masked perhaps by the strong 10 min. positron activity from **N. 

( 6 ) Aluminium 

The 2*4 min. “Al formed according to reaction (4) was detected in aluminium 
targets after deuteron bombardment. It was necessary as with magnesium to use 
a magnet to reduce the background due to positrons from The rapid decay 
of the activity while the background was still intense prevented accurate measure¬ 
ments being taken. 
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The decay in activity of an aluminium target after it had been bombarded for 
several hours showed the presence of ( 2*1 hr.) due to oxygen contamination, and 
also a small amount of (14-8 hr.) probably due to the (d,p) reaction in sodium 
contamination. The **Na activity might have come from the reaction ®^A1 (n, a) **Na, 
the neutrons being produced at the target by a mechanism already discussed for 
magnesium, but an aluminium plate placed behind the target during the bombard¬ 
ment showed no subsequent activity, and this explanation is therefore unlikely. 



Figure 9. Yield of 7 sec. activity. 


(c) Silicon 

The silicon target after deuteron bombardment showed the presence of an 
activity decaying with a half-life of 175 min. as exi>octed from reaction (5). Allowing 
for decay and geometrical factors the yield of /ff-particles at the time of ending the 
bombardment was found to be 260 |)er sec. This number should also be the number 
of protons per sec. from the reaction ^®Si(d,p)®^Si; but the actual counting rate 
for the proton group assigned to the reaction is only 20 per sec. 

4. Discussion 

(a) Assignment of proton groups and mass mines 
Table 1 , column ( 3 ), gives the Q values associated with the proton groups 
observed in the bombardment of magnesium, aluminium and silicon by deuterona. 
The isotopic constitution of magnesium and silicon is: 

**Mg 77-4% 2«Mg 11-5% IM % (Mattauch) 

*»Si 92-28% a»Si 4-67% 3-05% (Inghram) 

and since each of the proton groups observed in the bombardment may arise from 
any of the isotopes of that element, the assignment of each to its proper reaction is 
not easy. In the first announcement of the results of the present work (Allan & 
Clavier 1946 ) the Q values to be expected from the possible (dtp) reactions in the 
magnesium isotopes were calculated from the masses published by Mattauch ( 1946 ), 
and rile proton groups were assigned to give the best possible fit with these calculated 
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Q values. Recent work (Elder, Motz & Davison 1947 ; Bleuler & Zuenti 1947 ) has 
shown that the masses published by Mattauch need revision; also the method be^ 
comes ambiguous since the probable errors in the calculated Q values may be of the 
same order as the differences between them (0*6 MeV). For these reasons the attempt 
to obtain detailed agreement between observed and calculated Q values has been 
abandoned ; and different assignments of the proton groups have been made, based 
on the assumption that in a sequence of nuclei of the same isotopic number but with 
mass numbers differing in multiples of four, the Q values for similar reactions lie on 
a smooth curve. (See, for example, Barkas 1947 .) This method becomes unreliable 
where there is a discontinuity in the variation of binding energy with atomic 
number, i.e. where a new nuclear shell is formed. There is, however, no sure evidence 
for this before mass number 40 in the range considered. 



Fioukk 10. Q values for analogous reactions, 
x,4n; 0,4n+l; 4n + 2; □, 4n + 3. 

Figure 10 shows the Q values for (d,p) reactions in nuclei of mass numbers 4n, 
471+1, 471 + 2 and 47i + 3; except for the values obtained in the present work, 
and those obtained by Elder, Motz & Davison for neon, all the data are taken 
from Mattauch’s tables. A consideration of the general trend of energies in analogous 
reactions makes the following assignments appear reasonable: 

*^Mg (rf, p) *®Mg Q - 5*03 MeV ^®Mg (d,p) *’Mg Q » 4*06 MeV 
*»Si {d,p)^^Si Q - O'lOMeV soSi(d,i7)»iSi Q = 4*16MeV 

None of the observed Q values falls anywhere near the predicted value for the 
reactions *®Mg {d,p) *®Mg or *®Si {d,p) *®Si. It may be that the predicted long-range 
proton groups exist (range about 100 cm.) but have not been detected because 
they are of low intensity at 930 kV bombarding voltage, or have a non-isotropio 
angular distribution with a minimum at the 90® angle of observation used in these 
experiments.! 

The Q value of 4*46 MeV found with magnesium could be assigned to the reaction 
**Mg(d, 7 ))**Mg and if so, would indicate an excited state in the *®Mg nucleus at 

t [Added in proof.^ Measurements made recently at 30® and 120® to the deuteron beam 
have also failed show the predicted long-range proton group from magnesium targets. 
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0*68 MeV. The excitation function of the group corresponding to this Q value 
(figure 6 ) is, however, different from that for the group corresponding to the transition 
to the groxmd state of ®®Mg, and is similar to that for the reaction *®Mg (rf, n) •®AL 
Thus it is perhaps more likely that the 4*46 MeV group arises in the reaction 
®*Mg (d, jo) ®®Mg* (see § 4 ( 6 )). If this is so, the difference between the observed and 
the calculated energy release would indicate that the ®*Mg nucleus is left in an 
excited state at about 4MoV. Other excited states, at 1*86 and 3*00MeV were 
reported by Pollard & Humphreys ( 1941 ). 

The interpretation of the results for aluminium, which has a sir^le stable isotope, 
®’A1, presents no difficulty. The maximum energy release of 5*46 MeV fits well with 
the series of Q values in analogous reactions with (4*3), (4*76), (6*9), and 

®®C1(0*31) and the smaller Q values indicate excite<l states in the ®®A1 nucleus at 
1 * 00 , 1*48 and 2* 16 MeV above the ground state. McMillan & Lawrence ( 1935 ) have 
reported excited states at 0 * 68 , 2*69, 3*67 and 6*16 MeV. 

The Q values 3*76 and 4*87 MeV have been assigned to thus indicating . 
excited states in the ^*Si nucleus at 1*3 and 2*4 MeV, only because *®Si is the most 
abundant isotope (92*3 %). 

On the basis of these assignments, and taking into account the results of other 
workers, a new set of mass values has been drawn up in table 2 , The masses given are 
derived from two standards, the mass spectrograph value for ®’A1,26*98980 ± 0*00008 
(Fluegge & Mattauch 1943 ), and the mass of ®*Mg, 23*9927 ± 0*0004, wliich is obtained 
from the mass of ^Na (Elder, Motz & Davison 1947 ) and two well-known Q values 
(Murrell & Smith 1939 ; Siegbahn 1946 ). 

Table 2 



atomic 

reaction useti 


nucleus 

masH 

and Q value 

reference 

»*^Mg 

24*9939 ±0*0004 

•«Mg(d,p)“Mg 

S03±006MeV 

proBent work 

*’Mg 

26*9926 ± 0 0003 

2-66 ± 0-25 MoV 

Bleuler & Zuenti; 
Bothe (mean value) 

MMg 

26*9904 ±0*0003 

4-05 ±005 MeV 

present work 

«A1 

27*9906 + 0*0001 

»’Al(d,p)“Al 

5'46± 0-06 MeV 

present work 


27*9865±00003 

4-0 ±0-26 MeV 

Bleuler <fe Zuonti; 
Bothe 

«Si 

28*9866 ± 0*0003 

6-16± 0-06 MoV 

present work 


29*9831 ±0*0001 

*’Al(a,p)«Si 

2-26 MeV 

Livingston A Bethe; 
Merhaut 

«8i 

30*9862 ± 0*0001 

“Si (d.p) “Si 
416±006MeV 

present work 


Prom the masses of table 2 , the mass of *®Na, and Fluegge & Mattauch*s masses 
for and ®*S, the Q values for a number of reactions have been calculated and 
compared with those obtained by experiments (table 3). The experimental values 
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are all taken from Mattauch's tables ( 1946 ) except that for the ®*S(n, a)**Si 
reaction, which comes from Stebler & Huber ( 1948 ). The agreement between 
the observed and calculated values is not very satisfactory.t 


reaction 

Table 3 

Q value (MeV) 

. . ^ .. ^ 

calc, obs. 

«‘Mg(a,?>)«Al 

-l-3±0 4 

-1*82 

•’AI {d, a) *‘Mg 

6-3 ± 0-i 

6-46 ±0*14 

“Na(a,j>)“Mg 

2-3 ±0*4 

1-91 

•'Mg(a,p)“Al 

-0-9 ±0*4 

-1*05 


-1*2 ±0-4 

-2*23 

»“S (n.a)“8i 

0*4 ±0*4 

M6±0*15 

aigi 

2-6 ±0-3 

1*8 


(b) Excitation f unctions and yields 

The thin target excitation functions for the proton groups from magnesium and 
aluminium (figure 6 ) all show a rapid increase in yield betwe^en 700 and 1000kV. 
This is to be expected owing to the increasing probability of penetration of the 
Coulomb barrier by the incident deuteron; in all cases the protons observed are 
emitted with an energy greater than the barrier height and the yield of the reaction 
is thereforta governed by the energy of the incident particle. 

The ratio of the probability of the (d, a) and (d,p) reactions in ®®Mg was estimated 
from the intensity of the and ®’Mg activities to be 7/1000 at 930 keV deuteron 
energy. This is consistent with the observations of Henderson ( 1935 ) Bothe 
( 1944 ) at higher energies; the intensity difference is to be ascribed principally to 
the different penetrabilities of the potential barrier of the *’Mg and **Na nuclei 
for the emitted proton and a-particle. A rough estimate of the ratio of these 
penetrabilities was made using Bathe’s formulae ( 1937 ) with the values for the 
nuclear radii given by Amaldi et aL ( 1947 ). The result, 1/360, is of the same order 
as the ratio of the activities. 

The excitation function for the group tentatively attributed to the reaction 
®®Mg* shows a broad resonance at 966 ± 16kV. A resonance at 975 ± 16kV 
was found in the yield of radioactive ®®A1 formed in the reaction ®®Mg(ri^7t)®«Al. 
Both resonances may plausibly be identified with an excited state of the same 
compound nucleus, in agreement with the above assignment. The compound nucleus 
®’A1 has an excitation energy of at least 17 MeV, and, according to current theory, a 
continuum of overlapping levels is expected at this excitation. Broad resonances 
have, however, been observed before in {d, p) reactions (Bennett, Bonner, Hudspeth, 
Richai'ds & Watt 1941 ; Martin 1947 ), and may indicate the operation of selection 
rules which reduce very considerably the number of levels effective in the particular 
disintegration. 

t [Added in proof,’] A recent determination of the Q value for the reaction •’Al {p, a) •*Mg, 
1*82 ±0»06 MeV (Freeman 1948 ), is in excellent agreement with the adopted mass values, 
and gives much smaller prol^ble errors. 
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Heat transfer by radiation to surfaces at low temperatures 

By M. Biaokmak, Ph.D., Sm Alfbud Eokbton, Sbio.R.S. 

AND E. V. Trdtbe, Ph.D. 

(Received 5 November 1947) 


A study of the transfer of* heat between the walla of vacuum veaaela is made. It is shown 
fchat the heat transferred from the outer wall at ordinary temperature to the inner vessel at 
K is greater than would be expected from the reflectivity of the inner wall, as estimated 
from its electrical conductivity. The apparent emiasivities at 90® K of copper, silver, gold, tin, 
brass, aluminium, steel and graphite were determined. It was found that a freshly reduced 
smooth surface of copper was more efflclent in diminishing the heat transfer than a highly 
polished surfaoo. 


1 . Introduction 

The object of the work here described was to provide information for the design of 
large vacuum-jacketed vessels for the conveyance of liquefied gases. Precise in¬ 
formation was needed about the transfer of heat as it depends on the metal used 
for the construction of the vessel and on the condition of the surfaces. 

Although there have been a considerable number of researches on vacuum- 
jacketed vessels since the classical work of Dewar, the subject does not seem to 
have been studied so completely as its practical importance and theoretical interest 
would seem to justify. Indeed, the conclusions reached as a result of the wojk 
described lead to further experimental work being desirable, for there is ttill a ‘ 
discrepancy between the theoretical and experimental results. 

A brief review will suffice to indicate what had been published on the subject. 
Although Dewar used a vacuum-jacketed calorimeter in 1873, no account of his 
researches on vacuum vessels was published until 1893. Dewar ( 1894 ) stated that 
a 30-fold improvement was obtained by evacuating the air from within the jacket 
and silvering the walls, In 1898 he published a study of the efficiencies of glass vacuum 
flasks with various coatings on the surfaces and with various substances in the 
vacuum space. The results obtained were only approximate. Although Dewar & Tait 
had used charcoal to produce a vacuum in 1874, it was not imtil 1904 that Dewar 
drew attention to the use of charcoal cooled in liquid air to give high vacua. This 
enabled him to develop the metal ‘vacuum vessel’, but again it was not for many 
years that he published an account { 1919 ) of his experience in the construction of 
such vessels. 

Banneitz, Rhein & Kurze ( 19 ^ 0 ) studied vessels constructed of glass, plastics 
and metal; they devised a method of measuring approximately the gain of heat via 
the neck independently of the other gains, and by using very high vacua, having 
eliminated conduction through the gas space, they could determine the transfer of 
heat by radiation across the jacket. 

Briggs ( 1920 - 1 ) confirmed that the neck was not responsible for much of the heat 
reaching the interior of the vessel, because a large port of the heat conducted down 
the neck is used in warming the cold gas rather than in evaporating the liquid. 

VoL A. (xa August 1948 ) [ 147 ] 10 

T^inlithgow Library'. 
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The state of knowledge of the whole subject up to 1923 was summarized in the 
report of The Oxj^en Besearoh Committee of the Department of Scientific and 
Industrial Besearoh (London), in which the values then accepted for the emissivities 
of various metals t^hioh might be employed in the construction of vessels were 
included. 

Lambert* Hartley ( 1926 ) noticed that two similar vessels, one coated with copper 
and the other with silver, were not equally efficient when used for storing liquid air, 
although they had been so when storing hot water, and they endeavoured to find 
the cause of this discrepancy. Four glass vessels were attached to the same pumping 
line, metallic films having been deposited on to the glass by chemical and electrolytic 
means. Good agreement was not obtained between the various series of experi¬ 
ments and no explanation of this was given. It was suggested that the emissivity; 
of copper was normal at 373® K, but abnormally high at 90° K. 

Meissner & Voigt ( 1930 ) examined the efficiencies of vacuum - j acketed vessels made 
of german silver for the storage of liquid air and liquid hydrogen. These authors 
made the most complete attempt to deal with the theory of the vacuum vessel. 

Roebuck ( 1943 ) described the construction of a triple-walled vessel and stated 
that the evaporation loss was in accordance with theory. 

There has been little attempt to study the effect of change in the nature of the 
metallic surfaces on the radiant heat transfer, and the present work was undertaken 
to determine emissivities under conditions such as exist in vacuum vessels. It has 
usually been taken for granted, following Dewar, that the vacuum adjacent surfaces 
in metal vessels should be as highly polished as possible, but this is not necessarily 
so, because a highly polished surface is generally covered with a thin oxide film and 
also retains some of the polishing material 


2. ExPKEIMKNTAIi METHOD 

In order to compare the emissivities of various surfaces at low temperatures under 
conditions similar to those existing in vacuum vessels, it was necessary to devise 
a simple apparatus in which substitution of the various surfaces could be easily 
achieved, yet providing as closely comparable results as possible. Figure 1 indicates 
the type and dimensions of the apparatus which was used. 

Two identical cylindrical vessels, constructed of pyrex glass, fitted with large 
external ground joints, are connected to the same vacuum system. The caps of the 
joints carry the inner cylindrical vessels. The long narrow neck of the inner vessel 
is surrounded by a concentric jacket of the same diameter as the inner vessel. Both 
tile inner vessel and its neck jacket can be filled separately with liquid oxygen. The 
rate at which heat is received by the inner vessel can be measured by the rate of 
evaporation of the liquid oxygen within it. The liquid oxygen in the neck jackets 
absorbs any heat which would otherwise enter by the neck. The area receiving the 
radiant heat conveyed to the inner vessel is also rendered constant by the existence 
of the nook jacket. The surfaces of the inner or outer vessels can be ohemioally 
coated with metals, or metal foils can be placed around the inner vessel. The pressure 
of residual gas in the vacuum space is the same for both vessels: a McLeod and 
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a Phillip’s gauge were included in the vacuum system. The vessels were immersed 
in a large thermostat of water maintained at 20± 0-l“,C. Two pairs of such vessels 
were often in use at the same time. The rate of evaporation of the Uquid oxygen in 
the inner vessel was determined by a capillary flowmeter, flow was made even by 
including between the vessels and the flowmeter a 101. vessel containing a little 
water, which served to saturate the oxygen. 



Having described the main features of the apparatus, some of the experimental 
details are now given under the headings to which they refer; discussion of the 
experimental errors will be found after the theoretical section (§4). Many preliminary 
experiments were needed to establish a satisfactory procedure. 

(o) The metallic surfaces 

Silver was deposited by chemical reduction on either the inner surface of the outer 
vessel, or the outer surface of the inner vessel, or both. Brashear’s silvering process 
was used; a uniform deposit tenacious enough to polish and ftee Atom pinholes was 
obtained. For other metak, and for silver too, foil usually well polished was wrapped 
round the outer surface of the inner vessel and held in position by binding with fine 
copper wire. The foils were cut to be the same area (136'6 cm.*) and placed in similar 
positions on the inner vessel. Silver was ohemicsUy deposited on the surface of the 
inner vessel before afilxing the foil. The hemispherical end of the inner vessel was 
thus left silvered; the heat absorbed by the silver end was allowed for when esti* 
mating the heat transfer through the foil. Since no appreciable difference was found 


10-2 



150 


M. Blackman, Sir Alfred Egerton ai^d E. V. Truter 

between the results with polished and unpolished chemically deposited silver, this 
underlpng deposit was not polished, for fear of any damage to' the film; if any small 
area of the hemispherical end is unsilvered, large errors are caused. 

Experiments showed that even without the silvering, the contact of the foils 
with the outer surface of the inner vessel was sufficiently good to give results equi¬ 
valent to those which would have been obtained if the metal had been in perfect 
contact with the glass: whether four or eight bindings were used, the result was tiie 
game. Assuming the area of contact is only equivalent to strips round the inner 
vessel of width equal to the diameter of the binding wire, it can be shown that the 
conductivity of the metal (steel for instance) and of the glass is sufficient to prevent 
a temperature difference between the two faces of the glass wall of the inner vessel 
greater than 3*6° C; this temperature difference would only lead to a difference of 
0*4 % in the heat transferred. The following foils were used: 


Silver (*fine*) 

Brass (64 % copper) 

Cadmium 

Aluminium 

Austenitic steel (F.S.L. and I.M.S***) 
Copper (rolled) 

Gold (fine) ] 

Tin ('pure') f 

Chromium 

* Those -were of ooimneroial pvirity 


These foils varied in thickness from 
0 012 to 0-05 cm. 

0-0026 cm. thick. 

An electrolytic deposit (0*006 cm. 
thick) on copi)er foil. 

>pli«d by the late Dr Hatfield, F.R.K. 


The silver, copper and brass foils were polished using rouge. The finish was a fine, 
almost optical, polish with a few fine soratohos. Cadmium, aluminium, chromium 
and F.S.L. steel were polished on the buffing wheel without the use of any polishing 
agents. The finish of the gold and tin foils, os obtained from Messrs Johnson, 
Matthey, was about equal, to that of the buffed surfaces. After polishing or buffing, 
the surfaces were washed several times with distilled ether, free from any grease. 

Certain of the foils referred to in § 3 received special treatment. The ‘ matt reduced 
copper’ surfaces were prepared by heating the foil in air until it had oxidized and 
then plunging it into methyl alcohol while still hot. The foil was then transferred to 
the test vessel as rapidly as possible. The ‘polished reduced copper surfaces’ were' 
prepared by reducing the surface with hydrogen. After the surface had been polished 
and degreased, it was placed in an electrically heated evacuated tube. Hydrogen 
was then admitted into the tube up to slightly less than atmospheric pressure, and 
the temperature was controlled at 330° C. After 6 min. the contents of the tube were 
allowed to cool to room temperature in an atmosphere of hydrogen. In the later 
experiments, reduction was carried out in sita at 305° C by boiling benzophenone 
in the iimer vessel by means of an immersion heater, and admitting hydrogen to 
600 mm. pressure into the vacuum jacket. After a reduction of about 5 min. at 
305° C, evacuation was started and the vessel was baked out at this temperature for 
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some 6 or 6 hr. This procedure ensured that the metal surface was finee from grease 
except in so far as such contamination may have occurred during the determination 
of the evaporation rate by vapours distilled on to the cold surface, for which there 
is no evidence. 

The graphite was painted on from a water suspension and polished when dry. 

(6) The vacuum 

Two pairs of vessels (see figure 2) were (sonneoted to the same vacuum line. 
One of the vessels was kept unchanged during a series of experiments and the results 
obtained served as a check on the other measurements. Apeizon ‘ L ’ grease was used 
on all ground joints and all the large vacuum stopcocks, A mercury two-stage 
diffusion pump with liquid air trap backed by a rotary oil pump was used for the 
preliminary evacuation. One of the larger pyrex tubes containing charcoal was 
employed as a ‘getter’ for maintaining a high vacuum. The preliminary evacuation 
was continued while the inner vessel and charcoal tubes were heated by steam until 
the vacuum was less than 10^® mm, on the Phillip’s gauge. This usually took 48hr. 
The pump was then shut off and the charcoal tube cooled in liquid air. There was then, 
of course, no reading on the gauge and the vacuum was probably of the order of 
l()“®mm. In the final ext)eriment8 on copper surfaces, the inner vessel was heated 
to 305® C, hydrogen being introduced to reduce the copper. The subsequent evacua¬ 
tion was necessarily still more thorough. 


heater stirrer thermostat control 



The conduction of heat through the residual gas in the vacuum space was the 
same for all readings in each set of experiments, but the pressure of the gas, though 
not higher than 10~*mm, was not infinitely low, and therefore experiments were 
carried out to test the error introduced by conduction through the residual gas. 
The evaporation rates for various pressures, as measured by a McLeod gauge, are 
shown in table 1. 

A comparison of the evaporation rates at 10“^ mm. and zero pressure gave a 
measure of the heat transferred by the residual gas: the difference was 0*5ml./mm., 
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the corresponding quantity of heat being 0*4x 10 ~*caL/cm.* 8 ec. (of, feoddy Sc 
Berry 1910 , 1911 ). 

Taslb 1 

presaure evaporation rate 
( mm . X 10 *"^) ( ml .( s . T . p .)/ mm .) 

11-6 82-5 

0*0 66-0 

4*0 43*6 

0*9 29*1 

0*6 26*2 

(c) Measurement of evaporation rate 

The flowmeter had a range 0 to 120 ml./min.: the calibration was made with 
oxygen at eleven different flow rates, the probable error of the curve of best fit was 
0*4ml,/min. The size of capillary was chosen so that conditions of streamline flow 
held throughout. 

The possibility of the superheating of the liquid oxygen was tested from time to 
time, but with a thermocouple sensitive to 0*3° C, no such superheating was ever 
detected. 

Preliminary experiments showed that after filling the vessel a period of at least 
2 hr, was neoessary before a steady state was completely established. 

The method of measuring the evaporation rate was as follows: Fifty consecutive 
10 sec. readings of the flowmeter were taken from a fixed mark very low down on 
the neck of the inner vessel 0-6 cm. above the bottom of the neck jacket: the vessel 
was then refilled. When the level reached the mark again another fifty readings 
were taken. The error in metering the gas was taken as the root mean square of the 
deviations of the readings from the average, viz. about 1*6 %, There was a slight 
decrease in the evaporation with falling level. The lowest rate of evaporation during 
^n experiment was about 12 mL/min., which corresponds to the transfer of only 
about Ical./min. since the latent heat of vaporization of oxygen is 61*Ooal./g., 
1ml. (s.T.F.)/min.^8*15x lO '^cal./cm.^ sec. 

3. Experimental results 

The experimental observations are summarized in table 2 . 

Each value in table 2 is the average of at least two determinations in two different 
vessels. For the combinations of surfaces shown in table 3 many more values were 
obtained. The bracketed values were for the same unaltered surface. They provide 
a guide as to the extent of the error inherent in the technique which is 6 or 7 %. 

There were four sets of experiments in which comparison of matt with polished 
surfaces were made (table 4). 

These metals are arranged in order of increasing grain size of the matt surface. 
The matt silver and rolled copper surfaces were only slightly more dull than the 
corresponding polished ones; the ‘matt and reduced copper* surface (reduced after 
oxidation) was very coarse and in places it was possible to cause pieces of metal to 
flake off; the matt steel had a grain size intermediate between these two extremes. 



Hmt transfer by radiation to surfaces at low temperatures 153 

The general conclusion that can be drawn from these es:|>eriment 8 is that for 
a double-walled metallic vessel (in which visible radiation is completely eliminated) 
a matt surface is as efficient as a polished one, provided that the grain size of the 
matt surface is not too large and that the polishing process does not change the 
properties of the surface. It is noteworthy that the polished copper surface is slightly 
less efficient than the rolled foil surface which has not been polished. 


lot waU (293'^K) 

Tablb 2 

cold wall 

evaporation rate* 
Volume of oxygen 
at B.T.r. 
(ml./min.) 

glass 

‘reduce<i copper* 

21'5±2'0 


chemical silver 

25-6 ±2-9 


gold 

27'5 


‘rolled copper* 

33*5 


‘matt and reduced copper* 

34-7 


copper (rolled and polished) 

38*9 


silver 

39-5 ±3-0 


tin 

41-7 


brass 

60-9 


cadmium 

59-6 


aluminium 

60-5 


chromium 

71-6 


steel (F.8.L.) 

109*2 


matt steel (P.S.L.) 

117 


graphite 

, 546 


glass 

941 ^ 

chemical silver 

glass 

61-2 


(ihemical silver 

17-1 ±1-6 


The observations show that the surface that absorbs least heat at 90° K is polished 
copper which is then reduced. The rate of evaporation is nearly one-half that given 
by a polished copper surface which is not so reduced. This improvement is to be 
expected from the fact that copper in air is always covered with a layer of cuprous 
oxide. Preston & Biromnshaw ( 1935 ) examined various metallic surfaces by means 
of electron diffraction and estimated that a freshly reduced copper surface would 
acquire a layer of cuprous oxide about 250 x 10 ^® cm. thick in 1 hr. at 27° C and 
cuprous oxide is known to show strong absorption in the infra-red. 

A suitable surface can be obtained by reducing a rolled surface at 300° C taking 
care to prevent unnecessary oxidation before the reduction is carried out. The vessel 
has to be made with welded or hard-soldered joints. The baking out at 300° C also 
ensures a better final vacuum as compared with the general practice of baking out 
at 100 ^ C. 

The chemically deposited silver was about 50 % more efficient as a reflecting 
surface than was fine silver foil. CJareful examination of the silver foil surface revealed 
that it had a very faint pink tint as though covered with a very fine layer of rouge 
dust. This tint could not be removed by vigorous polishing with chamois leather. 
Silver is known to be covered with a superficial layer of oxide after exposure to air. 
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Tablk S 


glass/silver foil 
[mL/miii.) 


3M\ 

32-7/ 

39*0) 

41-0 

32-3 

31'3 


43*2 
42*7 
43*5 
40*3 
40*0 
38* 1 


>39*1 ±2-7 (7 


%) 


47*3^ 


43*0 

42*1 

36*8 


42*2 ±2*0 (6%) 


45*4 

39*oJ 


37*0i 

37*7/ 


42*1) 

42*9/ 


glaaa/ohemioal silver 
(ml./min.) 

32 * 81 * 

84 * 0 / 

23*11 

26*0/ 

24*61 

22*9/ 

24*61 

26*6/ 

24*01 

26*6/ 

20*41 

20 * 8 / 

21*21 

20 * 6 / 

30*61 

30*3/ 


chemioAl silver/ 
chemical silver 

16*01 

16*4/ 

19*21 

16*6/ 

2001 

16*4/ 

17*61 
16*0 / 

19al 

13*7/ 

16*31 

14*0/ 

21*3\ 

19*7/ 

17*1 ±1*6 (9%) 


25*5 ±2*9 (11%) 


39*6 ±3*0 (8%) 

* This higher value was probably clue to slight imperfeotious in the deposit, but has been 
included in assessing the mean v^alue. 


chemical sUver/glass 
(ml./min,) 

69*01 

62*2/ 

00*61 

66 * 1 / 

64*01 

63*2/ 

56*11 

69*4/ 

61*2 ± 2*0 


glass/polished and 
reduced copper 
(ml./min.) 

24*21 

26*7/ 

19*31* 

20 * 2 / 

20*61 * ' 

19*4/ 

21*6 ±2*0 (9%) 


♦ Boduoed in Htu» 


glass/gold 

(ml./min.) 

27*81 

27*1/ 

26*01 

27*6] 

29*01 

28*0/ 


27*6 


Tablk 4 


metal 

ohemioally depcxiited silver 
copper (rolled) 
steel (F.SXO 
reduced copper 


e\'^aporation from matt 
evaporation from polished 


1 

' 0*86 
1*08 
1*61 
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The chemical silver was deposited by a reducing process when required and should, 
therefore, have a much thinner layer of oxide on the surface. Moreover, only the 
foil had been polished with rouge. The polishing process produces an amorphous 
layer on the foil, whereas the deposition process probably produces a fine crystalline 
surface. Other experiments have shown that the diflFerenoe between the value for 
the foil and for the chemically deposited silver is hot due to the difference in contact 
with the surface of the inner vessel. These results are further discussed in § 6, 


4. Thbokbtical 


Attempts have been made by several authors to determine the heat flow, by 
radiation, across the vacuum space of a vacuum vessel from theoretical considera¬ 
tions. As the theory is presented here on the same lines as advanced by Meissner & 
Voigt (1930), only the main steps will be given. The difference between Meissner's 
presentation and this, lies in the methods used to obtain the values of the integrated 
quantities. 

Consider a vacuum to be bounded by two infinitely large parallel plates at dif¬ 
ferent temperatures. At equilibrium the energy (IF) transferred from the plate at 
the higher temperature to that at the lower is made up of two parts: (a) That emitted 
by plate 1 and absorbed by plate 2, less (6) that emitted by plate 2 and absorbed by 
plate 1. To render the calculation less laborious, each plate is assumed to emit only 
monochromatic radiation corresponding to that of maximum intensity calculated 
from the Planck equation. Then 


W - (tT'* r*' 008/9 mnOdd-a-T* 




_ ^II^H 


oohO BinOdO, ( 1 ) 


where 6 is the angle to the normal, A and E are the absorptivity and reflectivity 
respectively and the subscripts 1 and 1| refer to plane polarized rays peri)endicular 
to or parallel with the plane containing the incident and reflected rays. 

In this equation the total energy transfer is made up of two functions which relate 
to different wave bands. Consequently the values of A and E referring to the wave¬ 
length A are not the same as those referring to A'. Nevertheless, to simplify the 
calculations the two emissivity factors are assumed to be equal. This introduces 
an error of only 1 %, The equation then becomes 


W = 74 )J*"j „ ain^ conddd. (2) 

Maxwell first deduced the relation between the optical constants of a metal and 
its reflectivity. The relation between the optical constants and the electrical con¬ 
ductivity was obtained by Drude (:894). By combining these relations the relation 
between absorptivity and the eleotrioal conductivity k is found to be 

. i^(icT)ooe0 . i^J{KT)(cmd)~'^ 

"“[V(/CT) + OO8 0]*-f-/CT’ +*(V(<T)-|-(008<>)-l)*4-/fT’ 

where r is the period of vibration of the radiation. 
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Values of and An are calculated for various values of B from 0 to using the 
value of r for the incident radiation (vk. 8*32 x 10“^*sec.) and of the eleotrioal 
conductivity k for the material at the temperature of the wail. Substituting these 
values of A into equation (2), a graph of the function dWjdd is plotted against 6 
and the area under the curve measured using an Amaler planimeter. 

The absorption and reflexion constants for silica at normal incidence for wave¬ 
lengths between 5 and 20fi were used for calculating the reflecting power of the glass 
surface at various angles. The reflecting power for each angle was then averaged 
over the Planck function corresponding to the temperature 293° K, Except near 
glancing incidence, 80°<^?< 90°, the absorptivity of glass is large compared with 
that of metals consequently the heat absorbed by the cold surface of a glass-metal 
pair is almost independent of the actual value of the absorptivities for glass, and so 
only a small error is introduced by using the known values for silica instead of those 
for Pyrex, which are similar but have not been accurately determined. 

The specific resistance is sensitive to the presence of traces of impurities, and these 
impurities cause a greater percentage error at 90 than at 293° K. With brass, steel, 
aluminium and tin, it was possible to measure the resistance of the actual foil used 
in the heat transfer experiments; for copper and silver it was preferable to measure 
the specific resistance of a commercial product of the same quality as the foil, rather 
than to take figures from the literature, which are for pure materials. However, for 
cadmium, chromium and gold this had to be done. 

A precision Callendar & Griffiths bridge was used for the resistance measurements, 
which were made at 90, 293 and 393° K, and recorded in table 6, 

Table 5 


gpecffic resistance p in c.g.s. imitB x 


metal 

373^ K 

273° K 

90° K 

293° K 

tin 

17-25 

12'28 

4*20 

— 

alloy steel 

13M 

117*3 

86*6 

— 

brass 

8*22 

7*18 

6*17 

— 

aluminium 

3-87 

2*743 

0*619 

— 

copper 

2-273 

1-60 

0*323 

— 

silver 

2-15 

1*668 

0*445 

1*684 


Other values used were (Gruneisen, HandJb. Exp. Phye.): 


Gold 

Chromium 

Cadmium 


0-567 X 10“* c.g.s. unit. 
1-82 X 10“*c.g.s. unit. 
1-98 X 10~* c.g.s. unit. 


Two typical graphs (figures 3 and 4) are given in illustration of the results; 
emissivities dE are plotted against 0, obtained from 


dE 


An+A« 




JIAl 


■ A|| .4(1 


A'^_+Aj_~ A*j_A^_i 


einS oosdd$, 


in which the measmed specific resistances have been used. 


(3) 
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Figure 4 iUostoiteGi the special case silver/silver where one of the silver surfaces 
is at 293° K; the effect of angle of incidence is evident. 

Next, some of the limitations to the application of the theory will he considered. 



FiotJiuB 3 Fiouas 4 

(a) Correction for the shape of vessel 

The heat transfer by radiation across the jacket of a vacuum vessel cannot be 
considered precisely as that between two parallel planes at different temperatures: 
the vessels are of various shapes and sizes. 

For concentric spheres the problem is tractable, as the paths of the incident and 
reflected rays can be determined. In other oases the geometry can become trouble¬ 
some and the estimation of ‘end-effects ’ becomes difficult, especially when the inner 
and outer vessel have appreciably different areas. The following themvm, however, 
helps to simplify matters; consider two concentric spherical vessels at the same 
temperature, having a vacuum between them and having different emissivities 
(which may be a function of the angle of emission), since the temperature of the two 
vessels remains constant it follows that the heat absorbed by the inner vessel is 
equal to that emitted by it. Hence calculation of the latter may be used to evaluate 
the former. Since the only factors involved are the emission as a function of angle 
and the shapes and relative positions of the vessels, the geometrical part of the 
oaloulatioh will be valid even if the temperatures of the vessels are different. Thus in 
order to calculate the energy absorbed by the inner vessel, the enei^y emitted by it 
can be estimated, inserting for<the temperature the value for the outer vessel. 
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For a cylindrical vessel the fraction of the radiation fri>m the outer wall which 
does not reach the inner is an important fraction of the total, if the areas of the inner 
and outer walls are very different. In order to evaluate the heat transfer in the 
experimental vessels a calculation is first made for concentric infinite cylinders made 
of silver with radii equal to those of the experimental vessels. The emissivities of the 
two walls are calculated from their electrical conductivity with respect to the wave¬ 
length pertaining to the higher temperature (i,e. 9*96/t). The rays emitted from the 
inner vessel are characterjj&ed, as usual, by the angles (j> and (j> being the angle from 
the normal and ^ the azimuthal angle, the zero of which is parallel to the common 
axes of the cylinders. For a given value of the angle of incidence on the outer 
cylinder 0 is calculated for various values of yjr. The successive reflexions of this ray 
then proceed at the same angles of incidence and 6), and the total radiation (for 
then evaluated in the same way as for parallel planes. The calculation is then 
repeated for other values of ^ and the final result obtained numerically. This calcula¬ 
tion leads to the value 5»S x 10 “^cal./cm.* sec. for the radiant energy transfer 
between the two silver cylinders. 

For the actual vessel, a modification has to bo made in the calculation to allow 
for the cylinders being finite, it is assumed: ( 1 ) that all the radiation from the base 
is lost, and ( 2 ) that half the radiation from the ‘edge’ is lost; the ‘edge’ being taken 
as a distance equal to the diflFerence in radii. With this correction the value of the 
radiation transfer teoomes 6-3 x 10'~^cal./om.^ sec. 

When the outer wall was glass and the inner was metal, the variation of the 
absorptivity of glass is neglected because the absorption is so large. For the same 
reason nothing is gained by carrying out a lengthy calculation on the exact con¬ 
tributions by successive reflexions. The calculation is carried out for parallel planes 
and the result is corrected for the ‘end-effect’ as described above; thus, because of 
the geometry, no more than 2 % need be added to the heat transfer calculated for the 
glass to silver surfaces; the same conclusions hold when the inner wall is glass and the 
outer is metal. 

(b) Correction for ernissivity change with temperature 
and contribution of the cold wall 

Only a small error in the heat transfer is introduced by neglecting the contribution 
of the cold wall to the radiation from the hot wall. The value of corresponding 
to the hot wall is less than that corresponding to the cold wall and the absorptivity 
of metals will decrease as the wave-length increases. Therefore, if the heat transfer 
is calculated by neglecting the energy radiated by the cold wall, and again by 
assuming that the two emisshrity factors are equal, then the true heat trantfer wilt 
be somewhere between these two limits. These limits differ by 1 % and therefore the 
eiTor introduced by using either approximation will not be serious. 

(c) Correction for aatumpiion of monochromatic radiation 

It has been assumed that each surface has emitted only monochromatic radiation, 
corresponding to that for which the emissive power of a black body at the same 
temperature is a maximum. The basis of the calculation was that 


W 
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where from equation (2) 

ff<r| 




Here A and A* refer to the two surfacjes neither of which is black, and r has the 
value corresponding to ^ really a function of A and therefore this 

procedure is not strictly justified. The energy emitted, expressed more accurately, is 






ain6> omddS. 


W 


I 


K^F^dX. 


(5) 


where is the value of F corresponding to the wave-length A and denotes the 
emissive power for A. 

A calculation of the values of W (equation (5)) over the range A = 3 to 60/^ was 
mode using Planck’s equation and integrating graphically a^^d the result was com¬ 
pared with the value of W obtained from equation (4). 
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The graphs (figures 5 and 6) show oaloulations for the vessel with black surface 
(293® K)/siIver (90° K). The values obtained for the two methods of calculation were: 

(1) Using Planck integral for values from 3 to 60/», 8-6 x 10~*cal./cm.* sec. 

(2) Approximate calculation using = 9-96x10-* cm. and multiplying by 
10*1 X 10™*o^L/cm.* sec. 

Therefore the deviation of the more rigorous from the approximate estimate 
is 16%. 



^ ^ 2;r/ic* 1 „ 

Ficukk e. 


Without these three corrections (a), (6) and (c), the theoretical values are probably 
estimated about 16 to 20 % too high. It is well to have established, in view of what 
follows later in the discussion, that the calculated values are the maximum rather 
than the most probable. 

5. AssBSSMKrrT or bxpbbiubntal bbbob 

The experimental vessel is not perfect in that heat can enter other than by radia¬ 
tion from the outer jacket to the inner vessd, and it is necessary to assess the 
quantities of heat which can otherwise enter. 

(a) The conduction of heat through the residual gas has already been considered 
(see table 1) and does not exceed about 0-4ml./min. 

(b) The heat entering down the narrow neck by radiation from the stopper and 
reaching the liquid oxygen in the inner vessel can be readily estimated. 

Assuming that the stopper and the liquid oxygen are black bodies, the radiant 
heat transfer (of. equation (9)) will be given by 

(r(T\- TJ) wr{(z* + r*)*- 2 }, (6) 

where r is the radius of the neck (0-55 cm.), z is the diSerenoe in level between the 
oxygen in the neck jacket and in the neck (about 8 cm.). From this expression 
it follows that the eva})oration loss from this cause should only be 0-3 ml./min. 
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(c) The fact that the experimental vessel consisted of two finite concentric 
cylinders necessitated a correction for the entry of radiant heat into the ends* The 
cylinders terminated in a pair of hemispheres; and no correction is necessary at 
that end* At the other end, the cylinders terminated at a level where the neck jacket 
began* When the outer wall was glass about as much energy would be radiated into 
the vessel by the glass wall opposite the neck jacket as would be radiated out, and 
so no correction is then necessary. When, however, the outer wall was covered with 
a deposit of silver up to a certain height, then by virtue of its much smaller emissi vity 
more energy would be radiated into the vessel from the glass above it than would be 
radiated out by the silvered wall of the vessel, and the net result would be an 
increase in the evaporation rate. A rather elaborate investigation was needed to 
determine the magnitude of this * end-effect ^ 



Fioiuie 7 


The calculation of this magnitude under various circumstances necessitated rising 
co-ordinates (see figure 7) defined as follows: 

cosd = cos ^ COSO# and dil — cos ^dxjrdu). 

These co-ordinates ore applied to the experimental vessel, as shown in figure 8. 
The energy radiated from the area d8 = 2nr^dz into the region below Ok 

E(rT*~jjooBOd£lda (7) 

EcrT ^-1 I oo&(i}d(i)2nrQdz 

=■ E<rT* 2 radz{ 1 - sin Jtt, 


( 8 ) 
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but Bitidii = z/{z^ + a^)^,a being the width of the annulus, therrfore the total radiation 
R into the region below z = 0 from the region above z » 2 ^ is 

therefore R = EcrT*7rrQ{{z^ + a®)* - 2 }. (9) 

This expression (9) represents the energy radiated into the vessel from the remainder 
of the wall of the outer vessel above a distance 2 cm. higher than the level of a 
horizontal plane passing through the position where the neck jacket begins (see 
figure 8). Inserting the values 

r«2*15cm., u==0*fi5cm., 2 —0cm., A? — 0*86, 

the total energy radiatcni into the upi)er or ‘open* end of the cylinder by the outer 
glass wall becomes 

B — 3-77 X 10"®cai./sec, (corresponding to evaporation = Sl-Oml./min.)* 



Consider the two combinations of surface 

(i) Silver (293"K), Glass (90" K), 

(ii) Silver (293"K), Silver (90" K). 

(i) Silverfglass. After the first ex|)eriment with this type of vessel, care was taken 
to ensure that there was always about 1*5 cm. of silvering above the level z *= 0, 
i.e. Zi> 1*6cm. Glass has a high emissivity so that very little of the radiation in¬ 
cident on the inner vessel will be reflected and about 98 % will be returned from the 
silver surface, most of which will be absorbed on its second incidence. The inner 
vessel can therefore be considered to have an emissivity of unity. 

If the energy radiated into the vessel, measured in terms of oxygen evaporated is 
31'0 ml./min. for z » 0 as above, because z~l'6 (figure 9), only 20% will be 
absorbed by the inner surface, i.e. 6*2 ml./min. This constitutes about 10% of 
the total evaporation observed (61 ml./min.) and may therefore be detectable 
experimentally. 
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The evaporation rate for a certain vessel was measured and the particular ‘end* 
efifeot’ calculated 6*8mL/niin, Then using the same surfaces a copper cone was 
placed around the neck Jacket and adjusted so that the bottom of the cone was level 
with the top of the inner vessel, and the diameter of the base of the cone was about 
2 mm* less than that of the outer vessel. This arrangement was designed to eliminate 
the ‘end-effect’ almost completely: 


Evaporation without cone 
End correction 

Measured ev aporation with cone 


63-3 ml./min. 

_ 

^7‘5mK/min. 

57-8ml./min. 



This close agreement may be fortuitous because the experimental error is of the 
same order as the difference observed. Although not accurately measured in every 
experiment the probable value of z was not so different from that assumefl, as to 
give rise to an error greater than 3 ml./min. 

(ii) Silver!silver. The two surfaces were normally coated by the silvering process 
to the same height; in some instances, however, the upper part of the deposit on the 
neok jacket was removed so that z had positive values. The evaporation from both 


Voi 194 - A. 


IX 
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types of vessels was such that no difference could bo detected experimentally between 
them, which indicates that this ‘end-effect’ is lees than the experimental error. 

A rather elaborate analysis was made to estimate the energy absorbed by the 
inner vessel due to radiation entering from the end, the value 2 x 10'^^ cal./cm.* sec. 
being obtained which is of the same order as the expmmental errors and cannot 
therefore be detected. 

When one of the experimental vessels was immersed in liquid oxygen, being 
inserted to about the height of the top of the inner vessel, heat can presumably only 
enter by what has been referred to above as the ‘end-effect’ and by radiation down 
the neck itself, which together would account for an evaporation 0*6ml./min., 
leaving an unaccounted evaporation of l‘2ml./min. No allowance has been made 
for this small possible influx of heat in the final assessment of the errors. 

(d) There is another source of error to be considered; the liquid oxygen in the neck 
jacket boiled fretJy at atmospheric pressure, while the liquid in the inner vessel was 
boiling under a slightly increased pressure due to the flowmeter and the saturator 
vessel. For an evaporation of 25 ml./min., the difference of boiling-point was 
estimated to amount to about 0*12® C and this would cause a slight difference in 
the transfer of heat via the neck according to the height of the liquid oxygen in the 
neck. Exporirnonts were made to test the extent of the effect, but the results showed 
that it was at the limit of the observable and it was only when the pressure was 
purposely and considerably increased that an effect was measurable. 

(e) Summary of e^^parimental errors. The various sources of error which have been 
discussed may now be summarized (see table 6). 


Table 6 

error 

eause (ml./min.) 

(lowmeter: (a) observational ±0*4 

(6) instrumental ±0*4 

eon(hu±ion by residual gas* ± 0*4 

radiation down neck*^ ± 0*3 

total ± 1*5 


♦ Maximum error rather than the most probable. 

Correction amounting to not more than 4*10% has also to be made for the 
effect of the difference in boiling-point between the oxygen in the neck jacket and 
the inner vessel. There is also the possible unaccounted error of about 1*2 mL/min. 
For metal/glass and inetal/metal surfaces there are ‘end-corrections’ estimated to 
be about -3 and -2*2 ml./min. respectively. The errors estimated above are .of 
th<^ same order as the experimental error in table 3, which is about 10 %. From this 
examination, the total absolute error should not exceed 20 % of the measured heat 
transfer under any circumstances. 

6. Disoxtssion of besults 

In table 7 are set out in column 3 the values for the heat transfer from the hot wall 
to the cold inner vessel as founS experimentally. The values are corrected in accord¬ 
ance with the discussion in the previous section. The theoretical values estimated 
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according to the methodft in § 4 are given in column 4 . Column 6 gives the ratio of 
the values in column 3 to those in column 4 , and column 6 gives values for the 
emissivities as determined from the experiments. 




Table 7 




1 

2 

3 

4 

5 

0 



experimental 




hot wall 

cold wall 

values theoretical 

ratio 


(293^‘K±0'1) 

(90"+ 0-7) 

(corrected) 

values 

col. 3/col. 4 

emissivity 



X JO 

cal./cm.“ 

sec. 


glass 

polished copper (reduced) 20*3 

8*1 

2-5 

0*019 


chemical silvw 

23-6 

9*6 

2*5 

0*023 


gold 

25-4 

10*9 

2*3 

0*026 


rolled copper 

30-6 

8*1 

3*8 

— 


matt copper (reduced) 

31*7 

8*1 

3-9 

0*032 


polished copper 

35-2 

8*1 

4*4 

0*035 


silver 

35-8 

9*6 

3*8 

0*036 


till 

37-8 

27-9 

1*4 

()*()38 


brass 

45*7 

30*7 

1*5 

0*046 


cadiniuiu 

53*5 

19*5 

2*7 

0*054 


aluminium 

54-3 

10*4 

5*2 

0*055 


chromium 

64-0 

191 

3*4 

0*065 


steel (F.S.L.) 

95-2 

75*0 

1*3 

0*096 


steel matt 

101-9 


— 

— 


graphite 

444 

— 

— 

0*48 


glass 

765 


. 

0*87 

oliemical silver 

glass 

52*5 

17*3 

3*0 

— 


chemical silver 

14*9 

6*3 

2*4 

— 



(6* 

5 for paral 

‘ mean 2*9 



lei planes) 

It is clear from this table that the theoretically derived values of heat transfer 
are much smaller than the measured ones; except iu throe cases (tin, brass and steel) 
there can be no doubt of this significant deviation. The greatest deviation found was 
for aluminium. 

As mentioned in the introduction all other experimental worlt carried out in this 
field confirms this conclusion that the efficiency of a metal as a reflecting surface in 
a vacuum vessel cannot be estimated precisely from its electrical conductivity. For 
instance, the results of Banneitz et ah (1920) make the radiation loss for a silvered 
vessel of 21. capacity 10-1 x 10“*^ cal./cm.^ sec., whereas theoretically it should have 
been 6-5 x 10"® oal./cm.’* sec. The following values are got from a study of Lambert & 
Hartley’s results having regard to the dimensions of their apparatus: 


Tablb 8 



experimental 


experimental 


(X 10“® cal./om.*/seo.) 

theory 

theory 

glaaa/Ag 

29*2 

9*6 

3*0 

All 

30*7 

10*9 

2*8 

Pt 

46*2 

— 

— 

Cu 

66*8 

8*1 

8*2 

glass/Ag 

22*7 

9*6 

2*4 

Ag/glass 

85*2 

17*3 

2-0 

Ag/Ag 

19-0 

6*6 

2*9 


II-2 
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Meissner & Voigt’s results are summarized in table 9; 


vessel 

iron/germaii silver (SO'^ K) 
silver/silver (80°K) 
silvep/gilver (21^ K) 


Table 9 


jieok 

91 X 10-® 
91 X 10“S 
11*8 X 10-* 


theory 

ra<liation 
36*6x 10 5 
6-5x 
h9x lO-fi 


total 

4rr7xl0~5 

15-Ox 10-'^ 
i:h7 X io~5 


e3q)erinionfe 

(averaged 

values) 

(oal./em.® see.) 

3;m X lo-fi 
23‘Ox 10-5 
21*9 X 10-5 


The divergence between the valueB for iron/german silver (in which the experi¬ 
mental value is loss than the theoreticwil) was attributed to the fact that the theoretical 
calculation was a»pproximate. In the other cases the silver surface was supposed to 
be contaminated. In the two exf)eriments using liquid air, the neck loss must have 
been too high because no allowance for the heat absorbed by the issuing gas appears 
to have been made. Even so, when this theoretical neck loss is subtracted from the 
experimental loss then the difference which is a measure of the radiation loss is still 
not in agreement with the theoretical figure. 


Table 10 



theoretical 

experimental 



radiation 

radiation 

ratio 

Fe/german silvc^r 

36*6 

24*0 

0*66 

Ag/Ag 

6*5 

14*5 

2*23 


Since the emissivities of the metal surfaces in vacuum vessels do not appear to be 
calculable from the electrical conductivities, values of the emissivities, as estimati^d 
in the following way from the heat transfer experiments, are given in column 6 of 
table 7 . 

The thermodynamic relation for the energy exchange between two black bodies is 


If the bodies are not black, but emit only a fraction E of that energy, then by sum¬ 
ming the energy exchange the relation 


W^cr{T\^Ti) 


_ 


can be used to estimate the emissivities. 

Since the emissivity of non-metals does not change appreciably with temperature, 
the value for glass can be obtained from 


W 


sr: 


cr{Ti-T\) y. 


_Jl_ 

2-E 


765 X 10~®cal./cm.* see. 


Therefore 


E * 0-867. 


Using this value for glass, the values for E for the metals, in glass/metal pairs 
were calculated. 

As a check on the self-consistency of the results, the two values of the emissivity 
of silver (at 90 and 293® K) obtained from observations from glase/silver pairs can 
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be combined giving 10-7 x 10 ”® in satisfactory agreement with the experimental value 
14*9 X 10 "“®oal./cm.® sec. for a siiver/silver pair. 

The relation between electrical conductivity and emissivity was established 
experimentally by the work of Hagen & Rubens {1900,1902,1903 ); this work was not 
accurate enough to establish the relation with certainty for the highly reflecting 
metals. More accurate measurements were published later (Hagen & Rubens 1909, 
X910). In this later work the energy emitted from a number of metals and alloys was 
compared directly with that from a black body, at temperatures from 100 to SOO'^ C, 
and for various wave-lengths 0 to H, S*86 and 20/4. The emissivity measured at 
normal emission agreed moderately well with the calculated value, although there 
were systematic deviations of about 5 % at 26 / 4 , and more than 20 % at 8*65 and 
6 - 65 / 4 . These deviations were all in the sense that the emissivity measured was less 
than that calculated, and in general the deviation was greater when the absolute 
value of the emissivity was small (e.g. silver (200 to 500 '’ C) 
for constantan i/caic./^ob», ^ 1 ' 09 ). 

Hurst (1933) has carried out similar measurements in the short-wave infra-red 
region (1 to 5/4), and he also found that the observed emissivity is about 20 % lower 
than that calculated from the Hagen-Rubens relation, for A = 5/4. It was found im¬ 
possible to polish copj>or with rouge without introducing impurities into the surface. 

The emissivity measured in all the above cases is for normal emission. In vacuum 
vessels, however, the emission at all angles plays an irti])ortant part, and little work 
has been done to check the theoretical reflexion formulae in the infra-red. Czerny 
(1924) has, however, measured the variation of emissivity for platinum (ajt 650 ' C) 
with angle of emission for the two types of polarized radiation (A — 6*75/4). The 
measurements were in agreement witli the values of the optical constants deduced 
from the Maxwell theory. Thus there is in all tliis oxj)erimental work a deviation in the 
oj)posite direction to that of the heat transfer measuix^ments described in this paper. 

Hagen Rubens used temperatures above lOO'^ C in oixler that there might be 
enough energy emitted to be easily measured. At these elevated temperatures films 
of grease, etc., would be absent and the relative effect of thin films of material, the 
properties of which differ from those of the bulk of the metal, would be less than at 
a lower temperature, because of the higher resistivity of the metal itself. Moreover 
the absorbing effect of thin layers increa/ses with the obliquity of the incident 
radiation. 

The resistivity of a metal is essentially a property of the bulk of the material 
whereas the absorptivity is a surface property ; the properties of these two regions 
of the metal are not identical. The difference may be partly caused by disturbances 
in the surface layers of the metal due to polishing leading to an oxide layer or to an 
amorphous layer, or to both. 

(a) Oxide layer. The effects of an oxide layer can to some extent be examined by 
comparing the results obtained before and after reducing the surface (see table 7): 

polished reduced 

copper polished copper 

experimeutal heat tran afer 
theoretical heat transfer 


4*4 


2*5 
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Here n^duotion of the surface makes a great difference but does not bring about 
complete agreement indicating that the oxide la^^er can account for only part of the 
discrepancy. The measurements on metals that do not oxidize so readily, e.g. gold 
(ratio === 2*3), indicate this also. 

(6) Amorphous layer. The thickness of an amorphous layer increases with time 
of polishing. A rolled copper foil was found in the present work to be not less reflective 
for heat than a polished one. It is generally recognized that it is almost impossible 
to reproduce a polished metal surface giving the same optical constants even by the 
most careful repetition of conditions of polishing (cf. Wheeler 1913), A polished 
metal surface possesses chemical and mechanical properties which differ from those 
of the crystalline unstrained metal, and any kind of cold working tends to increase 
its electrical resistance. Polishing may therefore produce a surface that has pro¬ 
perties that are not truly characteristic of the metal itself, quite apart from con¬ 
tamination of the surface by the abrasive or by possible oxidation or corrosion 
(cf. Lowery et al 1932, 1935, 1936). 

There seems littUi doubt from the present investigation that the surface films, 
particularly oxide films, influence the emissive }>owel»s of the metallic surfaces and 
account for part of the discrepancy between theory and experiment. It is also 
possible that the electrical conductivity of the surface of a pure metal crystal is 
not the same as that of the' bulk of the metal, and that this difference shows up at 
low temperatures and possibly also at low angles of incidence. Another possible 
explanation of part of the observed discrepancies may be that when radiant energy 
is received by a cold surface, the gas still retained in the surface layers of the metal 
influences the heat transfer without affecting the pi'essure. Extension of this 
investigation to other ranges of temperature will help to settle these questions. 

The authors are indebted to the Ministry of Fuel and Power for a grant for 
investigations on the use of liquid methane as a fuel, which enabled this work to 
be brought to the present stage. 
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Spectroscopic studios of low-pressure flames; temperature 
measurements in acetylene flames 

By a. G. Gaydon and H. G. Wolfhabd, Imperial CoUeye, Londmi 

{Communicated by Sir Alfred Egerton, F.U.S.—Received 9 January 1948) 


Flames at very low pressure have) a relatively thick reaction zone (or Oatno front) an*! are 
especially suitable for detailed study of the combustion processes and of the distributfSb of 
energy during the reaction. Temperature tneasuroments have l>eeii made, by various spectro¬ 
scopic methods, on flames of acetylene with air, oxygen and nitrous oxide, in sornc cases 
down to a pressure of 1*5 nun. Hg. The excitation tem|)oratui*e has been measured through the 
reaction zone by the spectrum-line reversal method using Fe, introduced tut the carbonyl; 
the characteristics of the flame containing Fe(00)g are described. The rotational temperature 
of the excited OH radicals has been determined from the emission spectrum; at pressures 
above 10 mm. it is fairly constant at around 6700° K, but at lower pressure rises to a higher 
value of nearly 9000° K. The results are explained in terms of the collision and radiative 
deaoti\^ation of the eleotronically excited OH radicals. These radicals are believed ta be 
formed, as the result of chemical reaction, in the excited *S state and with a rotational energy 
equivalent to above 9000° K. Deactivation by collision appears to occur on the avorago after 
al^ut forty collisions, if a normal collision diameter is ossiuned. Removal of electronic 
excitation occurs mainly by collisions with O, molecules, but CO, or CO molecules are most 
effective in removing rotational energy. The variation of concentration of OH through the 
reaction zone has been determined by its absorption sjjeotrum; it is abnormally high just 
below the visible reaction zone. Calculations of flame temperature and composition are given. 
The lock of equiportition of energy is discussed, '' 


Introduction 

The flat, relatively thick, flames of gases burning at low pressure are particularly 
suitable for detailed examination of the chemical and physical processes occurring, 
in the reaction zone. Preliminary accounts have already been given of the nature 
of the phenomena which have been observed in these low-pressure flames (Wolfhard 
1943; Gaydon 1947; Gaydon & Wolfhard 1948). The pre-mixed gases are burnt at 
the top of a quartz or Pyrex tube in a large vessel which is continuously evacuated. 
It is foimd that the lowest pressure at which a stable flame can be maintained 
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depends on the diameter of the burner tube, being roughly inversely proportional 
to this diameter. Thus to obtain flames at very low pressure it is necessary to use 
tubes of large diameters, and consequently a high mass-flow of gas and high 
pumping speed. 

The acetylene flame is one of the most suitable for investigation, as it is relatively 
bright and can be run at lower pressure than other gases for similar burner size; 
with a burner of 3r) mm. diameter a flame can be maintained at a pressure slightly 
below 2 mm. Hg. A previous paper (Klaukens & Wolfhard 1948) has reported some 
thermocouple measurements on the temperature distribution through this flame, 
and in this pajw temperature measurements by spectroscopic methods are described. 
It should, of course, be imlized that neither thermal nor chemical equilibrium is 
established im the reaction zone of the flame, and it is not therefore possible strictly 
to define the temperature. It is, however, possible in some cases to determine an 
effective temperature for the energy in some particular degree of freedom, and this 
will enable us to obtain a fuller understanding of the distribution of energy among 
its various possible forms in the flame gases, and to follow the change in this dis¬ 
tribution as we pass through the flame front. 


ExCTTATrON TEMPKBATtrRBS BY THE HPEOTRnM-UNE REVERSAL METHOD 

Flame tem|)crature8 are frequently measured by the sodium-line reversal method 
(for a description and criticism see Gaydon 1948). At atmospheric pressure it is 
probably a satisfactory method for the main body of the flame, although in the 
inner cone the emission of tfie sodium lines is often abnormally strong because the 
atoms arc excited by collisions with active species formed in the combustion processes 
so that the effective temperature of the sodium atoms exceeds that for thermal 
equilibrium. We thus arrive at the concept of an ‘excitation temperature’ in the 
reaction zone of a flame. This excitation temperature may be defined as equal to 
the brightness temperature of a background source which’ when viewed through 
the flame, gives the spectrum line under examination neither as a bright line nor 
reversed by absorption. The value of the excitation k^mperature may vary with the 
nature of the element being excited, and even from line to line in the spectrum of 
the same element. 

The usual substance for measuring temjieratures by the spectrum-line reversal 
method is sodium, but other alkali-metals or alkaline earth metals have frequently 
been used. In low-pressure flames it is difficult to colour the flame with any of these 
elements because ordinary atomizers will not work at such low pressure. Some 
preliminary observations were made with the mercury line 2537 A, but absorption 
in the gases surrounding the flame and in the air of the laboratory caused trouble. 
One of the simplest metals to introduce into a flame is iron, which can be added os 
the volatile carbonyl. This substance is an anti-knock, and might influence the 
flame speed and combustion processes if added in appreciable amount, but in the 
small ooncentrations used in these experiments it did not appear to influence the 
flame speed appreciably. 
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The flame containhig inm carbonyl 

The low-pressure flame containing Fe(C0)5 has a rather unusual appearance, and 
it is of interest briefly to describe the principal features. A diagram of the flame is 
shown in figure 1. Directly below the main visible flame front is a yellow layer from 
which yellow streaks spread upwards. There is also a faint yellow cone, slowly 
changing to green, above the bright blue-green reaction zone of the flame. This 
yellow region shows the banded spectrum of FeO. Below the reaction zone, and 
separated from it by a distance about equal to the thickness of the zone, is a pale 
luminous region, the spectrum of which appears to consist of a continuum from the 
yellow to blue-green. This ‘fore-zone’ is distinctly separated from the main reaction 
zone, and is best seen when the main flame is weakened by adding excess air or Oj,. 
It is presumably connected with the initial decomposition of the carbonyl. 



faint groon radiation 

faint yellow-green zone, cjolour slowly changing 
into tho green of tlie zone above it 

yellow stripes (B’oO) 

ordinary cone, bhie-green to white 
fort' /.one, gretui radiation 

top of bimicr 


Figubk 1. Flame (joloured with Fe(CO)6. 


7''he experimental arrangement 

The excitation temperature of the iron lines was foimd to be so high that it was 
found ditticult to obtain a black body at sufiiciently high temperature to give reversal 
of the iron lines. With the oxy-acetylene flame, indeed, reversal could not be 
obtained, and hence the method w^as only applied to the acetylene-air flame. The 
hottest available background source was the carbon arc (^ 3800"^ K), but this did not 
prove suitable because of some banded structure in its spectrum around 2500 A 
(CO Fourth Positive and Mulliken’s Cg bands), and because of intense scattered 
visible light. A hydrogen discharge tube was therefore used as source; in the region 
of 2500 A this had a brightness temperature of about 3500" K. The hydrogen lamp 
was of the low-tension hot-cathode type, this having a larger luminous area and 
giving more uniform illumination than some higlx-tension types. An image of the 
hydrogen lamp was formed in the reaction zone of the flame, and a second image 
of this and the flame together was then formed with a second lens on the slit of the 
spectrograph. A medium-size quartz spectrograph (Zem Q 24) was used, A rotating 
sector enabled the eflfeotive brightness temperature of the hydrogen lamp to be 
varied at will. The value of this temperature was determined photographically by 
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comparison with a carbon arc, which was assumed to have a brightness temperature 
of 3855^'K in this region. The flame was held os steady as possible throughout the 
exposure time, and a hair line across the slit and the image of the top of the burner 
tube enabled the point at which the excitation temperature was being measured to 
be located with respect to the top of the burner and the emission from the flame. 
As reported in previous publications, the OH and bands occur rather lower in 
the flame than the bands of CH, and it is of interest to compare the excitation 
temperature of Fe in the flame with the regions of excitation of C 2 , etc., as indicated 
in figure 2 . The measurements were made with a burner of 21 mm. diameter, the 
acetylene-air flame having a pressure of 67 mm. Hg. 

Results 

While the absolute value of the excitation temperature of the Fe atoms may not 
be detennined with high accuracy, the results are sufficient to show that the excita¬ 
tion temperature greatly exceeds the theoretical flame temperature (see later) and 
to give the trend of the excitation temperature as we pass through the flame front. 
The results are shown diagrammatically in figure 2 . The temperature obviously 
must rise from below, and the fall after passing through the centre of the reaction 



FiauRE 2. Excitation temperature^ in a C^Hj-air fiarne coloured with Fe(CO)j. The positions 
in the dame at which the various bands and the Fe lines are emitted are indicati^. Gas pressure 
57 mm. Hg. 

zone is to be attributed to the closer approach to thermal equilibrium as higher 
points in the flame are reached. All the iron lines do not reverse at exactly the same 
temperature, and on some plates it is possible to see the Fe line at 2483-28 A x-eversed 
while several neighbouring lines are visible in emission. Our results, showing on 
abnormally high excitation temperature in these low-pressure flames^ differ from 
the observations by Lewis & von Elbe ( 1943 ) using the sodium-line method on 
flames at atmospheric pressure. The thickness of the reaction zone in the flames at 
atmospheric pressure is so small that it is doubtful whether their observations were 
sufficiently sensitive to detect the sharp rise of temperature in this zone. 
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RoTATIOKAL TEMFJffiBATTTBK OF TH® OH BAND IN EMISSION 

The average energy of rotation of the excited OH radicals can be determined from 
the rotational intensity distribution within the ( 0 , 0 ) band at 3064 A. Assuming that 
there is approximately a Maxwell-Boitzmann distribution of rotational energy 
among the radicals, the result may be expressed as an effective rotational tem¬ 
perature of these radicals. Measurements of this type have been made by a number 
of investigators (e.g. Oldenberg 1934 ), and Wolfhard ( 1939 ) mode some measure¬ 
ments on the inner cones of flames at atmospheric pressure. An ordinary Bunsen 
flame gave a temperature of 5700° K, while an acetylene-air flame gave about 
5400° K. The oxy-acetylene flame gave about 4000° K, the lower value being attri¬ 
buted to mixing of the radiation with that from the hot gases surrounding the inner 
cone, the concentration of OH being much higher in this flame. The accuracy of 
these measurements at atmospheric pressure was not very high because of the 
limited resolving power of the spectrograph employed, but was quite adequate to 
indicate the order of temperature and to show the lack of equipartition of energy 
in the flame front. Kondratjow & Ziskin ( 1937 ) have made mea^iurements of the 
rotational temperature of OH in absorption. 

Method 

Most of the measurements were made using a large Littrow-type quartz spectro¬ 
graph designed by Dr H. J. Hiibner. This has a focal length of about 6 ft. and 
employs one 60° and one 30° prism. It is especially suitable for intensity work as 
it was designed to minimize scattered light; the real image of the slit fonned by 
reflexion in the Jons is eliminated in the usual way with a atop, while the virtual image 
is removed by rotating the lens slightly. This instrument has a resolving power of 
about 50,000, and the Fe lines at 3099*90 and 3099*97 A are clearly resolvable. 
A few measurements, especially of the weaker flames with air, wert^ made with a 
medium quartz spectrograph, and the results with the two instruments were con¬ 
sistent to within the accuracy of the measurements, about 300° C. With the smaller 
instrument the lines 6 ^, 14^, 15^, lU, 12 ^, 16^, 17^, 13^ UJ, 15J, 

21 |, 22 ^, 23^, 24^, 26^, 13^, 21 J, 23^ and 25^ were found to be free from over¬ 

lapping and therefore most suitable. With the larger instrument it was possible to 
use a greater number of lines, including 16^, 19j and 23|. 

The spectrum of the flame was first photographed using a sharply focused image 
on the slit; a quartz fluorite achromatic lens was used. A hair across the slit served 
to give a reference mark along the spectrum to ensure that measurements of all 
lines were made for the same part of the flame. The plate was then racked down and 
intensity marks were put on using the usual sector arrangement; for this a lens 
immediately over the slit was used to focus an image of the soui’oe (either an Fe arc 
or the flame itself) on to the lens of the spectrograph to ensure uniform illumination 
of the slit. The relative intensities of lines in diifferent parts of the spectrum which 
have the same initial levels were compared theoretically and experimentally; this 
enabled errors due to change of plate sensitivity with wave-length or to change of 
aperture of the spectrograph with wave-length to be checked. Slight errors of this 
type were found, but correction of these did not significantly change the slope of 
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the line ftom which the temperature was determined. The intensity measurements 
were made with the usual type of non-recording miorophotometer, using a photocell 
and galvanometer. 

The intensity of any line of the OH band depends on the product of the population 
of the initial energy level and the transition probability. * Formulae for the transition 
probabilities for the lines of the various branches of a transition have been 

given by Earls ( 1935 )»and numerical values for the required lines have been evaluated 
by us using a value of —7 for the constant A = AjB. Indicating the transition 
probability for any line as P, the expression for the intensity I takes the form 

where C is an arbitrary constant, v is the frequency of the line, T is the absolute 
temperature and is the rotational energy, which is nearly equal to B'K'(K* + 1), 
where B' is the rotational energy constant and K' is the rotational quantum number 
for the excited state. B' has the value 16*95 cm Thus by plotting the log of 
the observed intensity minus log(Pxj^*) against the rotational energy term, or 
with sufficient accuracy against K\K* -f- 1 ), it is possible to calculate the temperature 
from the slope of the line. This line will only be straight if the molecules have a 
Maxwell-Boltzmann distribution of rotational energy. Any failure in this res|)ect, 
due, for instance, to chemiluminescent excitation to selectt>d levels, will sliow as 
a deviation of the curve from a straight line. 

Results 

The mriaiiou of rotaiicyml temperature through the reaction zone. For flames of 
acetylene with oxygen the curve comes fairly straight, indicating a fairly good 
approach to a Maxwell-Boltzmann distribution of rotational energy. The temperature 
has been determined at the base, centre and top of the reaction zone, using a burner 
of 21 mm. diameter and a gas pressure of 6 mm. The results are 

( 1 ) Green zone at base of flame 6200'^ K. 

( 2 ) The middle of the visible flame 6000'" K. 

(3) The blue-violet corona at the top 5300° K. 

This indicates that the temperature is highest in the very front of the flame, and 
falls os higher levels in the flame are reached. The relative total strength of tlie OH 
band in these three regions is about 5:2:1. 

Variation of temperature with iiressure. Using approximately stoichiometric 
mixtures of oxygen and acetylene, the rotational temperatures have been deter¬ 
mined for the centre of the visible flame using burners of different diameter, and 
therefore different gas pressure. 

burner diam. gas preaHure rotational temp, 

(mm.) (mm. Hg) (°K) 

13 13 5700 

21 6*6 6200 

34 2*6 7000 

62 1*6 8750 

* The tei*m ^ transition probability * as used hero inoludes the effect of differing statistical 
weights of the levels. 
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It may be noted that the temperature of 6700° K is of the same order as at atmo¬ 
spheric pressure. It seems that provided there is not too much blending with 
radiation from the outer cone, the temperature for the reaction zone measured in 
this way is around 6700° K at gas pressures above about 10 mm. Below this pressure, 
however, there appears to be a change, the temperature rising. It seems that below 
this pressure there is less chance of loss of energy by collision, and the departure 
from the theoretical flame temperature, which is very marked even at atmospheric 
pressure, becomes even greaku*. At the lowest pressure the curve is not so straight, 
tending to indicate a lower temperature at points involving the lower rotational 
energy levels, and a higher temperature for points of high K', This indicates some 
departure from a Maxwell-Boltzmann distribution. 

Variation vnth mixture emnposition. The rotational temperature at the centre of 
the flame has been determiiund for rich and weak mixtures, as well as the stoichio¬ 
metric mixture: 

Htoichiometric ricli weak 

+ 2iOj, 1 i OjH a + 2 JO, + 3f O, 

- .-- - r ^ 

prosauH' temp. (®K) presHure temp. {''K) pr(\sKare temp. ('“'K) 

21 mm. bunior 5*5 6200 6 6800 7 5850 

34Tnm. burner 3 0800 3 8600 3*3 6200 

The rotational temj)erature is highest for mixtures containing excess acetylene. 
The total strength of the OH radiation does not vary rapidly with mixture com¬ 
position, but is ratht^r greater for the weak mixturcH (O 2 excess). 

Flames with air and nitrous oxidf'.. The acetylene-air flame has bt>en exatflined at 
a pressure of 26 mm. Hg using a 34 mm. burner. In this case the slope of the curve is 
far from constant, indicating a departure from the Maxwell-Boltzmann distribution. 
This is shown in figure 3. The points are rather scattered because this flame is not 
very luminous and it was necessary to use the smaller spectrograph with a con¬ 
sequent loss in accuracy. However, it is clear from the measurement of a number of 
plates that the curve can be regarded approximately as consisting of two straight 
lines, the points for spectrum lines arising from levels of low rotational energy falling 
on a line corresponding to a temperature of about 2850° K, while the points involving 
levels of high rotational energy give about 5700° K. This latter value is about the 
same as for an ordinary Bunsen or for an oxy-acetyleno flame at this inessxire. 

The flame of acetylene burning with nitrous oxide has a similar characteristic, 
the curve being again separable into two roughly straight portions, the slopes of 
which give temperatures of about 2840 and 3900° K, It may also be noted that 
while an oxy-hydrogen flame has a rotational temperature for the (0,0) band of OH 
of about the theoretical value for the low-pressure flame (2330° K), the introduction 
of a trace (less than 1 %) of acetylene has a marked effect. The intensity of the OH 
bands is considerably increased and the curve for the rotational temperature again 
becomes complex, the part for levels of low rotational energy remaining at a slope 
corresponding roughly to the theoretical temperature, while that for high rotational 
levels gives a very high rotational temperature, 8700° K at 7 mm., and even higher 
at lower pressure. 
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This suggests that in these dames the excitation may be by two processes. Mole* 
cules excited as a direct result of the flame reactions have a very high rotational 
t>emperature, which causes a high population for the highly excited rotational energy 
levels, while excitation to the lower rotational levels is mainly due to ordinary 
thermal processes. Points based on the higher rotational levels then give an effective 
temperature for the molecules excited by the reaction j)rocesse8, while the points 
from the lower rotational levels give the temperature of the thermally excited 
molecules, wliich is usually near the theoretical flame temperature. 



Fiouke H. C'urvc 3: CjHg-Oa stoichiometric at 52 mm. burner. T Curve 2; 

stoichiometric at IS nun. burner. T = 5700Curve 3: CgHj-air at 34mm. biu*ner. 
T = 5700" K at high K' and 2850^ at low K\ 


AbSOEVTIOK TVfBASlTBKMKNTS ON OH 

For the observation of the OH band in absorption it is necessary to use a spectro¬ 
graph of liigh resolving i>ower, such that the instrumental line width is at leawt 
comparable with the width of the absorption lines of OH, This width is about 
0*3cm.“^\ while that of the large quartz Littrow-type instrument used appeared 
to be about 0*7 cm. This resolving power was sufficient to enable observation of 
the OH absorption, but it was not possible directly to determine the concentration 

ofOH by measuring Jaidv, where a « absorption coefficient, 1 « length of absorbing 

layer and v » frequency. It was, however, possible to obtain an approximate value 
by neglecting small errors, since the absorption was weak. For a photc^raphic plate 
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the curve of density against log intensity is straight over a limited range. Thus, 
writing 7 “ 7 — will be pn)portional to al for weak absorption. Thus if the 

absorption lines are measured with a photometer having a slit width greater than 
the line-width, it is possible to obtain an approximate value for uL By multiplying 


by the width of the photometer slit, in we obtain a value for jaldv. By 

comparing these values of JaZ dr with those obtained by Oldenberg & Rieke ( 1938 ) 


who used very high dispersion to measure the OH bands in the dissociation of wat^er 
vapour at about 1400'^ C, we can examine the concentration of OH through the 
flame. 

For approximately stoichiometric mixtures of acetylene with oxygen it was not 
possible to measure the absorption by OH in the flame because the excitation tem¬ 
perature for the OH band exceeded that of any available background source. By 
using a carbon arc it was, however, possible to obtain satisfactory absorption with 
acetylene-air mixtures and with acetyleiU 5 -oxygen mixtures containing a fair 
excess of oxygen. 

With a burner of 21 mm. diameter the partial pressure of OH came out about 
0*7 mm. both with a CgH^-air flame, (at 30mm. pressure) and with a weak oxy- 
acetylene flame (pressure 4 mm.). Somewhat similar values were obtained with 
a burner of 13 mm. diameter. The variation of the partial pressure of OH thrf)ugh 
the reaction zone can be seen from figures 4 and 5 in which aZ is plotted against 
height above the top of the burner. The approximate position of the visible reaction 
zone is indicated, this being determined with the aid of a cahbrat/ed telesco^uj). 



FiotTUB 4. OH concentration in a flame moa«ure?d with the lines (4J), Qi (5J), 

Qi (6^). Pressure 4 mm. Hg. Burner diameter 21 rnrn. C,Hj 1*1 om.*/sec.; Og 4*2oni,®/**ee. 


The partial pressure of OH above the reaction zone is only slightly higher than 
that to be expected for equilibrium at the theoretical flame temperatoe, but in 
front of the visible reaction zone, where the temperature measured with a thermo* 
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couple is about 1000° C, the concentration is far higher than for thermal equilibrium. 
This result may be slightly influenced by the flame overhanging the burner a little 
instead of being quite flat, but the main result is clear and indicates either abnormal 
production of OH in this region by pre-flame reactions or else diffusion of OH from 
the flame back against the gas stream.* 



vertical extension of flame 


Figure 6. OH coneentration in a C 2 H,-air flames nieasiirwl with the linos (3^), (4J), 

Qi (flj). Pressure 66mm. Hg. Burner diameter 13mm, 0‘76cm.*/soo.; air 

l{)*0ern.*/8©c. 


It has not been poBsiblo to determine the rotational temperature of the OH 
radicals by comparison of the strengths of the lines in absorption, bnt it seems 
unlikely that the rotational temperature measured in this way would be very 
different from the theoretical flame temperature, as it is in emission. In the pre¬ 
flame region where the absorj)tion, though weak, is stronger than would be expected, 
the intensity maximum of the lines of the Q branch lies near the 5th or 6 th Q line, 
which gives a temperature of around lOOC' K. 

Theoretical calculations of temperature and (K)mposition 

In order to compare the observed temperatures with the theoretical temperatures 
in these flames, so as to obtain some idea of fhe extent of departure from thermal 
equilibrium, the theoretical temperatures have been calculated for various mixtures. 
The concentrations of the various molecules and free atoms and radicals have also 
been calculated in some cases. These calculations have been made in the manner 
described by Damkohler & Edse ( 1943 ). They assume no loss of heat from the fltfme 
either by radiation or to the burner walls, and take account of the following equilibria 

-h iOj, 0,^0 + O, COj^CO + ^0^^. 

It is assumed that there is no solid carbon formation, and that all fuel molecules 
are burnt, without formation of partially oxidized compounds such as alcohols or 

• Some preliminary calculations indicate that the high cqnoontration is probably due to 
diffusion; the distance which a molecule may diffuse is of the same order ae the flame thickness. 
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aldehydes. For weak, stoichiometric and slightly rich mixtures these assumptions 
are not^ likely to lead to error. With very rich mixtures some departure from the 
calculated values may occur through failure of these assumptions, although no 
carbon formation occurred under the conditions of the flames discussed here. 

The following are the calculated temperatures of uxy-acetylene flames at atmo¬ 
spheric pressure and at a hundredth atmosphere, 



1 atm. 


mixture 

(°K) 

(°K) 

C,H((+ 140 a 

3400 

2760 

CaH2 + 240j 

3320 

2710 

CaHa + SOj 

3080 

2570 


The acetylene-air flame has a theoretical temperature of 2520° K at atmospheric 
pressure, and this temperature will only fall relatively little at the pressures used in 
these investigations, as the flames with air do not burn at such low pressure as with 
oxygen and the dissociation to CO and free atoms is loss important in the cooler 
flame. 



FiatxBE 6. Calculated composition of a flame at 1 atm. 

Figures 6 and 7 show the calculated percentage composition for oxy-acetylene 
flames at atmospheric pressure and at one-hundredth of an atmosphere for com¬ 
parison. In these very hot flames the dissociation to free atoms and of COg to CX) 
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and oxygen in very considerable, but the influence of reduced pressure in increasing 
this dissociation is largely offset by the lower temperature. Thus the concentration 
of atomic oxygen rises from 12 % at 1 atm. to 14J % at ^i^atm., that of atomic 
hydrogen rises from 7 to 13 % for the stoichiometric mixture, while that of OH 
shows a slight fall from U J to 9^ %. The proportion of COg falls appreciably, owing 
to the greater dissociation to CO and oxygen at the lower pressure, and this is the 
main reason for the lower flame temperature. 



Figure 7. Calculated composition of a OjHj-O, flame at 


Discussion of results 

It is quite clear from the measurements that there is a very considerable departure 
from thermal equilibrium in the reaction zone. The spectra of these low-pressure 
flames are closely similar to those of the corresponding flames at atmospheric 
pressure. The thickness of the zone at low pressure is about 200 times the mean free 
path of the gas molecules (A 0-1 mm. at 2 mm. pressure and 2500^ K); this ratio 
of the thickness of the reaction zone to the mean free path is about the same as at 
1 atm. The number of collisions made by a molecule as it passes through the reaction 
zone remains at about 10 *, and it may be especially noted that the flame velocity 
shows hardly any change between 1 atm. and these low pressures; for the oxy- 
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acetylene flame it is constant at about 900cm./sec. Thus it seems most likely that 
for these hot flames the reaction processes are not so very different at low pressure 
and at atmospheric pressure. Slow combustion and ignition processes are, of course, 
more sensitive to changes of pressure and to surface effects. The chief difference 
between the hot flames at normal and low pressure is probably the smaller tendency 
to carbon formation, because the low pressure does not favour rapid polymerization. 
However, on the whole it seems that while results from low-pressui'e flames may not 
be quantitatively applicable to combustion processes at atmospheric pressure, they 
should serve as valuable pointers to the types of process occurring. 

All these spectroscopic methods of measuring the temperature appear to give 
values which are much too high. This might appear to indicate that the flame con¬ 
tains some active species, such as for example an abnormally high concentration of 
fast electrons, which cause strong excitation of all substances in the flame. However, 
this is not supported by the observation that all the Fc lines do not reverse at the 
same temperature, or the fact that the rotational temperatures are in general higher 
than the excitation temperatures. Thus in the low-pressure flame of acetylene with 
air we liave, 

Theoretical flame temperature 2400° K 

Excitation temperature by Fe lines 3500° K 
Excitation temperature of OH < 3800'^ K 

Rotational temperature excited OH 5700° K 

On the other hand, the temperature of the unexcited OH radicals (observed by 
absorption) probably does not differ much from the theoretical equilibrium^yalue. 
It seems fairly certain that in these flames with acetylene the excitation of the OH 
is due to chemiluminescence. This is shown by the great strength of the OH radiation 
from these flames; it is around 500 times greater than from an oxy-hydrogon flame 
which has a comparable temperature and OH concentration. Also the OH radiation 
is vastly stronger in the reaction zone than just above, where the radiation is no 
doubt mainly thermal in origin. 

At pressures in excess of 10mm. Hg the rotational temperature from the OH 
emission seems to be always around 5700° K (CgHg-air 5700° K at 25 mm. and 
5400° K at 1 atm.; CgHg-Oj 5700° K at 13 mm.; Bunsen flame 5700° K), but at lower 
pressure there is some change occurring, and the temperature has a higher value. 
There are probably four main effects to be considered, (i) deactivation of electronic¬ 
ally excited OH by collision, (ii) deactivation by radiation, (iii) transfer of rotational 
energy from one OH radical to another, and (iv) conversion of rotational energy 
into some other form by collision. At 10 mm, pressure and at the theoretical flame 
temperature the time between collisions, if we assume a normal collision diameter 
for excited OH, Is around 10 “'^ sec., rising to 5 x 10 -’ at 2 mm. pressure, We have no 
independent knowledge of the probability of deactivation by collision but it is 
known from quenching of fluorescence that in general collision processes may com¬ 
pete with loss of energy by radiation at pressures above a few mm., and in the case 
of excited OH there seems the additional chance of chemical reaction. It is known 
from the work of Oldenberg & Rieke ( 1938 ) that the average radiative life of excited 
OH is about 4 x lO"* sec., which is rather longer than for most electronically excited 
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moleculefl. Thus, if it has a normal collision diameter, an excited OH radical may 
make about 60 collisions during its radiative life at 10 mm* pressure, but only around 
8 at the lowest pressure (l-5mm.) used in these investigations. The emitting mole¬ 
cules have a very high rotational temperature while the unexcited molecules do not 
seem to have such a high temperature, so that there does not appear to be main¬ 
tenance of equilibrium by rapid transfer of rotational energy between excited and 
unexcited OH. On the other hand the rotational temperature does change as we 
pass through the reaction zone and is markedly influenced by pressure at very low 
pressures; thus there is evidence that some, but not complete, conversion of rotational 
energy to some other form does occur during the life of the excited radicals. 

It did not, at first, appear easy to reconcile these varied observations and to give 
a complete theory of the processes connected with the activation and deactivation 
of the OH radicals. However, the following hypotheses seem to give a satisfactory 
and co-ordinated explanation of the phenomena so far observed. It may be assumed 
that excited OH radicals are formed in two ways, (a) By thermal excitation of OH 
radicals; excited radicals of this type will then have a fairly normal rotational 
energy distribution and are responsible for the OH emission from above the reaction 
zone,* and in some cases for the major part of the radiation from levels of low 
rotational energy in the reaction zone; they thus account for the fairly normal 
temperatures sometimes obtained by using points at low K' on the rotational 
temperature curve. (6) By chemiluminescence; the OH radicals are assumed to be 
formed in an excited electronic state, |>erhap8 by reaction of some organic molecule, 
and as thus formed have a very high rotational energy, above 9000° K, and have 
initiaUy an approximately Maxwell-Boltzmann distribution of rotational energy. 
If these molecules were to lose rotational energy in large amounts at single collisions 
then the Maxwell-Boltzmann distribution would be destroyed, which does not 
appear to be the case. Therefore, we assume that the conversion of rotational energy 
into other forms occurs only by a unit or so at each collision so that after a number 
of collisions the effective rotational temperature may fall but the departure from 
the Maxwell-Boltzmann distribution will not be appreciable. The fundamental 
conclusion is now that at pressures above about 10mm. the life of the excited OH 
is determined primarily by oollisicm deactivation and that this occurs, on the 
average, after a moderate number of collisions, probably about 40 if excited OH 
radicals have a normal collision diameter. During these 40 or so collisions the radicals 
will liave lost a part of their high rotational energy so that the emission spectrum 
from the reaction zone gives a sort of average rotational temperature between the 
initial high value and the value to which it is lowered by collisions; in practice this 
value appears to be around 6700° K, varying a little perhaps with gas composition. 
At lower pressure, however, deactivation of OH by radiation becomes relatively more 
important and begins to compete with collision deactivation as the factor deter¬ 
mining the life of excited OH. Thus as we go to lower pressure the radicals make 

♦ In proviouB work by one of us (Wolfhard 1939 ) the OH radiation from the inter-oonol 
ga^es was found to give a rotational temperature about 200 * K too high, but this value is now 
known to be in error by about this amount because of inadequate allowance for change of plate 
sensitivity and of aperture with wave-length. 
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fewer collisions ;before losing their electronic excitation, and therefore then* average 
rotational temperature is nearer to the high initial value of at least 9000“ K. 

Taking this as a basic explanation of the main results we may now speculate on 
the more detailed nature of the collisions responsible for the deactivation of elec¬ 
tronically excited OH and the conversion of rotational energy to other forms* We 
may make use of five main observations, (i) When a trace of acetylene is added to 
an oxy-hydrogen flame at about 7 mm. pressure the rotational temperature has 
the very high value of 8700° K compared with about 6000° K for a pure oxy-acetylene 
flame at that pressure, (ii) In stoichiometric mixtures the rotational temperature 
falls as we pass through the reaction zone, being highest at the base of the flame, 
(iii) In the flame with NjO the rotational temperature, although still abnormally 
high, is much lower than with 0^ or air, being about 3960“ K. (iv) At very low 
pressure rich mixtures of acetylene with oxygen give a higher temperature than 
weak mixtures, (v) The limiting temperature above 10 mm. pressure with air and 
Og is not very diftereut, being around 5700“ K. 

For (i), the chief difference between the pure oxy-acetylene flame, and the flame 
of oxy-hydrogen containing a trace of (which gives the higher temj)erature) is 

the absence of appreciable quantities of CO and CO 2 from the latter; now, at the 
same pressure, a higher temperature could be caused by either a rnore efficient 
collision deactivation of electronically excited radicals (so that there is less time for 
loss of rotational energy by other collisions), or a less efficient conversion of rotatmial 
energy to other forms by collision; since absence of a particular constituent cannot 
account for a more efficient deactivation, the role of CO or CO^ must be in their 
conversion of rotational energy. We thus conclude that the most important obtiisions 
for conversion of rotational energy of OH to other forms of energy are those with 
either CO or COg molecules, probably the latter. Observations (ii) and (iii), the 
higher temperature at the base of the flame and the lower temperature with N 2 O, 
are most easily accounted for by assuming that molecules of Oa are mostly respon¬ 
sible for removal of electronically excited OH; rapid removal of excited OH gives 
a high temperature, while slow removal allows more time for tiie rotational energy 
to fall; in the flame with nitrous oxide there is little Og present, so the temperature 
is low (this explanation assumes that the excited OH is formed by the same reaction 
in the flame with NgO as with Oa); in flames with oxygen the concentration of Oa is 
highest at the base of the flame, where it causes efficient removal of excited OH and 
a high rotational temperature, while higher in the flame most of the Oa is con- 
sumecl, so there is less efficient removal of OH and more time for loss of rotational 
energy. For the explanation of (iv), the higher tem|)erature with rich mixtures, we 
may note that the active molecules for collisions, Oj and COj, tend to increase 
together for weak mixtures and to decrease together for rich mixtures; thus for 
weak mixtures both deactivation of electronically excited molecules and removal 
of rotational energy will be favoured, so that the ‘ transition point' for change over 
from collision to radiative deactivation as the dominant factor will lie at lower gas 
pressure than for rich mixtures; thus at equivalent pressures in the neighbourhood 
of the transition point the rich mixtures will give higher rotational temperatures 
than the weak ones. Observation (v), the nearly equal temperatures with air or 
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oxygen, is most simply explained by assuming that nitrogen molecules are relatively 
inactive both for removal of electronic and rotational energy. 

The high excitation temperatures in the flames as determined with Fe lines does 
not seem to be directly related to the excitation of OH. It is possible that collisions 
with excited OH radicals, leading to excitation of Fe, may raise the average effective 
temperature of the Fe atoms. It is also likely that there is some incomplete equi- 
partition of energy in other forms in the reaction zone of the flame. In its passage 
right through the reaction zone a molecule makes t)f the order 10^ collisions, but the 
number of collisions made by molecules which are actually formed in some part of 
the reaction zone may be appreciably smaller. It is unlikely that complete equi- 
partition of vibrational energy is maintained or that recombination of free atoms 
can keep pace with changing conditions. Such factors may clearly be able to give 
temperatures appreciably above or below the theoretical values for si)ecial forms of 
excitation. 

The present observations have established some facts about the degree of departure 
from equipartition of energy in the reaction zone, especially for the excited OH 
radicals. It is hoped to extend this type of work to other flames and to apply it to 
other radicals such as Cg and CH. Quantitative measurements of light yield for 
various flames at various pressures are also likely to improve our understanding of 
flame reactions. 

In conclusion we wish to express our sincere thanks to Sir Alfred Egerton for liis 
interest in these researches, and one of us (A.G.G.) is indebted to the Royal Society 
for the award of a Warren Research Fellowship. 
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‘Diffuse scattering’ of the Fermi electrons in monovalent 
metals in relation to their electrical resistivities 

By a, B. Bhatia, D.Phii.. aj^d Str K. S. Krishnan, F.R.tS. 

{Received 27 November 1947) 


The main Ht^p in tlie calculation of the electrical resistivities of monovalent metals, in 
which the conduction electrons are almost completely degenerate, is the calculation of the 
relaxation time t of the electrons at the Fermi surface, which in these metals is a sphere* 
and is well inside the first Brillouin zone. Since the wavo-lcjigth A, and hence the group 
velocity e, of the Fermi electrons is known, the calculation of r means also the calculation 
of the mean free path I := vr of these electrons. Kow the finite moan free path of these 
electrons arises from the scattering—^particularly the large-angle soattoring —of theses 
electrons in their passage through the crystal, by the thermally agitated atoms. Hence 
a < let ailed knowledge of the scattering coefficient of the crystal for the Fermi electrons, 
incident and scattered along different directions in the crystal, will enable us to calculate 
r or 1. 

Now the scattering coetticietit tlopends on two factors. 

1. The atom form factor for scattering, which in monovalent metals may be taken to be 
isotropic, i.e. independent of the tlirection of incidence or of scattering separately, but 
dependent on the angle of scattering between them, and on A. {Kxtensive moasuroraentN 
are available on the scattering of slow electrons by the rare gases, which give us information 
regarding the atom form factors for the scattering of the Kenni electrons in the corresponding 
alkali metals, and the variation of these factors with fli.) 

2. The structure factor of the crystal, which, besides being a hmetion of A, will vary, even 
in a otibic crystal, with the direction of inoidonce and of scattering, but will, however, bo 
independent of the nature of the waves, i.e. independent of whether they are X-r^s, or 
electron or neutron waves. (The ‘diffuse scattering* of X-rays of long wavedongths in 
crystals has been studied in great detail, both theoi'etically and experimentally, from which 
one can calculate the structure fac;tors of the monovalent metals for their respective Fermi 
wave-lengths, for different directions of incidence and of scattering in the crystals.) 

Using those data for the atom form factor and for the stnicturo factor of the crystal, the 
mean free path of the Fermi electrons is calculated in detail in the present paper for different 
directions of incidence, for one typical monovalent metal, namely sodium crystal. I'he free 
path I is given by 

1 / 1 = Wv^kTfi<T, 

where v is the number of atoms per unit volume, o- is the (jross-section of the atom for total 
scattering in all directions, Is the compix»s»ibUity, and M ' is a numerical facitor which varies 
from a xnaxiraum of about 2*2 for incidence along [110] to a minimum of about 0-9 for 
incidence along [100], its average value l>emg close to the minimum, and nearly unity. 

With T actually unity, the right-hand side of the above expression for 1 jl can be seen to be just 
the Einstein-Smoluohowski expression for the attenuation coefficient of a liquid medium for 
long waves: which shows that in sodium, and presiunably in the other monovalent metals also, 
the mean free path of the Fermi electrons may be taken roughly as the reciprocal of the 
attenuation coefficient of the crystal duo to scattering, and the scattering may be regarded 
as <lue almost wholly to the local thermal fluctuations in deiiaity, and the Fermi wave-length 
as long enough for the Emstein-Smoluohowski formula for density-scattering to be applicable. 


L Intkodttotion 

In an electronic conductor, c.g. a metai crystal, it is only the electrons near the 
Fermi surface that can make effective collisions and thus take part in conduction. 
Hence a detailed knowledge of the coefficient of scattering along different directions 
in the crystal, of the Fermi electrons, will be helpful in our understanding its 

[ 185 ] 
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electrical properties. In general the wave-lengths of thfese electrons are of the order 
of the interatomic distance. Now the scattering coefficient of a crystal depends 
both on the atom form factor, i.e. the cross-section of the atom for scattering, and 
on the structure factor of the crystal. For weaves much shorter than the interatomic 
distance, or much longer, both these factors are easily evaluated, but for inter¬ 
mediate wave-lengths, such as are involved in electrical conduction, the evaluation 
is more difficult, but has been done by earlier workers. The atom form factor for 
scattering of electrons of such wave-lengths has been studied theoretically by Fax^n 
& Holtsmark ( 1927 ), and experimentally by Ramsauer & Kollath ( 1932 ), and others. 
The technique for the calculation of the structure factor of the crystal for scattering 
of these wave-lengths is also available, since the structure factor for ‘diffuse scat¬ 
tering ’ of X-rays has been studied extensively, both theoretically and experimentally, 
and the structure factor of a crystal for the scattering of electrons—or of any other 
waves—is the same as for the scattering of X-rays of the same wave-length. (In the 
usual discussions on diffuse scattering of X-rays, however, attention is directed 
mainly to the neighbourhood of the Bragg spots, whereas in the scattering of the 
Fermi waves we shall be concerned mainly with the region between the central 
spot and the immediately surrounding Bragg spots.) 

In good metals like the alkali or the noble metals, i.e. metals of the first group in 
the Periodic Table, in which the Fermi surface is well within the first Brillouin zone, 
and is a sphere, the calculation of the scattering coefficient for the Fermi electrons 
becomes much simpler, since all the Fermi electrons have the same wave-length, 
and this wave-length is too long to give any Bragg reflexion; in the alkali metals, 
which are body-oentre^d cubic, this wave-length is 14% longer, and in the noble 
metals, which are face-centred cubic, 11 % longer, than that necessary to give the 
first Bragg reflexion in the backward direction. 

Detailed calculations are given in the present paper of the structure factor of 
sodium crystal for scattering of wave-lengths too long to give any Bragg reflexion. 
Some rough estimates can be made of the atom form factor for scattering of the 
Fermi electrons by the atoms in the metal. These data are then utilized to calculate 
the relaxation time of the Fermi electrons in the metal, and thence its electrical 
resistivity. 

In a previous paper (Krishnan & Bhatia 1944 ) it was shown from certain general 
considerations, that in the alkali and the noble metals the mean fi'ee path of the 
Fermi electrons may be taken roughly to be equal to the reciprocal of the attenuation 
coefficient of the metal for the passage of these electrons, the attenuation being 
due to scattering by the thermally agitated atoms in the metals; and that for the 
Fermi wave-length the scattering may be taken to be due predominantly to the 
local thermal fluctuations in density and the attenuation coefficient to be given 
practically by the Einstein-Smoluchowski formula. The detailed calculations made 
in the present paper for sodium crystal show that these results are good approxima¬ 
tions for this metal, and presumably for other monovalent metals too. It is needless 
to add that they simplify considerably the calculation of electrical resistivities. 
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2. Elkothical resistivity in relation to the scattebing 
OF the FERm ELECTRONS 


As is well known the specific resistance p of a good metal or alloy is given by the 


expression 




m 1 


(I) 


nve^A I' 

wliore r is the reilaxation time of the Fermi electrons, of wave-length A ~ {Snjlinv)^ 
and of group velocity v = 7i/mA, Z = is their mean free path, v is the number of 
atoms per unit volume, and n is the number of conduction electrons per atom, and 
the other letters have their usual significance (see Mott & Jones 1936 ; Frohlich 1936 ). 
All the quantities in ( 1 ) and ( 2 ) are known except r (or /), and the main problem in 
calculating the electrical resistivities of good metals or alloys is tlierefore one of 
calculating r (or Z) in terms of the scattering of the Fermi electrons the thermally 
agitated atoms. 



Let AE (see figure 1 ) be the direction of the applied electric field. Consider elec¬ 
trons at the Fermi surface moving along any given direction AO, and scattered 
along AP, the angle of scattering being The wave-vectors k and k' (fc' ^ k) of the 
incident and the scattered electron-waves respectively, are as marked in the figure, 
K is the wave-vector of the elastic wave that produces the scattering, where 
A^ 2 fcsin Consider now the quantity ^P^IPe - where p ^ hk ib the 

momentum of the incident Fermi electron, and Ap — AAA is the change in its 
momentum due to scattering, and the subscripts E denote the components along 
A jSJ of these quantities. Ak will evidently be equal to K. 

Jjei be the fraction of the Fermi electrons moving along direction k which is 
scattered per unit volume of the crystal, per unit solid angle,* along direction k'. 
The reciprocal of the mean free path appearing in ( 2 ) will then be given by 

• The probability that a Fermi elofjtron travelling along k is scattered per unit time per 
unit solid angle along k' is given by 

where v is the velocity of the electron. 
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where and are elements of solid angles about the directions k and k' respec*' 

tively, and both the integrations extend over the whole of the 47 r solid angle. Jt 
will be seen from (3) that Ifl may also be regarded as 47 r times the average value of 
the average being taken over all directions of scattering k', and all 
directions of incidence k of the Fermi electrons.* 

Even in a cubic crystal, because of its elastic anisotropy, the scattering ooefiEioient 
^kk* ^ function of k and k'. Even so, with a detailed knowledge of as a 

function of k and k', which as we shall show in the present paper is not difficult to 
obtain, the integration in (3) can be done numerically. 

In the usual discussions on the electrical resistivities of these metals, it is assumed 
for convenience that is a function of the angle of scattering ^ between k and k', 

and is indej>endent of k and k' separately. This assumption will hold when the crystal 
is elastically isotropic, and when further the Fermi wave-length is much longer than 
is necessary to give any Bragg reflexion, i.e. A > 2d sin where d is the lattice 
8 })acing corre 8 f)onding to the first Bragg reflexion. Neither of these conditions, 
however, is satisfied in the alkali or the noble metals, since many of them are 
elastically anisotropic, and A, as we have seen, is only slightly greater than 2 rf. 
Holding for the present to the assumption that is a function of ^ alone, wdiich 
we can denote by we may evaluate (3) in a simple manner, since we can now keej) 
one of the directions k, k', say k fixed, and find the average value of 
over all directions of the other, namely k'. We can do tins averaging in two steps. 
First we keep (j>, and hence constant, and average over all azimuths of 

scattering; the average is just K siti^^/&, or (1 - cos^), which gives for 1 // the value 

1 1 

^ ~ 008^4)277 sin (4) 

which is independent of the dii’ection of incidence k in the crystal. 

Though we do not adopt the approximation that is a function of (j> alone, and 
is independent of k or k' separately, we shall have occasion to use expression (4), 
since even in elastically anisotropic crystals like the alkali metals there are regions 
in reciprocal space in which for certain directions of incidence the scattering coefficient 
is roughly a function of ^ alone. 

3. Diffuse scattering as due to thermal agitation 

The influence of the thermal agitations of the atoms in a crystal on the intensities 
of the Bragg reflexions and of the * diffuse scattering’ along other directions, has 
been discussed among the earlier investigators by Darwin ( 1914 ) and by Debye 
( 1914 ). B be the structure factor of the crystal, defined as usual by 



♦ In the derivation of expression (I) it is implicit that 1 /t is the same for all the Fermi 
electrons, i.e. for all directions of incidence since in the metals that we are bonsidering all the 
Fermi electrons Irnve the same wave-length. When 1/t varies with the direction of incidence, 
one may as an approximation, use the average value of 1 /t taken over all directions of the 
Fermi electrtjns, as we have done in expre^ion (3). 
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where a is the scattering coefficient of an atom in the crystal per unit solid angle, or 
the atom form factor for intensity, all the three quantities i?, S and s referring to 
the given wave-length and to the same directions of incidence and of observation. In 
the moTiatomic metals that we are considering, s may be regarded as practically 
isotropic, i.e. a function of only ^ and A in the combination sin J^^/A. 

The major effect of the thermal spread of the atomic centres about their mean 
jKjsitions will be to make the atom form factor at temperatim^ T, namely Sfp^ fall 
off more rapidly with increase of sin^^/A than the corresponding form factor s^y of 
the non-vibrating atom, according to the well-known expression 

M = Jfll/A)*, j ^ 

where is the mean square of the amplitude of the thermal f>scillations taken along 
the external bisector of the angle between the directions of incidence and of scatter¬ 
ing, and is given at room temperature, which in thefee metals is sufficiently high in 
comparison with the Debye temperature to make th(^ tliermal energy proportional 


where is the Einstein vibration frequency and m the mass of the atom. Tlit^ 
re.sult is a rapid fall of intensity of the Bragg reflexions particularly of liigher orders, 
with rise of temperature. This is observed, and the fall is roughly in accordance 
with (5). 

The question naturally arises as to what hapfiens to the energy represented by 
the diminution of the intensities of the Bragg reflexions consequent on increase of 
temperature. Obviously it should appear as diffuse scattering along other directions, 
and besides, if a sufficient number of liigher order Bragg reflexions is included in 
the range 0 < ^ ^ tt, we should have for any given direction of incidence 


rJfSpCJw — vjsj. do) = do), 


(fl) 


where the integrations extend over the whole of the in solid angle of scattering. 

If the only effect of the thermal agitations may be regar(l(3d as a static swelling 
up or inflation of the scattering atoms, as is implied in the above treatment, then, in 
addition to the integrated value of 8 over all directions being equal to the difference 
between the integrated values of and of over these directions, as given by ( 6 ), 
8 will be equal to v(so“^r) along every direction. Though some extensive measure¬ 
ments by Jaunoey and his collaborators ( 1935 ) apparently lend support to this 
conclusion, it is now realized, both from theoretical considerations, and from 
scattering experiments made with a narrow parallel pencil of incident mono¬ 
chromatic X-rays, which verify the theory, that such a detailed balancing between 
^ *w)t occur. 


4. CAiiOtriM.Tioir of diffuse scattering 

A detailed calculation of the directional distribution of intensity of the diffuse 
^scattering of X-rays in crystals due to thermal agitation has been made by Fax 6 n 
( 1923 ) and by Waller ( 1923 , 1925 , 1928 ), and more recently, and from a different 
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point of view, by Raman ( 1941 ). We may mention immediately that in crystals in 
which all the normal modes of vibration are of the acoustic type, ,e.g. those of the 
alkali and the noble metals, the Fax 6 n-Waller treatment and the treatment by 
Raman give identical results* (The criterion adopted by Raman for distinguishing 
between the ‘acoustic’, and the ‘optical’, normal modes of vibration of a crystal, 
is not, however, the same as the criterion adopted here.) 

The Fax 6 n-Waller treatment has been simplified, or made more rigorous, by 
Zaohariasen, Born, Weigel, and Jahn,* among others. We shall use here the results 
as presented by Jahn ( 1942 a) since they are in a form directly applicable to our 
problem. 

Consider the reciprocal lattice of a given cubic crystal and the first Brillouin zones 
surrounding each of the points of the reciprocal lattice, including ( 000 ). These zones 
will be filled by a quasi-continiious and uniform distribution of cells, each cell 
defining a wave-vector K associated with the elastic standing waves that represent 
the normal modes of vibration of the crystal. Each AT-cell will correspond to three 
normal modes of vibration of the crystal answering respectively to the three direc¬ 
tions of vibration or displacement—and the three frequencies—associated with the 
particular value of K. 


B 



In the alkali m«tals, which are body-centred cubic, the first Brillouin zone sur¬ 
rounding each point of the reciprocal lattice is the rhombic dodecahedron bounded 
by faces of the type { 110 }. Th^ distance from the reciprocal |>oint forming the centre 
of the dodecahedron to the faces of the dodecahedron will be l/ 2 diio» where is 
the grating spacing of the ( 110 ) planes in the crystal. In the noble metals, which are 
face-centred cubic, the first Brillouin zone is the orthotetrakaidekahedron, or the 
14-hedron, bounded by { 111 } and { 200 } faces, i.e. the octahedron { 111 } truncated by 
the cubic faces { 200 }. In both the alkali and the noble metals these first zones can 
accommodate just one K-ceMper atom, i.e, all the normal modes of vibration of the crystal 

* For a good accoimt of the subject see symposia of papers on the subject in Proc. Ind. 
Acad. Sci. 14. 1941, and in Proc. Boy. Soc. A, 179, 1942, and the reports by Mrs Lonsdale and 
by Max Born in Beports on Proyress in Physics, Physical Society, London, 1942-43. 
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will be of the acovstic type^ and further the first zones surrounding the various reci¬ 
procal lattice points will be similar and similarly oriented, and these zones will fill 
up the whole of the reciprocal space without overlapping. (As is well-known, both 
the rhombic dodecahedron and the orthotetrakaidekahedron described above are 
‘space-fillers’-) 

Consider now a narrow pencil of monochromatic electron waves of wave-number 
k — llA incident along AO (see figure 2 ), where 0 is the origin ( 000 ) of the reciprocal 
lattice, and consider the radiations scattered along AP, where AP = k' and 0 
is the angle between ^0 and -4 P or the angle of scattering as before. L#et P —which, 
following Laval, we may call the ‘ pole of diffusion ’—lie in the zone associated with 
the reciprocal lattice point B. Let B denote the vector OP, and K the elastic wave- 
vector from P to P. The vector K,. defined by 

K, - B + K 


will bisect externally the angle between the direction of incidence k(^ 0 ) and the 
direction of observation k'(-4 P). The structure factor P of the crystal for the given 
direction of incidence and of scattering will be given, according to Jahn, by* 




(7) 


where p is the density of the medium, N^,'Ng, Ng are the three frecjuoncies and 
®i. «»> ®3 th® three unit polarization vectors, i.o. unit vectors along the directions of 
displacement of the atoms, associated with the particular elastic wave-veo^r K. 
Following again Jahn, we may rewrite (7) in the form 


B = e 


vkT 


{LA,. + MB, + NC^) 

r .5.- V - 


+ 2BA- s 


i-1 

, 1^2 {lAi + mBf + n( 

A — nr - 




( 8 ) 


where L, M, N are the direction cosines of B, I, m, n those of K, and A{, 0^ those 

of the polarization vectors 64 , 1 = 1 , 2 ,3. 

In the special case when the pole of diffusion P lies in the central Brillouin zone, 
i.e. in the zone associated with ( 000 ), the first two terms in ( 8 ) vanish, since for this 
zone B •* 0 (and EL, a K), and we are left with the third term alone. The expression 
for R then reduces to 

B . i ,9) 

P i»*l 

where « NJK is the phase velocity of the elastic wave. 


♦ Kxoept for a oonstant of proportionality which i» left undetermined in Jahn’s expression, 
but is easily evaluated when we r^ard scattering as reflexion from the appropriate thermal 
elastic waves in the crystal (Krishnan & Bhatia 1948 ), and is included in (7). 
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5. SCATTERINO REGARDED AS REFT^EXIOK EROM APPROPRIATE 
THERMAL ELASTIC WAVES 


In a previous paper, on the scattering of light-waves, i.e. of very long waves, in 
homogeneous media (Krishnan & Bhatia 1948 ), we showed that the scattering 
coefficient S may also be regarded as equal to the maximum value of the coefficient 
of reflexion from the two sets of progressive elastic waves (the two progressing in 
opposite directions) whose wave-normals and wave-lengths satisfy the Bragg con¬ 
dition for reflexion, either set consisting of three progressive waves corresponding 
to the tl)reo directions of displacement, the energy of each of the waves, filliiig the 
whole of the medium, being that of a Planck oscillator of the same frequency, or kT 
under the jjresent assumptions. The expression for R comes out on this basis as 


(Krishnan & Bhatia 1948 ) 



( 10 ) 


whore w, is the angle between K and e,-. 

Expression ( 10 ), deduced here for long waves, can be seen to be identical with the 
Pax^n-Waller expression (9), except for the factor which for long waves is 
practically unity. 

For shorter wave-lengths also, i.e. when the pole of diffusion P lies outside the 
central Brillouin zone, R can be calculated in tt^rma of reflexions from the elastic 
waves, and the expression thus obtained is found to be identical with the corre¬ 
sponding expression (7) of Fax 6 n-Waller. We demonstrate this equivalence below. 

Consider any one set of atomic reflecting planes {hkl) in the crystal, which, under 
suitable conditions, can give rise to a Bragg reflexion, and let the spacing of these 
layers \ye This regular layered structure may be regarded as the limiting case 
of a plane condensational acoustic wave with its wave-normal perpendicular to the 
planes, its wave-length equal to and its velocity of projHigation zero. Actually 
since the distribution of matter in thme layers is not sinusoidal, but is concentrated 
near the plane of the atomic centres, we shall have to take into account the upper 
partials also, corres|K)nding to the spacings 1 / 2 , 1/3, etc. times These shorter 
grating spacings may be regarded os giving rise to Bragg reflexions of the second, 
third and higher orders, corresponding to the reciprocal lattice points 2{hkl), B{hkl), 
etc., and since these reciprocal lattice points are considered separately, we shall 
confine ourselves here to the fundamental spacing corresponding to the point 
(hkl) of the reciprocal lattice. 

Consider now one of the elastic waves representing a normal mode of vibration 
of the crystal, whose wave-vector is K, and consider also a regular stratification of 
the crystal of spacing Because of this stratification the above wave may also 
be regarded as an elastic wave whose wave vector is given by 



We shall refer to such waves obtained by the superposition of elastic waves on the 
stratified layers of the scattering medium, as resultant ehb&tic waves, as distinguished 
from'the primary elastic waves. Whereas the wave numbers of the latter, namely K, 
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are restricted in onr crystals to the limits of the first Brillouin zone, the wave 
numbers of the resultant elastic waves may have very large values, 

The frequency of the resultant elastic wave, the displacement of the atoms under 
it, and the energy per unit volume associated with it, will all be the same as for the 
primary elastic wave producing it, but the velocity of the resultant wave will 
naturally be smaller than that of the primary wave in the ratio 

V^IV ^ KIK,, 

When the primary wave is a long one, such that K<^K^ the velocity of the resultant 
wave can become quite small. 

These resultant waves can reflect the incident X-rays in the same manner as the 
primary elastic waves, and th us account for scattering along directions corresponding 
to positions of P outside the central Brillouin zone, i.e. along directions for which 
there can be no direct reflexion from any of the primary waves. 

It will be seen from relation (10) that when the total energy in the medium 
associated with the elastic wave remains fixed, namely at kT, the intensity of 
reflexion from the elastic wave, which determines the scattering along the direction 
concerned, is inversely proportional to the square of its velocity, and hence the 
ititensity of reflexion from the resultant wave, because of its low velocity, will be 
larger than that of the reflexion from the primary wave by a factor {K^IKfi which, 
as K becomes small, or as P approaches the reciprocal point corresponding to the 
Bragg reflexion from the particular set of reflecting planes considered, will become 
very large. 

The intensity of scattering along these directions will also be conditioned by 
the following, 

(1) Just as in reflexion by a primary elastic wave, i.e. when P lies in the central 
Brillouin zone, it is the components of the three displacements along the wave- 
normal K of the reflecting elastic wave that determine the intensity of scattering, 
80 also in the case of reflexion by the secondary elastic wave referred to above, i.e. 
when P lies outside the central Brillouin zone, it is the components of the displace¬ 
ments along that determine the intensity, but the absolute directions of these 
displacements in the crystal will be determined by the direction of propagation (Imn) 
of the primary wave alone, according to relation (12) to be given in the next section* 

(2) For the short wave-lengths A that we are considering now, the temperature 
factor will deviate considerably from unity, and will have to be retained. 

These considerations obviously lead to an expression for R identical with expres¬ 
sion (7) given above, of Fax4n & Waller. 

For these short waves we should remember tliat the atom form factor Sq will vary 
markedly with ^ unlike for long waves. 

6. Remarks ok the OAiiCUi^ATioN of r for some special directioks 

OF ELEOTROK WAVES 

Consider the locus of the pole of diffusion P in reciprocal space when the direction 
of incidence is kept fixed and the direction of scattering is varied over the whole of 
the Am solid angle. The locus will evidently be a sphere passing through the orifin, 
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of diameter 2k, the diameter through the origin being along the direction of in¬ 
cidence. Following the usual practice we shall call this the * sphere of propagation*. 
Since equal areas on the sphere correspond to equal solid angles of scattering, the 
calculation of 1 Jl for the given direction of incidence is equivalent to integrating 


1 






dA, 


where dA is an element of area on the surface of the sphere of propagation, over the 
whole of the sphere. 

We saw in § 2 that when 8 is a function of (j) alone, the average value of 
over all azimuths of scattering corresponding to a given angle of scattering is 
just equal to 8^(1 — coh(^). Even when the crystal is cubic like ours, is not a 
function of ^ alone. If, however, the incidence is along [ 100 ], [1 lOJ or [111], which 
are axes of tetragonal, digonal and trigonal symmetry respectively, and we con¬ 
sider all the cryetallographically equivalent directions (j>, 0^ corresponding to the same 
angle of scattering (j) and to equivalent azimuthal angles then 8j^^ = 8^. will 
be the same for all these directions of scattering, and the average value of 
over these directions will again be (1 — cos^). Hence for the above special directions 
of incidence in a cubic crystal, the expression for \jl may bo written in the form 


In other words the weightage factor tliat takes into account the relatively large 
contribution to 1 /Z from large angle scattering, is equal to (1 — cos^i), and hence the 
same as when is a function of ^4 alone. 


7. Sphere op propagation wholly inside the first Brillotjin zone 


Before proceeding to calculate 1 jl for the alkali and the noble metals, for their 
respective Fermi wave-lengths, for which the sphere of propagation extends into 
the second Brillouin zone also, it will be useful to calculate its value for the special 
case when A is large, i.e. when the sphere of propagation is well within the first 
Brillouin zone. This cose is simple since then for every point P on the sphere the 
velocity of propagation, and the directions of the displacements, are independent 
of the todve-number K of the elastic wave, though of course they will vary with the 
direction of K; and and A^, Cp occurring in (9), can then be expressed in terms 
of the static elastic constants c^, and C 44 of the cubic crystal, by the relations 
{Cji + C44(m® -h w*) - pV?} A^ + {Cij -f C44) {ImB^ + nUJ^) == 0, ] 


4“ 4“ w®) Bf 4" (Cj 2 4“ C 44 ) {IfnA^ 4** = 0, /■ 


( 12 ) 


{cji n® + c, 4 ((* + m®) - pTJ*} Q + (c,, + *44) (InAf +mnJS,) * 0 . 


In view of those relations, expression (9) reduces, as Jahn has shown, to 


Rm^e^^vkT _ C44 + 2C44 + m®tt® + ««(«)+ 3 €®(®m«w® _ 

c„cj 4 + 644(01, 4 -Cij)e(Pm®+TO*«®+n®P) + (Cii+2cj,+C44)e®Pm®»® ' ' 

4 e-iMvkT.Fi„,^, say, ( 14 ) 




'Dijfvse scatteriTig^ of the Fermi electrons 

where e is the elastic anisotropy of the crystal, given by 
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e — Cji — Cig — 2C44. 


Moreover in this region is practically unity, and practically independent 
of 0 , and equal to <7/4;r, where cr is the cross-section of the atom for total scattering in 
all directions, and is given by 

(T=J 8^2nm\(})d(l>. (15) 

Consider incidence of long electron waves along one of the principal directions 
[100], [ 110 ] or [111] of the cubic crystal. Expression (11) for Ijl reduces under the 
above conditions to the simple form 

l// = v%r(cr/47r) J, (10) 


where 


Cir [*2n 

•^ = Fi„J,y-GO»^)s\n(j>d4de. 


( 17 ) 


When the crystal is elastically isotropic, i.e. when e = 0, becomes independent 
of lm,n, and equal to l/cn* In that case expression ( 17 ) holds whatever may be the 
direction of incidence, and the factor (I — cos^) appearing in ( 17 ) intended to give 
the proper weightage for scattering at large angles, over scattering at small angles, 
becomes quite ineffective ultimately, and the expression for I jl merely reduces to 

1/1==:;^ ==^;2ifcr(r/Cii, (18) 

where /i is the total scattering in all directions, per unit volume of the crystal, or 
the attenuation coefficient of the crystal for the passage of electron waves along the 
direction considered, the attenuation being due to scattering, and the coef^cient fi 
being defined by r ^ i . 

where is the intensity after traversing a distance d in the crystal. 

If further C44 = 0, becomes equal to c^a and to 1/yS, where is the compressibility 
of the crystal, and the expression for the attenuation coefficient due to scattering 
then reduces to the Einstein-Smoluohowski value for a li(|uid (Krishnan & Bhatia 
1948), namely 

as it should. 

Coming back to the elastically anisotropic cubic crystal, and considering first 
incidence of long electron waves along [ToO], we may express defined by ( 13 ) 
and ( 14 ), in the form* • 

a 4 - b{Pm^ 4 - 4 - nH^} 4 “ cl^hi^ 

"" a' + 6'(i?W 4- mV 4- ii:¥) 4* c 7 

.4 4“-® sin* 20 

where ^ a 4 - ^6 sin*^, ® =« i cos^ |^(6 4- c sin* 

and A' and B' have similar values in terms of a' and b\ 

* We should remember here that Imn ore the direction cosines of the elastic wave-vector K 
which bisects externally the angle between k and k', and when k is along [TOO], is related 
to the angle and the azimuth 6 , of scattering by the relations 

w = cos cos n = — 00s sin 




( 19 ) 


( 20 ) 


Vol. 194. A. 
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In view of exf>re8aion (20) for F in which A, A\ B* are all independent of 6 ^ 
the integration in ( 17 ) with reference to 0 can be done readily- Doing so wo obtain 

J-j 7(1-"Cos^lsin^d^, (21) 

where ^ Jo 



Changing the variable in (21) by putting / = 1 — cos 0 we obtain 



Fiouhk 3 


Obviously/fc represents the perpendicular distance from (000) of the plane perpen¬ 
dicular to the direction of incidtmee which by its intersection of the sphere of 
propagation defines ^ (see figure 3 ). 

The integration in ( 23 ) can be done numerically, since we can calculate readily 
the values of 7 corresponding to different values of/ in the range 0 </:$ 2. 

The elastic constants of sodium crystal have been determined by Quimby & 
vSiegel (1938) at different low temperatures, which on extrapolation, give for room 
temperature (see Lonsdale & Smith 1940) 

Cii^xO‘52, C12-0-40, 

all of them in 10 ^^ dyues/cm.^. Or 

^18 ^ ^44 “ — l*35Cj|, (24) 

Using these data, we have calculated the values of 7 for different values of / in 
the range 0 ^/^ 2 at intervals of 0*2. The values are entered in table 1. 


Table 1 


/ 

0 

forward 

tlirection 

0-2 

0-4 

0-« 

0-8 

10 

1-2 

1*4 

1-6 

1-8 2-0 
backward 
direction 

Y.0xJ2n 

0*84 

0*77 

0*69 

0-60 

0-53 

0-50 

0*59 

0-74 

0-86 

0-95 1-0 
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It will be seen from the expression for J?' that it becomes zero when sin* = — 6 'jc\ 
or when / = 0 * 62 , Since B' appears as a multiplying factor in the denominator of 
both the terms in expression (22) for Y, it appears at first sight that Y may become 
infinite at/ ™ 0 * 62 . But actually on making B' small, and expanding the two terms 
and taking them together and then making B^ tend to zero, the Y v^/ curve is found 
to decrease smoothly at this point. 

JS' becomes again zero at ^ = ;r, i.e. at / = 2; but it can be readily seen that both 
the terms in (22) are separately finite at this point since B' occurs in the combination 
BjB\ and BjB' remains finite at §4 — tt. 

Using the values given in table 1, and Simpson's rule for numerical integration, 
we obtain 

J = 27r X 1*52 /cijl, 

and hence for incidence of long electron waves along [100] 

III ^ ( 25 ) 

as against Ijl — v^kTcrjc^i 

for the elastically isotropic crystal (see ( 18 )). 

The calculation of I/? for other directions of incidence in the crystal, even [lid] 
or [111], becomes laborious. But one can see in a general way that for long waves 
1// will be roughly of this magnitude for all directions of incidence. 

We may also note here that because of the 1 — cos^S factor, the bulk of the con¬ 
tribution to 1//comes from large angle scatterings, the small angle ones contirtbutiag 
very little to it. 


8. Vakiation of R with this wavf-lkngth a 

In the region of reciprocal space close to (000), corresponding to A > 2d sin the 

velocities and the directions of displaoeraents defined by and hence 

also Ry will be independent of the magnitude of the elastic wave-vector K (but will 
of course depend on the direction of K). This will not be true, however, when the 
. pole of diffusion P approaches the boundary of the Brillouin zone. One lias a rough 
idea how at least the velocity varies as one approaches the boundary, which may be 
taken to indicate in a general way the variation of the displacements also. Calcula¬ 
tions have been made by Kellerman (1940) of the phase velocities of the elastic 
waves in rock salt crystal. Though the velocities decrease as one approaches the 
boundary, the total drop, even for the [111] direction, for which it is a maximum, 
is only 25 %, and much of this drop is confined to the close neighbourhood of the 
boundary. Calculations have also been made for crystals of tungsten (Fine 1939), 
and of KCl (Blackman 1937), of the density of distribution of the normal modes of 
vibration of the crystal, on the frequency scale, i.e. p{N) as^i function of the frequency 
N, where p(JV) dN gives the number of normal modes of vibration whose frequencies 
lie between N and NA-dN, Now the corresponding distribution on the K scale, 
i.e. P(A') as function of K, where P{K)dK gives the number of normal modes of 
vibration between K and Jt+diT, is known to be uniform over the whole of the 


13-2 
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Brillouin zone. A comparison of the distributions on the two scales, using the simple 
relations* ^ y dN/dK = O, ( 26 ) 

where V is the phase-velocity, and Gf the group-velocity of the elastic waves, gives 
a rough estimate of the change in the pha.se-velooity as we approach the boundary of 
the zone. These estimates also show that the total drop in the phase-velocity as we 
approach the boundary is a fraction, of the order of 1 / 4 , most of the change again 
occurring in the neighbourhood of the boundary. (The group-velocity 0 will of course 
diminish much more rapidly than V in this region, and tend to zero at the boundary 
of the zone.) The result will be an excess of scattering in the close neighbourhood of 
the boundary of the Brillouin zone, which, however, being highly localized, will 
contribute little to the total scattering taken over all directions. 




Ji 


Cn 




Table 2. (Sodium crystal) 

Kr along [100] 

<0*707t-. 1/V2 0*75 0-80 0*877^ 

1 0 1 31 1-70 2*73 


R 


Table 3. (Sodium crystal) 

Kf, along [110] 


<0-6t 

0*55 

0-60 

0*70 

0-80 

0*86 

0*877^ 

0-60 

0*89 

1-34 

3-12 

9-56 

19-2 

30-5 


»_ 

er^vkT 


Table 4. (Copper crystal) 
Kr along [100] 

<0*58t=:l/V3 0-00 0*70 

1-0 M7 2-3S 


0-80 

5-08 


0-m 

12-6 


R 

cr*^vkT 


Table 5. (Copper crystal) 

Ky along [HI] 

<0-5t 0*65 0-5() 0*70 0-80 0-85 O-OOJ 

0-71 1-06 1*60 3-72 11*4 22-8 68-8 


When we move outside the first Brillouin zone, the value of jB, which is now 
determined by K^, will naturally vary not only with the direction of but also with 
its magnitude, as can be seen from ( 7 ). In order to get an idea of the variation of ^ 

• In the special cose when the medium is non-crystalline and P{K) == 3 x 47riC*, we obtain 

p(N) dJV =: 3 X 4nN*dNI( V*G). 

t These values of correspond to the upper limit of the first Brillouin zone. For values 
of Kr greater or smaller than this limiting value, biU not doae toU, R can be calculated on the 
basis of formula (8), and the values entered in the tables are those calculated on the basis. 
When i» to this limiting value, the value of B given by (8) will be too low, as we 
mentibned earlier in tlus section. 

X These values of Kf correspond to backward scattering (0 = ) of electrons having the 
Fermi wave-length. 
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in this region, we have calculated for sodium the variation of R with sin Jji/A for 
two directions of K^, namely [100] and [110]. The special advantage of these direc¬ 
tions is that for all positions of P on these lines can be obtained in a unique way, 
and the directions of B, K and are identical (neglecting the sense of the direction) 
so that R will continue to be a function of sin as in the central region. 

The values of R for different positions of P along [ 100] and [110] for sodium crystal, 
and along [ 100] and [ 111 ] for copper crystal, are entered in tables 2 to 5. The distances 
from the origin are expressed in terms of l/dno for sodium, and in terms of 1/d^ii for 
copper, i.e. in terms of the distance in reciprocal space of the first Bragg spot from 
( 000 ). 


9. ThK atom form factor 8 AND ITS VARIATION WITH ^ 

We have seen that for the Fermi wave-length the sphere of propagation extends 
much beyond the first Brillouin zone, and tlmt for the regions on the sphere remote 
from (000) R may vary rapidly. Though this will be the major factor aflfecting Sy 
two other factors also affect it considerably. 

(1) The factor e"^^, which in the region near (000) is practically unity, will now 
be appreciably less, and will diminish with increase of For sodium crystal at room 
tem])erature (300'^ K), and for its Fermi wave-length 

A = 2-28^110 = 6-93 A (3-12eV), 

decreases by about 24 % as we pass from the forward to the backward direction.* 


<!> 

^4 

Tablb 6 

^4 

(degrees) 

(A*) 

(degrees) 

(A*) 

15 

0*220 

106*5 

0148 

28 

0-214 

121 

0-131 

43 

0*218 

137 

0*120 

69 

0-220 

152 

0-117 

74*6 

0-207 

167 

0-112 

90 

0-173 




(2) The atom form factors, which in the region near (000) is practically independent 
of 0 will not be so now. Knowing, however, the Fermi wave-length A, and the 
electronic distribution in the atoms of these metals, it is possible theoretically to 
calculate the variation of a with The calculation is rather laborious. But we can 
get the data concerning the variation of a with <j) required for our present purpose 
from the extensive measurements made by Ramsauer & KoUath (1932) on the 
scattering coefficients 8 ^ of rare gases for different angles of scattering <j> and for 
different wave-lengths A. The scattering medium in their experiments being gaseous, 
these data give directly the atom form factors 5^, since - S^jv, The data for neon 
gas for 3' 12 eV, i.e. for electrons having the same wave-length as the Fermi electrons 
in sodium metal, are given in table 6. 

* The value 2Jlf = 0*27 sin* J^/A* given here is on tiie basis of the Debye temperature of 
sodium being 160®K. 
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It will be se<^)n from table 0 that is practically independent of up to about 
0 = 75®, after which it drops down, reaching about half the value at about (j> = 125®, 
and remains afterwards practically constant at this value. The general variation 
of with (l> observed here holds not only for 3»12eV, but also for electrons having 
energies in the neighbourhood of this value, and for other rare gases too. We may, 
therefore, take this result to be applicable to the scattering atoms in the alkali 
metals also, and as a rough approximation take to be constant and equal to over 
the whole of the range 0 and again constant and equal to over the 

remaining angles of scattering where is about 100®. 


10 . CALOlJLATtON OF T FOR THE FeRMI ELECTRONS IN SOOIITM CRYSTAL 


We now proceed to calculate 1/Z for one typical crystal, namely sodium, and for 
its Fermi wave-length of 6-93 A, when the direction of incidence is along [110], 
i.e. to evaluate the integral 

1 

over the whole of the corres{loading sphere of propagation. The mine of Ijl will be 
a maximum for this direction of incidence in the alkali metals. For the purpose of the 
integration we split the surface of the sphere into two parts, namely that included 
in the central zone, and that outside respectively. The critical angle of scattering 
defining the transition from the former to the latter region is about 9H®, corre¬ 
sponding to (see §7 ) /q = 1 - cos98® =« 1-14, and in view of the remarks made at 
the end of the previous section we may to a first approximation take to be constant 
and equal to over the whole of the former part, 0 < ^ 98®, and again constant and 
equal to — sJ 2 over the latter part 98 ® <tt, the average value of 6* over the 

whole of the sphere being given by 

s = (r/(47r) === i(M4^i-f 0-86«2) - 0*79j?i. (27) 

Let us denote by (1/Z)i the contribution to 1/Z from the part; of the sphere included in 
the first Brillouin zone, corresponding to 0<9i<98®, and by (l/Z)^ the contribution 
from the part of the sphere that lies outside the first zone and corresjKjnding to 
98 °<^^ 7r. 

The calculation of (Ijl)i is done immediately. Since (1/Z)i is the contribution to 
1 jl from forward angles of scattering and is a small part of 1 /Z, we may in view of (23) 
take it to be just {fo/ 2 kf times the value of 1/Z for the complete sphere of propagation, 
Z/wi wlmU of the sphere beiryg taken for this purpose to he well within the first Brillouin 

(l/i)i = ;'*fcT.47r8,(0-76/Cu)(M4ifc/2/fc)* 

=» 0*3v*ib7’(r/cu. (28) 

The contribution to 1// from the part of the sphere outside the central zone, which 
we have denoted by and which is the major contribution to 1/1, is calculated 
in the following manner, remembering that in this region also may be taken to be 
independent of 4>> but equal to s,. The major factor that determines variation of S 
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in this region will be the variation of JK, which will be particularly marked in the 
regions of the sphere facing the reciprocal point (110). Jahn (19426) has discussed in 
the case of X-rays the variation of i? for scattering by sodium crystal, for different 
positions of P in the neighbourhood of the reciprocal point (110), and has investi¬ 
gated in particular the shape of the ‘isodiflusion’ surfaces, i.e. the loci of P corre¬ 
sponding to different constant values of the coefficient The portions of these 
isodiff'usion surfaces in the neighbourhood of the line [110] and the reciprocal point 
(110), are found to be portions of highly oblate ellipsoids, with their short axis along 
[110], and hence the intersections of these surfaces with the sphere of propagation 
will be practically planes perpendicular to the above line and perpendicular to the 
plane of the pajrer in figure 4. 



In order to give an idea how flat these surfaces are, we give in table 7 for 
a few of the isodiffusion ellipsoids surrounding (110), the magnitudes of the semi-axes 
along the three principal directions of the ellipsoid, wliich are also the directions of 
displacement e^, I along [HO]; II along [TlO]; and III along [001]. The semi-axes 
are all expressed in terms of the Fermi wave-number k — 1 /(2-28<^iiip) as unit. (The 
shortest distance from (110) to the surface of the sphere of propagation is 0-284:.) 
The calculation of the axes is based on the data for the elastic constants of sodium 
crystal given in § 7, 

Table 7. Semi-axes of some of the isodtffttsion eu.tpsoids around 

(110) AND CLOSE TO THEIR [110] AXES 


I 

11 

III 




0-28 

1-23 

0*484 

30*5 

0-4 

1-90 

0*73 

13*2 

0-5 

2-55 

1*00 

7*6 

0-75 

4-90 

2*10 

2*48 

0-0 

7*06 

4*04 

1*40 

1-0 

10*89 

— 

0*98 


It will be seen that the II and III semi-axes are much longer than I, especially as 
we move out some distance from (110) and as the area of intersection of these 
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isodiffusion surfaces with the sphere of propagation expands; and hence we may take 
these intersections practically as planes perpendicular to [110], 

This feature of the isodiffusion surfaces makes the computation of the structure 
factor and of the scattering ooefficieut for the portions of the sphere of pro- 
pagation outside the central Brillouin zone, and facing (110), and the numerical 
integration of 8^(1 — coB(j>) over this region of the surface of the sphere, easy; since 
for the purpose of this integration we may divide the surface of the sphere in the 
neighbourhood of B into zones of equal area, by equally spaced planes perpendicular 
to [110], In other words 8 in this region is detennined wholly by the distance/fc 
from (000) measured along [110], where/ = 1 - cos^, 98 ° < ^ ^ tt. 

On this basis expression ( 7 ) for ii, for the part of the sphere outside the central 
zone at a distance fk from (000) measured along [110] will be given by 



where is the velocity of the longitudinal elastic wave of wave-number K travelling 
along [110], and is given by (see (12)) 

+ + ( 30 ) 

which for sodium crystal becomes Cn/OdiO. Hence we obtain 

R = er*^^vkT(ihmicii)pj( 2 - 2 H--ff ( 31 ) 


and 


Rv$,^(l — coQ^)2nBin^d<^ 


i^kT(r 


X 0-190 


<r 




Pdf 


( 32 ) 


The integral can be evaluated numerically, and is found to be equal to about 12-0, 
whence we obtain 

(1/Z)jj = 2 'Zv^kT(rlcy^. ( 33 ) 

From ( 28 ) and ( 33 ) we obtain 1/^ = (l/i)i + (l/ 0 e 

= 2 -^v^kTcrjc^y^. ( 34 ) 

Though the above method of calculating (I/O2 taking the intersections of the 
sphere of propagation by the isodiffusion surfaces to he planes is a good approximation, 
it can be readily seen that it is on the side of an over-estimate, since R will fall off 
slightly more rapidly as we move away from (110) than is implied in the above 
approximation. Hence we may express 1// for the Fermi electrons in sodium crystal 
in the form 

1 // « <& ( 35 ) 

where for incidence along [110], is slightly less than 2-6, which as we mentioned 
is (he highest value of <!> for any direction of incidence of the Fermi electrons. 
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11. Incidence of Fermi electrons along [100] 

The calculation ofO for other directions of incidence of the Fermi electrons is more 
laborious, but we can see in a general way that in a body-centred cubic crystal, just 
as is a maximum for incidence along [ 110], it is a minimum for incidence along [ 100]. 
For the latter direction of incidence the portion of the sphere of propagation that is 
included in the first Brillouin zone varies with the azimuthal plane of scattering, 
and for (001) and similar azimuthal planes corresponds to 0^/<0*66. Now the 
structure factor R does not reach a high value in any part of the sphere of propaga¬ 
tion, as it does when the incidence is along [110], the highest values of Rc^il{e~^^h^kT) 
now reached being only 2'7 (see table 2 ), for the backward direction of scattering, 
i.e. for / — 2, and falling down to unity as we move back to the boundary of the 
Brillouin zone. The above value of R would correspond to 

c„ 4 n 

Hence for this direction of incidence O should lie between 13 and 0 - 76 , and a rough 
estimate shows it is about 1*1. 

12. The average value of l/l taken over axj. directions of tnctdknce 

Having fixed the approximate upper and lower limits for 4 >, namely 2-6 and 1-1, 
for incidence of the Fermi electrons along [ 110 ] and [ 100] respectively, it now remains 
to determine the average value of O taken over all directions of incidencd*bf these 
electrons. The high value of 4 ) = 2*6 for incidence along [110] is due to the close 
proximity of the extreme outer regions of the sphere of propagation to the reciprocjal 
lattice point (110); indeed of the total value of 2*6 for O for this direction of incidence, 
about 1 ■ 7 is contributed by the small region 1 *76 </ < 2 , the rest of the sphere, namely 
0 ^/^J* 75 , contributing about 0*9 only. Hence as the direction of incidence is 
varied even sUghtly away from [110], O will drop down considerably, and hence one 
can reasonably take the average value of <[> to be very close to its minimum value of 
I'l, and take the mean value of Ijl or Ijvr required in calculating the specific resist¬ 
ance of sodium to be given by — — 

^ l/Z-<I>F2^T(r/Cu, 

where 4 > is about 1*2 or 1 * 3 . 

Till now we have expressed Ijl for sodium in terms of its elastic constant 
We may also, for convenience, express it in terms of its compressibility /?, which 
in a cubic crystal is given by ^ ^ ^ 2 c„), 

and which in sodium is equal to 3/(2'64cii) = MS/c,,. The mean free path Ijl can 

then be expressed in the form — ^ 

^ l/l=>rv*kTfi<r, (36) 

where T is a numerical factor, which in sodium crystal will be seen to be close to 
unity. With Y * I, one can easily recognize the right-hand side of equation (36) 
to be just the Einstein-Smoluohowski expression for the attenuation coefficient of 
a liquid medium for long waves (see Einstein ( 1910 )). 
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Now in a liquid, the local inhomogeneities produced by thermal agitation, which 
ultimately account for the scattering, is represented almost wholly by the local 
fluctuations in density. In a crystalline medium, however, the local inhomogeneities 
which produce scattering will naturally be more complicated, and will involve, 
besides the compressibility yff, the other elastic constants too. As a result of this, in 
sodium crystal, and for small values of sin i?i/A, the structure factor R is considerably 
less than the Einstein value, almost half of it when K is along [110]. On the other 
hand, when the pole of diffusion P moves out of the first Brillouin zone, R as we have 
seen rises above the Einstein value, and for certain directions of incidence, and in 
the neighbourhood of the backward direction, becomes several times the Einstein 
value. But since these high values are highly localized their contribution to Ijl is 
not so largo. Indeed the average value of Ijl for the Fermi electrons, taken over all 
directions of incidence and of scattering, as we have seen, is roughly just the Einstein 
value, as though we might regard the mexinfree path I of the Fermi electrons in sodium 
U) be just the, reciprocal of the attenuation coefficient due to scattering, and the scattering 
to be determined almost wholly by the local thermal fivcttuitions in density. This simple 
approximation is a result of the rough balancing of the different varying factors 
that determine the moan free path, R^ and 1 ~ cos </> increasing, and s^ decreasing, 

as we pass from the forward to the backward directions of scattering. 

Had A been considerably shorter, i.e. had the Fermi surface been much closer to 
the boundary of the Brillouin zone, owing to the rapid increase of R as one approaches 
the boundary, and the consequent increase of the scattering coefficient 8 , the free 
path and the relaxation time would be much shorter. The result would be a corre- 
sfKindingly enhanced specific resistance. 

In the usual treatment of the electrical resistivities of metals (see Mott & Jones 
1936) for convenience in calculation, the medium is regarded as elastically isotropic, 
and the longitudinal thermal elastic waves alone as contributing to the scattering, 
which is equivalent to regarding the scattering as produced by the fluctuations in 
density due to thermal agitation. The detailed calculations made in the present 
paper show that in sodium metal, this is a good approximation, and it is presumably 
so in other monovalent metals too. 

Now the Fermi wave-length A, as we have seen, is not much longer than necessary 
to give the first Bragg reflexion in the backward direction, i.e. not much longer than 
2 d, Even so, it was shown in an earlier paper (Krishnan & Bhatia 1944) from certain 
general considerations, that it should be regarded os long enough for the Einstein 
formula—which is derived explicitly on the basis of A’s being very long in comparison 
with the interatomic distance—to be applicable. The present calculations show that 
the intensity of scattering, particularly along the backward direction will deviate 
considerably from the Einstein value, but the total scattering in all directions, 
i.e, the attenuation coefficient, remains roughly at this value. 


13. Fkrjii surface close to the boundary of the Brilloitin zone 

We have already emphasized that if the electronic wave-length were to be reduced 
considerably below the Fermi value, the total scattering, and hence the specific 
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resistanoe, would increase very rapidly. This would be attributed in the usual theory 
of electrical conduction in metals to the approach of the Fermi surface to the 
boundary of the Brillouin zone, and the consequent enhanced influence of the ionic 
lattice on the freedom of movement of the electrons. The effect would be regarded 
as equivalent to either an increase in the effective mass of the electron near the 
boundary of the zone, or a decrease in the effective number of conduction electrons, 
whereas from the point of view adopted in the present paper the effect is an enhanced 
scattering and a corresponding reduction in the mean free path of the Fermi elec¬ 
trons. All the three alternatives are of course equivalent, and correspond to an 
enhanced specific resistance. But the viewpoint adopted here, which regards the 
enhancement of the resistance when the Fermi surface approaches any of the 
reciprocal points as due to enhanced scattering of the Fermi electrons, has certain 
advantages, especially in dealing with the electrical resistivities of liquid metals 
(Krishnan & Bhatia 1945)* We postpone detailed consideration of this aspect to 
a separate paper. 
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A generalization of the method of separating longitudinal 
and transverse waves in electrodynamics 

By Sonja Ashaueb, Neivnham College, Cambridge 

{Communicated by R A. M, Dirac, —Received 16 July 1947) 


A generalization of the method of separating longitiulinal and transverse waves in electro- 
dynantics is proposed in this paper. It consists in splitting up each Fourier-component of 
the wave-field 4- vector with respect to two null-vectors k and U, where k is the Fourier vector 
of propagation, and 1^ is an arbitrary (real) function of k satisfying (1^, k) := I and 3=5 — 1 ,,. 
I’his amoimts to referring eacli Fourier-component of the field to a different time-axis in the 
usual method of splitting up. may also depend on the co-ordinates of the particles of the 
system. The longitudinal field variables are eliminated from the Hamiltonian formulation of 
electrodynamics by a contact transformation; the term which then replaces the longitudinal 
field depends on the oo-ordhmtoa of the particles, and in general also on the transverse field 
variables, except when 4 is indei>endent of the co-ordinat/Cs of the particles. The work holds 
both in the classical and in the quantum theory. 

For the problem of an electron moving in the field of a nucleus a particular form is chosen 
for the 1^, which depends on the initial velocities of both the particles. The now longitudinal 
waves are eliminated, and the classical deflexion formula is derivetl on the assumption that 
the interaction with the new transverse waves can be negloctod. The new method leads to half 
the deflexion derived by the usual method of working only with the Coulomb interaction 
force (and so neglecting radiation damping in a certain way), when the nuclear recoil is 
neglected and the deflexion angle is small. For a low-velocity electron, the effect of the new 
transverse waves cannot be small, but for a very high energy electron the now method may 
l>e more suitable than the usual one. 


Introduction 

The main problem of electrodynamics is to treat the interaction of a system of 
charged particles with an electromagnetic field. In order to enable the direct passage 
to the quantum theory, it is necessary to put classical electrodynamics into Hamil¬ 
tonian form. In this form of the theory, each particle of the system is described by 
a suitable Hamiltonian for the particle and the field. In field theory, the mutual 
interaction between the charged particles is looked upon as an indirect one: each 
particle influences the neighbouring field and this influence spreads out to the other 
particles. The total field consists of a transverse and adongitudinal part, the latter 
occurring only in the presence of charged particles. It was first shown by Fermi 
(1930, 1933) that the longitudinal part can be eliminated from the Hamiltonian 
function and replaced by the static Coulomb interaction of the particles. 

A Hamiltonian formulation of electrodynamics which takes into account the 
effect of radiation I’eaction has been given by Dirac {1939, 1943) with the help of 
the X’limiting process. Each particle is then described by a Hamiltonian equation 
involving a new field (represented by its 4-vector potential) whose properties differ 
slightly from those of the Maxwell field and which is called the Wentzel field. This 
is a wave-field and can be split up into longitudinal and transverse waves according 
to the usual method in a Lorentz frame having a particular direction as time^-axis. 
This method consists in taking the whole of the time-component of the field to be 
longitudinal, and separating the spatial part of the field into a rotation-free (longi- 

[ 206 ] 
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tudinal) part and a divergence-free (transverse) part. It is then shown that tlie 
longitudinal waves can be eliminated from the Hamiltonian equations by means 
of a contact transformation, and replaced by terms giving rise to the Coulomb 
interaction between the particles. This procedure simplifies the equations of motion 
considerably, as it reduces the number of field variables in them by half. The 
relativistic form of the theory, however, is spoilt. 

There is great arbitrariness in the method of separating the longitudinal and 
transverse waves under the requirement that the divergence-free character (in four 
dimensions) of the transverse waves is preserved. In the usual method, all the 
Fourier-components of the field are split up with reference to the same selected 
direction (the time-axis of the particular Lorentz frame). In this paper a general 
method of separation is proposed, in which each Fourier-component is split up with 
reference to a diiferent (arbitrary) direction, which may depend on other variables 
as well as on the Fourier-component. Under certain conditions the new longitudinal 
waves can be eliminated from the Hamiltonian equations by means of a contact 
transformation. The work is carried out here in the classical theory and is so arranged 
that each step can be taken over directly into the quantum theory. 

The generalized splitting up of the field may be useful in cases where the usual 
method is not the most suitable. As an interesting application, the problem of the 
motion of two interacting charged particles is considered. In this case the usual 
method of eliminating the longitudinal field and treating the interaction between 
the particles and the transverse field as small gives satisfactory results for slowly 
moving particles. The neglect of the terms containing the transverse field variables 
in the Hamiltonian equations leads to the equations of motion for the particles 
derived from the Coulomb potential, from which the usual classical formula for the 
deflexion of an electron by a heavy nucleus is obtained (Darwin 1913). This involves 
the neglect of radiation damping in a certain way. For particles of large relative 
velocity, however, some alternative method of treatment of the field may bo more 
suitable, A new way of separating the longitudinal and transverse field based on the 
proposed generalization is therefore introduced for this case. The neglect of the terms 
containing the new transverse field in the Hamiltonian equations leads to new equa¬ 
tions for the motion of the particles. A new formula for the classical deflexion of 
a fast electron by a nucleus is thus derived and compared with the usual one. 


1. General separation of longitubinal and transverse waves 
Relativistic notation will be used, in the metric defined by 

ffoo = -ffll “ -= -{?»8 * 1. V = ^ /“ + *'> 

the velodty of light being unity. The scalar product of two 4-vector8 a, b is denoted 

(A,h)ma^bi‘ (/t-0,1,2,3). 

Consider a number of charged point-particles interacting with an electromagnetic 
field in the classical theory. Let e^, z^, be the charge, co-ordinates and momenta 
respectively of the ith particle, and A(x) the field at x (4-vector potential). The 
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equations of motion of the dynamical variables are derived from the many-time 
Hamiltonian equations written in the usual way in terms of the momentum vector 

Pi-e-iAiz,). (M) 

In the theory which takes into account the effect of radiation reaction (Dirac 1939, 
1943), the field A(x) to be used in these Hamiltonian equations is taken to be 
given by 

A(x) 5= ^[App(x+X) + A|^(x — X)], ( 1 * 2 ) 

where A^. is the Wentzel field and X is a small time-like vector which is ultimately 
made to tend to zero. The have to satisfy the conditions 

(z,. —z^±X)*<0 for i+j. (1-3) 

The field can be represented by its Fourier-components 

A(x) ~ (dk “ dkQdkidk^dk^), ( 1 * 4 ) 

where Ajj = ^^^jA(x)e~*^^*^dx, ( 1 * 5 ) 

the 1‘eality of A(x) demanding that A^ = The Poisson bracket relations satisfied 

by the field are taken to be 

= -^'0O8(k,X)A(k)5(k+k'), (1-6) 

where A(k) « |~ [«(| | -fco)-^(| *1 + *«)]. | * | = (fc! + A:|+ *§)*. 

J(k + k') = + i'^) (y(fc^ -f k*^) S{k^ + k!^) S{k^ + k^^). 

The Wentzel field satisfies the d'Alembertian equation, which gives 

k* = 0 , ( 1 * 7 ) 

and a divergence equation, which leads'to the (supplementary) condition 

(Ak,k)-;^-j008(k,X)A(k)Sye,c-«k.»;) = o. (1-8) 

The usual splitting up of A(x) into longitudinal and transverse waves is carried 
out in a particular Lorentz frame of reference. Let the (time-like) vector a specify 
the direction of the time-axis of this particular frame in a general Lorentz frame. 
In terms of Fourier-components, the splitting up is given by 

Ak/< ” + (1*^) 

where the transverse components satisfy the relations 

(Tk,k) = 0, (Tk.a)« 0 . (MO) 

It can be seen at once that ( 1 * 9 ) and (MO) give the famfiiar splitting up equations 
if one passes to a frame where being the Kroneoker symbol. 
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The equations (1*9) and (MO) give a general form of the splitting up of the 
field if a is regarded as a vector that is arbitrary, apart from satisfying the condition 
that (a,k) must not vanish identically. This condition must be imposed in order 
that the equations (l*9)and (1*10) can be solved for Lj, Lj^andl^^. Thus a different 
direction a may be selected for each Fourier-component of the field, say a^, 
provide! that (..,k) + 0. (Ml) 

The transverse waves so defined are gauge-invariant (as should be the case if they 
are measurable quantities), since the first equation of (1 *10) gives in x-spaoe 
= 0. It is seen from (1*9) and (MO) that the longitudinal and transverse 
parts of remain unchanged if a^ is replaced in (1*9) by with /S^ + O. 

Introducing the null-vector defined by 


*^~(a„k) 2(ak,k)a^ ^ 

with the properties (lk»^k) = (Ik^k) = 1, (1*13) 

one can put the generalized splitting up into the form 

^kfi. - At/t + (1*14^) 

where the transverse components satisfy the relations 

(T„y- 0, (Tk,k)«0. (1*15) 

I r 

With the help of (M3) and (MS), the equation (M4) gives the new and as 

ii = (A„k), = (Mfi) 


It is not necessary at this stage to restrict Ij, to be real. However, Ijj must satisfy 
a suitable condition for L^(x) (and therefore also T^J[x)) to be real. This condition is 
which gives 

(Am, k) (ij^, + Lk)i) + (Am, 1m + Lm) = d. 

On multiplication by and by It^t, this leads to 

(lk>i-M) = 0, (Am.1m + Lm) = <>• 

Therefore it is necessary to impose pn permissible functions Im the condition that 

1 m = -Lm. (M 7) 

The Poisson bracket relations of the variables introduced above will now be 
considered. If 1 m is a function of k only, it will have vanishing Poisson brackets with 
all the dynamical variables. More generally, one could take 1 m to be a function 
either of the co-ordinates or of the momenta p< of the particles. In either case 

Uifti Vp] “ [Am/ii ^p] ^ 

[LJ.1m.p1-0. [LJMm'pI-O 
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Erom (J' 0 ) and (Mfi) one gets, by a straightforward calculation, 

[U.m = o, 

[ii.ijf] = j^,co8(k,X)A(k)(y(k+k'), 

[Lii,Lj?] = -^,(lk,lk.)co 8 (k,X)A(k)«(k+k'), i (M 8 ) 

= -^,[lu, + V,-(lk.lk-)*,]co8(k,X)A(k)5(k+k'). 

The Poisson brackets of the longitudinal field Avith the transverse one should vanish 
(i.e., they should commute in the quantum theory), if they are variables corre¬ 
sponding to different degrees of freedom. The last two equations of (1*18) show that 
the condition for this is that 

(M9) 

Together with (l-H), (1*19) shows that must be taken to be a real function of k. 
This condition and the condition (1*19) will always be assumed to be satisfied in 
the work that follows. (In terms of ajj the condition (1 * 19) is satisfied in particular if 

0 ^ = aa_k, ( 1 * 20 ) 

wherea + O.) With (1*19), one has 

( 1 - 21 ) 

It will now be assumed that the 1^ depend on k and on the co-ordinates 
(i = 1 , 2 ,...). Then 1^, and depend on the Zj. The following Poisson 
brackets hold 

= ~ • ( 1 * 22 ) 

2. Eumination of the longitudinal waves 

If all the dynamical variables of the system are transformed to new ones by means 
of a contact transformation, the new Hamiltonian equations describing the system 
will be just the old ones expressed in terms of the new variables. It is possible to 
eliminate the longitudinal waves from the Hamiltonian equations by such a trans¬ 
formation, the supplementary condition ( 1 ‘ 8 ) being at the same time automatically 
satisfied and so dropping out from the system of field equations. The method of 
elimination follows that given by Dirac ( 1943 ) for ordinary longitudinal waves, 
adapted to the resolution of the field into Fourier-components. 

The required contact transformation can be built up from infinitesimal contact 
transformations, in which each dynamical variable | is transformed according to 


dr 


mm (O^T^l), 


(2-1) 
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from its initial value = g to its final value = i' say, with 

(?<»■> ^ 4^^)exp [i(k, z</>)] d\i, (2*2) 

From the Poisson brackets of the last section one fiiids that ~ Ij^ and = 2^. 
Since is expressible in terms of (by (1*16)), which has vanishing Poisson 
brackets with the transverse waves, is also independent of r. Taking == 
in (2*1), one has 

= - ^ A(k) + e-'O^'b-W), (2-3) 

where (1*6) and (1*19) have been used. By integration with respect to r this gives 




The transformation of the p, is given by 

^7 = - «fJ(ASr’- Ik) J(Air>, e'»-*J)rfk. {2-6) 

The properties (M3) oflfc show that ^ 

can be replacsed by A^ in tlie two integrals of (2*5). Also, from the splitting up 
equations (1*14) and (1*10), one has 


and 


(Alt, Ifc) = ^k,i (Afc, k) 


With the help of these equations, (2*5) becomes 
dr 


e,A,{zd + e^T^iz,) + .,J(Ak.k) ik7«*-»‘>rfk + ii)/'J(2-6) 


After integrating (2-6) over t from 0 to 1, and exin'essing (A^.k) with the help of the 
supplementary condition (1'8), one gets 

ft/. - ei^/.(Zi) “ Pi/. - ei3'’,,(ft) - (Tk, ^«‘-‘>>dk 

- ^,L,e,jA(k)Zk„{e^*'-^+W + e<<‘-«*-rA)}dk. ( 2 - 7 ) 

The left-hand side of ( 2 ' 7 ) is the expression (l-l), in function of which the Hamil¬ 
tonian equation of the tth particle is written (both in the classical and in the quantum 
theory). The right-hand side of ( 2 * 7 ) is expressed in terms of the new dynamical 
variables introduced by the contact transformation; the longitudinal field variables 
have been eliminated and replaced by the two terms containing integrals. The first 
integral contains in general transverse field variables referring to aU the particles 
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(not only to the ^th one), but it vanishes if dl^Jdz^ » 0. The second integral depends 
on the co-ordinates of the particles and the choice of 4, but not on any field variables. 
It is interesting to examine when the term corresponding to j ^ i (‘self-energy*) 
in the summation over j in this integral vanishes. This term is of the form 


jA(k)ljjCOs(k,X)rfk oosft |^cose| k\dkidk^dk^, 

( 2 - 8 ) 

where IjJ", is Ijj with replaced by ±\k \ respectively, 


b I A I cos/?, c = Ao+ I A | cos/? 

and p is the angle between the 3-vectors A^ and Since X is a time-like vector, 
b and c are different from zero. Now transform the right-hand side of (2*8) to 
polar co-ordinates t ^ \ k\, 6 ,<j), and suppose 1^ and lj~ expansible in power series 

00 Cf> 

of r with powers > -1 in the form 1^^ - ^k" = 2 with and 

0 0 

independent of r. These series can only contain odd powers of r due to the condition 
(l']9). The integrals over r in (2*8) become 


C 00 00 1*00 00 

oos6r(/r, 1 v cosert/r. 

J0 0 Jo 0 


{2*9) 


Each of the two integrals of (2*9) may be evaluated by term by term integration, 
whenever this procedure, applied to the integral in question and to the corresi)onding 
integral obtained by replacing cos by sin, leads to a series that is sununable (in the 
Cesiro sense) (Hardy 1908). Since 


r 00 /* 00 

1 costrrfr ^ 0, I r^^^mnbrdr 
Jo Jo 


(-~l)»(2w)!/62n+i^ 


the ‘self-energy’ vanishes if S(- 

0 


l)«( 2 w)!b„/ 6 ®^^ ^i and S (“ 1)^ (2^)1 c^/c^n+i ^re 
0 


sununable. In particular, the ‘ self-energy * vanishes if depends only on the 
direction of k, so that = cesi^ for any rn, where m and a are non-vanishing scalars, 

since the power series above reduced to their respective first terms in this case. 

If the Ijt are such that the corresponding may be taken independent of k, the 
last term of (2*7) gives, after passing to the limit X->-0, 

S'. 1 2(a, Zj -Z.J?- a■H^i - Zjf] a,, - (a, z, - z,) ; 

[(a,z,-z,)*-a*(Zi-z,)»]» ' ' ' 

If the a are also independent of all the the first integral on the right-hand side of 
(2*7) vanishes, and (2*10) agrees with the result given by Dirac (1943) in a reference 
frame where Uy = (a*)*^^o. In the single-time Hamiltonian theory, (2*10) then 
leads to the electrostatic Coulomb potential of the particles. 

One could also consider the case where the are functions of k and of the p^. 
The contact transformation (2*1) with (2*2) then makes the new z^ depend on the 
Afc, thus leading to difficulties. This case is therefore abandoned. 
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Up to this point, each step taken in the classical theory above can be carried over 
into the quantum theory. The right-hand side of the supplementary condition ( 1 * 8 ) 
must be applied onto the wave-function. One arrives at the same result (2*7) with 
both sides of that equation applied onto the wave-function. 


3 . OUASSICAt, DEFI-EXION OF AN BLECTBON BY A NtrCLEXIS 


As an application of the general theory above, consider the problem of the inter¬ 
action of two charged particles, say an electron and a nucleus, in the classical theory. 

The usual method, where the field is split up with reference to a selected time-axis, 
taken to be the directi(in of the initial velocity 4-vector of the nucleus, leads to the 
Coulomb interaction. If the interaction with the transverse field and the nuclear 
recoil are neglected, the following (relativistic) formula for the angle of deflexion 
^ of an electron, which is supposed coming from infinity, is obtained (Darwin 1913 ; 
Schonland 1922 ) 

Here (f) is taken to be positive when the deflexion is towards the nucleus, = EejniVy, 
E == charge of the nucleus, — e = charge of the electron, m = rest-rnass of the elec¬ 
tron, = spatial part of the initial 4-velocity of the electron, and b is the impact 
parameter. For small angles of deflexion one can put ^/( I — (bjb)^) 1 , and ( 3 * 1 ) gives 




2Ee ^{]^v j)_ 2Ee 
mb rf ^ 7nbv^ 


if 


(3*2) 


A different method of splitting up the field will now be introduced. The initial 
velocity 4-vectors of the nu(;lous and of the electron determine a sot of parallel 
two-dimensional planes in space-time, which is taken as reference for defining the a^. 
These may be defined by the following geometrical method. 

Only such functions will be considered whose? direction depends only on the 
direction of k, so that a,^ aaj^ for any m, where m and a are non-vanishing scalars. 
The direction of ajj (which determines the splitting up) is specified by its point at 
infinity, A{K) say, where K is the point at infinity of the direction of k. All the points 
at infinity of space-time form a 3-dimensional projective space S%, The f;^j,-metrio 
in space-time defines a null-quodric in selected set of parallel planes has 

a line r in that intersects the null-quadric. The problem of defining the direction 

of is equivalent to the problem of defining in a point-function A (K), where K 
is a variable point on the null-quadric, by means of projective operations, the line 
r being used as reference. Since the have to satisfy (1*11), the point A[(iL) must not 
lie on the polar plane of K, The condition ( 1 * 20 ) is automatically satisfied. 

The function A{K) may be defined as follows. Consider the plane [rK] through 
the line r and the point K (figtire 1 ). The polar line of r, f say, does not lie on this 
plane and it therefore intersects this plane in a point, 0 say. Take A{K) ^ 0 iot 
all the points K of the null-quadric which lie on the plane [rK]. 

To express A{K) analytically, introduce homogeneous co-ordinates X 4 
(/t « 0 , 1 , 2 ,3) into space-time by putting XJX^. The points of A’®, have X* « 0 , 
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and the null-quadric is given by X^Xi‘s(K,X) = 0. Let P, Q he & pair of polar 
points on r, such that P lies outside and Q inside the null-quadrio. The co-ordinates 
of P and Q satisfy the equation (P, 0) = 0. The equation of r is obtained by looking 
upon f as the intersection of the polar planes of P and Q, namely (P, X) = 0 and 
(0, X) = 0. Any point of the plane [rK] s [PQX] may be represented parametrically 
by = yiPfc + ytQit + yaJ^ir The point O in which f intersects the plane [PQX] 
can therefore be obtained from the solution of the equations 

o.^y^P.+y^Q.+y^K^, (P,O) = 0, (O,O) = 0. 

Hence 0,, = (P,K)(0,0)P^ + (0,K)(P,P)(;>,-(P,P)(0.0)X^. 



On returning to non-homogeneous co-ordinates in space-time, and dropping the 
part parallel to k, which makes no change in the splitting up of the field, this gives 

ak = (p,k)p-(q,k)q, (3-3) 

where p* = - 1, q® = 1, (p,q) = 0. (3-4) 

The choice of aj, above is the only simple one. For instance, the intersection of 
OK with r, [OK, r] = M say, taken as A{K) leads to the same result (3-3), and so 
does the choice a,9A{K) of any point on the line OK. Further, if S, T are the two 
points where r intersects the null-quadric, one might think of taking the harmonic 
conjugate N of M with respect to ,5, T as A{K), but this is not permissible since iV 
can be shown to lie on the polar plane of K. Other choices for are more com¬ 
plicated and artificial, and so are not of interest. 

Take a Lorentz frame of reference in which the nucleus is initially at rest at the 
origin, with the Zj-axis parallel to the spatial part of the initial 4-velocity of the 
electron, and the Zs-axis orthogonal in three-space to the plane of motion. The 
points at infinity of the Zg-axis and the z^-axis are two polar points on r, which can 
be taken as the points Q and P introduced above, so that q„ = and iin 
(3-3). Then (M2) gives 




(3.6) 


Separating longitudinal and transverse tvaves in electrodynamics 216 

This defines the new way of splitting up the field. The new longitudinal field is 
replaced in the Hamiltonian equations by the last term on the right-hand side of {2*7), 
as the Ifc of (3*5) are independent of the z^. The ‘ self-energy ’ term^* =: i vanishes as 
discussed earlier. One may now j)ut X = 0 in (2*7), and pass to the single-time 
Hamiltonian theory by putting the time variables of the two particles equal, 
“ ^ 0 ’ adding the Hamiltonian equations of the two particles in the usual 
way to form the total Hamiltonian function. The three spatial components of the 
last term in (2*7) vanish. Thus the last term of (2*7) contributes the following 
‘interaction potential ’ i'" to the total Hamiltonian 

Ee 

= - — M (3.0) 

^ Jo Jo r 

where the co-ordinates of tht^ nucleus are denoted by capital letters, and those of the 
electron by small letters. The integral over r in (3*6) diverges near the point r - 0 
independently of 2:2 —-^ 2 , since 

r®i 1 r°°i 

... ^ ^ j 4, ^ -izf cm^ flf, 

Jo r Jar J^ r 

where p > 0 is small. Now 

Pf r® 1 

J p r J p z 

where is a Oesiro convergence factor. Thus the constant infinity can be separated 
out in (3*6), and one gets 

y' = 2Ee 8{Zi-Z^) [log [ | 4 const.] (3*7) 


as the expression replacing the Coulomb potential. It will be found that the infinite 
constant has no physical effect on the motion of the particles. 

On the assumption that the interaction with the new transverse field may be 
neglected, the equations of motion of the two })articles are as follows, where S 
and s are the proper-times of the nucleus and of the electron respectively, 


m—' - - It = 

^ d8^ ~ dSdZ,' “ ds dz, ' 

jffdh„_ ^dZfdi'~ ^_ dZfdi^ 

^ dS^ ~ 'dS dZ, ’ d8*~ ‘da dz, ’ 


1 , 2 ). 


(3-8) 

(3-9) 


and the trivial equations 




(3-10) 


The system (8-8), (3-9) and (3*10) may be regarded as giving Z, and 2 , (t » 1,2) 
functions of z^. Let zj ’be the value of Zo for which z, — Z, = 0. Since the potential 
contains a ^-function, which vanishes everywhere except at zj, the motion of the 





216 


Sonja Ashauer 


two particles is straightline and uniform before and after In a relativistic theory, 
where the velocity of the particles is always finite, they will change their direction 
of motion by a finite angle at the instant due to the <S-potentiaL It may be pointed 
out that with such a ^-potential it would be physically wrong to neglect the 
nuclear recoil. The two sets of equations (3-8) give the following momentum 


equations 




where is the spatial part of the initial 4-velocity of the electron, and 

dS dif 


The two equations (3'9) give the conservation of energy equation 


M^ + m^ 


The second equation of (3*8) for < = 2 is 


ni 


*2 




z^—Z^ 


Try a solution of the form 
where v!^ ia a constant and 


dz^ 

da 


= Vie(zi-Zj), 


(311) 

(3-12) 

(3-13) 

(3-14) 

(3-16) 


€{Zi — Zi) — 

The differentiation of (3-15) gives 


0 for — 00 < Zj — Zj < 0, 
1 for 0<Zi —Z,<oo. 


d\ 

da* 




(3-16) 


where (3-11) has been used. In a small neighbourhood of zj, the equations (3'1()), 
(3-11) and (3*12) give 


dz^jda 

d^S'' 


1 + {dzilda)* + (dzjda)^ t * dzjda 


+ (Vi - dzjda)’^ + ~ {dzjda)*j ^ 1 t’l ~ dzjda j 


M 
m' 


Omitting in (3'16) the term which remains finite in a small neighbourhood of zj', 
one has ,, , 

(3-17) 


so that, frt)m (S-14), r, •* — Eelmb, (3-18) 

where b is the impact parameter. The Zi-oomponent v'l of the final 4-veIocity of the 
electron is obtained from the conservation of energy 

ifV(l+ ^'i*+^'i*) + »«V(l + «J*+e;») =. if+mV(I + v»), 
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where V[ and V'^ are the and Zj-components of the final 4-velocity of the nucleus, 

namely, 


m , 


Thus v[ satisfies the equation 

— (ilf + m ^(1 + wf ))*] + 2rn{m + M^{1 + wf)) v^v'^ 

+ (m + if V( 1 + ff ))* - (1 + wj*) (if + m V{ 1 -I- w?))* = 0. (3-19) 


The angle of deflexion ^ of the electron, taken to be positive when the deflexion is 
towards the nucleus, is given by 


. Ee 1 


(3-20) 


where satisfies (3* 19) and is given by (3-18), The deflexion (3*20) can never 

exceed a right angle, as can be seen directly from the nature of the potential 

1{ Mpm, the equation (3* 19) gives as first approximation v[ = 

{3'20) becomes . , -ni , , 

^ ' sni<p “ 


if ^ is small. This is half the deflexion (3-2) derived from the Coulomb potential for 
small and > 1. Thus, for small velocities Vi, where the deflexion (3-1) agrees with 
experiment, the method proposed above of splitting up the field and neglecting tlie 
new transverse waves does not lead to agreement with experiment, which means 
that the effect of the new transverse waves is not negligible for small velocities of 
the electron. However, for a very high energy electron, the usual method of working 
only with the Coulomb interaction force involves neglecting radiation damping in 
a certain way, and in this case the new method proposed above may be a better one. 


In conclusion, I wish to express my deepest gratitude to Professor P. A. M. Dirac, 
F.R.S. for his supervision and guidance during the course of the above work. I am 
also indebted to the British Council for the award of a scholarsliip. 
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The laminar boundary-layer equations of bodies of 
revolution. Motion of a sphere 

Bv D. Meksyn, D.Sc. 

{CoimnunicMed by 0. Temple, —Received 17 September 1947) 

1 . InTROBUCTTON AKt> SUMMARr 

In a prfjvious paper (Meksyn 1948 ) the author gave a methotl of calculating the 
velocity distribution in a laminar boundary layer on cylindrical bodies. The aim of 
the present paper is to exteiid the method to the case of laminar boundary layers 
on bodies of revolution. 

The problem has been treated, so far, only in a few paj^ers (Goldstein 1938 . 
§§51, 52, 61). 

Millikan ( 1932 ) has derived boundary-layer equations and Kerman’s momentum 
equation for bodies of revolution, and, assuming a parabolic distribution for the 
velocity u in the laminar part, and in the turbulent part (where y is the 

distance from the surface), he has applied the momentum equation to airshipdine 
bodies. 

Fediaersky ( 1934 ) derived independently the momentum equation for bodies of 
revolution and applied it to airship-like bodies by assuming where n is 

arbitrary. 

Tomotika ( 1935 ) applied the momentum e<|uation to the evaluation of various 
boundary-layer quantities for bodies of revolution, in particular for a sphere. 

Fage ( 1936 ) used Tomotika’s results to evaluate the surface friction at the forward 
part of a sphere. 

In the present paper the general boundary-layer equations are derived for axially 
symmetrical motions of bodies of revolution; the equations are partially solved for 
a sphere, and the results compared with Fage's ( 1936 ) measurements. 

The main results obtained are as follows: 

( 1 ) The problem leads to a partial differential equation ( 2 * 20 ) which for the front 
part of the body reduces to the well-known equation 

r+/r«A(i-r*), 

where A is a ^mrameter. 

( 2 ) The evaluated surface friction agrees for the front part of the sphere with 
Fage's computations and measurements. 

In the case R 251,300 the agreement between the evaluated and observed 
values is satisfactory up to 85*^ from the forward stagnation point. 

(3) The pressure consists of two parts; one is equal to the inviscid pressure^ the 
other one depends on the thickness of the boundary layer. 
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A. GENERAL EQUATIONS OF MOTION OF THE BOUNDARY LAYER 


2. Equations of motion 

It was shown in the previous pajier (Meksyn 1948) that the motion in the boundary 
layer can be described by a stream function of the orthogonal co-ordinates (a,/?), 
where a is the in viscid velocity potential and the corresponding stream function; 
namely, by a function which has the following prof)erties. 

The second derivative of ^ with respect to is of the form 

where A{a,fi) and are slowly and rapidly varying functions respectively; 
differentiation with respect to p increases the order of magnitude of by 
whereas differentiation with respect to a leaves the order of magnitude unchanged; 
the order of xlr*" is equal to i?*, where R is an appropriate Reynolds number. 

These results will now be applied to motion with axial symmetry. 

The equations of motion in general co-ordinates are as follows (Goldstein 1938, 
p. 114 ). 

Let a, (i and m be orthogonal curvilinear co-ordinates, where a and fi are in the 
meridian plane, whereas rrr is proportional to the azimuthal angle, and let the 
element of length As be ^ + + (2-1) 

In what follows the motion is independent of tit. 

The equation of continuity is 

0 0 

g^(/iu/i 3 M) + ~(*8*lV) = 0, , (2-2) 


where u and v are the velocities along a and /?; there is accordingly a stream function 
such that I M , 1 

the vorticity is ^ | 




where 


~ hiK l 8 x \hJi 8 a} 8 fi ^^*3 8 fi}] ’ 


and the equation of motion is 

_} _ 2X>Y ^ ^ , 

AiAjjA* 8 {aJ) ' 

Expanding, and retaining only terms of the two highest orders, we find that 

^ 8 ^hih^dfi\h^hJ’ 

n4,A _ 1 _L ® 1^,. II, J-l J-3\) 


S n»./._ 1 (8V , 3V 81og(A,fe8-«V )l 

8 r^~h\\ 8 ^^d^ 8 p T 


11 av svsiogAi-* av s 

AsiSad/ff*'^ 8/f» 8a '*‘8/f8a8/ 




8f r0*iog(M£^^) ^ 5iog A,-» a log {hihi^hi 
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Substituting (2'6) in (2-6), wo obtain the following result: 


1 idrjr 1 d 

h^h^hg A| _d/P ^ I 


r^^xjr d\og (Aj 


3/^3 ' 0//S 

B* R* 


1 r 

J ^~Pm} 


^\jr d^^dlogh^^ 


d^ijr d 




d^lf /02 log (hy Af ^ A3 3 log Aj"® 3 log (Aj A^^ Aj* 


._A ri 

AiAiAil 


r0Y , 0l^01og(A,A*-iV")-l 


dip dh^ 

\jp^ ^ dp 

dp J 

j L 3 a dfi 



R* R Ri R 

i?* i?» 

where underneath are indicated the ordor« of magnitude of the terms, the order of 
the A’s and their derivatives being unity. 

Retaining the terms of orders and JR^, and rearranging we find that 

hyh^d^\}f d’ijrd^ijr d^Jr 3®^ 3^/0*i^/31og 

"“17 


d^i/fh^h^ 0 


0 


/0lir\* r0*log (h^hi^ha^) 0 log (Ar* V*) 3 log (KK^ha 


■\¥/ L 


0a 0/? ^ 


0jir 0Y 0 , 1 „ 


On expansion in powers of Ji we obtain the equation 

A^ \ Ag /o \cp Ag /q 

0iog(Ar»;if») ^ /aiog(A£iV)\ , / 0»iog(ArH,-») \ 

0a \ 0a /o \ dccdfi 

where the subscript denotes that the expression is evaluated on the boundary ytf = 0. 

Combining ( 2 - 8 ) and ( 2 ‘ 9 ), and integrating with respect to fi, from infinity to yff, 
we see that 



lhh\ i/ 8iog(^~^V) \ w\*_ *i 

Aj, /o 0/S® ^ 0a 0/?* 0/ff0a0^ 2\ 0a /oLw/ 

. /01og(AiAa-*Ai-»)\ , fM ^.^flKha\ /01og(AjA,Ari\ , 

. 8 |^ 8 V/ 8 'log(»r’*.-‘n « 8 i(’ 3 V/ 81 «g(‘.V’».-’)\ 

■^0;6f'0/J*\ 0aa^ /o^ 0aa/?*\ dp /o 


0^ 0^^ 
"^ 0/5 0a0/ff 


/'01og(AiAif^/iJ-^) 


)j^^^r(i)T( 


0«log(ftilt;-^Ar^)'i 


| 01og(^-«ft,-«) j ^ 01og(W^a"^) jJj^ 


(2-10) 
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The upper limit of the integral of is left indeterminate; it should be taken 

at the edge of the boundary layer, while q has the value of as fi tends to infinity. 

To find j, let the flow be in the direction of x positive, the velocity at infinity being 
in what follows a and fi are the velocity potential and the stream function of the 
corresponding invisoid motion referred to speed unity at infinity. 

Consider the co-ordinates z, y in the meridian plane, u and v being the corre¬ 
sponding velocities respectively; now 

df dfdx d^dfi 


dy dxdy^dp'^/ 

- = 0 , y == 5 - at y = 00 , 


( 212 ) 


it follows that 




We now introduce a new co-ordinate y, such that 

/-ha y, 

where Z is a length chosen so that 

y = 0 at the forward stagnation point. 

We also write cr = f - (2>''aoy)*/(<?*> 7)- 

From (2*16) we obtain the relations 

df a/ dijf i/2to,a*/, ?¥_wo 


^d(T* da 2 \ y / V ^ VT/ 

2y\ d(T^, ^dady/' dfi^ 'i\>yda^' dji* 4vy\iry} do* 


dfi “ao-’ aa 2 \ y 
aa0/? 2y\ ac*, ^a^a 

Substituting (2-17) in ( 2 ’ 10 ) 


gy, f gy, g/ r.mn 

Us/o*5o^ dadyd<ry[ “ aa 7,,L Wj 




!Iog(AiV^Ai-*)\ (hih.\ a*/ 


/o\ /o* 


^J«L I Aj/o^l , g/^ /o gag/? /o gago 

KOTi^a, S{<T,y) » kfi((ri,y), = 


Write 


(2-l») 
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Then (2'IH) becomes, after few transformations, and dropping the subscripts 


dcr^ 


ay pfdY df ay n mog(KV) \ [.(MYl 

^ ^l_ 370 fr® 0(7 07 SorJ 0a /oj_ \0«r/ J 

/ V /0iog(AiA3V')\ ay /0iog(Ai*iArM\ 0*/ 

J«L^l 0a0/i 7 « ' Sr /o 

^01c 


+ 

•f r 

•f 


dcr P(T* 


mn 


21og(A,A.g-^3^)\ , /01og(*2"*A3'®)\ /01og(AjA£^A^ 




( 2 - 20 ) 


where 


4 


^’)‘(m;)/ i>-(2».r)‘(^‘)‘/('T.r). (S-21) 

Since the velocity vanishes on the boundary, tlio function/((r,y) has to satisfy 
the following conditions ( 2 * 13 ) 

a/ 


df 

/=0 = ^ at (7 = 0, 


da 


== 1 at O' — 00 . 


( 2 - 22 ) 


In the case of a sphere the coeffich^nt of the term 


r(i)’ 


da 


vanishes. 

For the front part of the body, the equation (2*20) can be considerably simplified, 
as it will appear below, and it becomes 


dcr^ 


= .(!)■]. 


winch is identical with the equation in the case of a cylindrical body (Meksyn 1948). 


3. Friction 


'I'he surface friction is found from the equation 


F = 


„ fi d*i/r 

A, -Kh\dp' 



where only the term of the highest order of magnitude is 1‘etained. 

Making use of ( 2 * 17 ), transforming to the new co-ordinate a^ ( 2 * 19 ) and dropping 
the subscripts, we obtain 


.Z. 4 ^ Mt\*ay 

ipttg” \2 Mo 7/ AjAiUjV 9 <r*’ 


where/is found from (2'20). 


(3-2) 
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4. PaESStJRB 

Pressure is found from the tensor equation of motion (Goldstein 1938 , p, 115). 
dv 


dt 


— V X w = - grad 


(a.jv.)- 


vcurlw, 


(4-1) 




where v and 01 are the vectors of velocity and vorticity respectively. 

Now 

and from (2*4) we find, after few transformations, that 

hih^ ( 3 ^ ( 9 /?^°® AiVo?/^) ’ 

where in (4’3) only the two terms of the highest order are retained. 

From (4vl) and (4*3), if p is the pressure on the boundary, we obtain the equation 


(4*2) 


(4*3) 


I 1 d'p 




.Jog 


K 

hlk 


^zloWr 


(4-4) 


p doL h\ A 3 {d/fi \dfi 

Transforming (4-4) to the co-ordinate by making use of (2*17) and ( 2 * 19), 
we get 



fAj,Aj\ 

*/91ogA,V*A3-n 

\2i.oy/ 

l A, ) 

\ ¥ / 


yASAr ' 

where primes indicate differentiation with respect to tr. 

Substituting instead of/" ( 0 , y) its value from ( 2 ’ 20 ), and dropping the subscripts, 
we get 

0 1 


pu%da 


daMhl 



1 ^/aiogA3-*A,-*\ 

rV 

1 ) 1 a7) 

1 ¥ ) 

„rV* 


+ 


r /f)i ogA,A,-»Ar^ \ \ r/a?/ 

J»Lr^\ dad/i ■ ¥ JJ 


-y( 


dhghih^^kf 




+ y\ 

+ 




(4-6) 


where in (4-6) all relevant quantities are taken on the boundary o- = 0, and in the 
last integral the second limit depends on the thickness of the boundary layer. 

The first term on the right-hand side ( 4 ' 6 ) can be integrated, whence 

2 

—pi =■ const. - Ar*Ar*. (4*7) 

pMo 

The remaining terms depend on the thickness of the boundary layer and have to 
be integrated numerically. 
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B. MOTION OF A SPHERE 
5. Prklimikaky jpormulak 


Consider the laminar motion round a sphere of radius a; the velocity of the 
undisturbed flow is in the direction of x positive, and is equal to Wq. 

Denoting the usual co-ordinates in the meridian plane by r and we let the 
velocity pot/ential and the stream function, corresponding to the speed unity at 
infinity, be a and respectively; then (Lamb 1932 , pp. 123, 129) 

a = r cos ^ “- 5 , cos 6 ^, JS = i- sin®^ —— 8 m^ 6 ^, (5-1) 

2r^ 2 a 2 r 


where ^ is divided by a in order to make the dimensions of a and /? equal to that of 
length; a and fi are orthogonal co-ordinates. 

To find and consider an element of length in the meridian plane 

*■ - - [(!)' + ’■’©']+ + + 

(5-2) 

where the term proportional to dccd^ vanishes, since a and ji are orthogonal. 
Differentiating (5*1) and solving with respect to dr and dd we find that 


dr (— 1 -h a*//**) rja sin G cos 0 

dr 

(l-fa»/2r*)sin(> 1 

?a " “ A 


A 

?0 (i-t-ia*/r®)f/a8in*0 


(— 1 -f a*/r®) cos 0 

A 

1 ! 

^ ’1 


A « (- 1 -f ~cos ^+ 

V a \ 2 r 7 a 

whence from (5*2) and (5-3) 

(1 -f a^/ 2 r^)® sin* ^ + (^ 14 . a^jr^)^ cos* 0 
A| =- - -. j 


The third co-ordinate m can be taken to be 

m = a<f>, (5*6) 

where ^ is the azimuthal angle; and, since an element of length perpendicular to the 
meridian plane is equal to r sin it follows that 

Ag = ^8in0. (5*6) . 

The co-ordinate y (2-14) is given by 

y » ?-|.a = ^-l-rco80-l-“oos0, (6*7) 

and at the forward stagnation point 

0 mn, 7 » 0, 

7o = 3o 008* Jd. 


while on the boundary r « a 


(5*8) 
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We have now to evaluate the differential coefficients of the h'a with respect to 
a and /?; the computations are very simple; as an example one term will be considered, 
and then the final results wiU be given. 

From {6"3) on the boundary r = a 


dr 

doc 


0 , 


dr 


dp 3sin*^’ 
Consider the term dhjdp. Since 


^ _ 2 _ 
^da. SsinS’ 




d log A* d log h\ dr d log A? _ 9 log Sf dr 
'dp dr dp'^' dO dp~ dr dp' 


therefore from (5-4) and (5*9) 

0 log h\ log hi 


4 dh^ ^ 

3a dp 


(5*9) 


(5*10) 


(5*11) 


The ei'aluation of the differential coefficients with respect to a is even simpler, 
since we can put in (5*4) r — a before differentiation. 

From (5*4), (5*8) and (5*11) we obtain 


dp ~ dp lo~sin*iC/’ 
/aiogfei\ COh 6 » MjAsV 


(5*12) 


Making use of (5*12), we can easily evaluate the relevant expressions in (2*20). 

0 . FRTCTroJV 

The equation (2*20) will bo considered, but only without the terms depending on 
the thickness of the boundary layer and on the partial differential coefficient with 
respect t ;0 y, namely, 

r+/r = 7«(|iiogAiAi)^(i-n = a(i -n, 


where 


A-/ (0)- 


The surface friction F (3-2) ia accordingly found from the equation 

% 

7. Pbrssurk 

Making use of (4'6) the pressure can be evaluated; it is equal to 

P = PH>rPi, 


(«•!) 


(6-2) 


where (4-7) 


1 

4p«o 


Pi = const.-'^ = 5co®2^-i 


(7-1) 

(7-2) 


the constant of integration being found from the condition at the forward stagnation 
point 

(9 *. ff. Pi = 

Pi is equal to the inviscid pressure. 
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The component p*, depending on the thickness of the boundary layer, is found 
from (4'6), (6-12) in the form 

{[/"(O) + ^ — 5 — 2C] sin 6 sin \d+ cos d cos ^d}, (7'3) 

r* r* f” dH 

where A = j^cr/Tdcr, B^j^ffdcr, C==j^y^^^do. (7-4) 

In the above transformations use was made of the relation 

3 dff d _ 2 d ^ 

doc doc do Ba sin OdO' ^ ' 

P 2 can be evaluat/ed by numerical integration, the constant of integration being 
found from the condition at the forward stagnation point 

/9 =:= TT, p2== 0. 

It should be noticed that p 2 refers to the pressure on the surface of the sphere 
and/ refers to the equation (2-20); the integrals (7*4) are functions of 0. 


8. Comparison with experimental resctlts 

Pressure and surface friction were measured by Fage ( 1936 ) on a sphere for 
several Reynolds numbers within and beyond the critical range; the corresponding 


data are given in table 1 . 



Table 1 


U 0 (ft./sec.) 

i? = ^u^ajv 


50 

167200 

separation at 83° 

80 

251300 

— 

95 

298600 

— 

135 

424600 

beyond critical range 


In the last thi'ee cases (table 1 ) the boundary layer became turbulent before the 
separation point. 


Separation 


The separation point is found from the condition /'"{O) = 0 , which corresponds 
to the vanishing of surface friction. 

Making use in the first approximation of the simplified equation ( 6 * 1 ), the separa¬ 
tion point is fdund from the condition (Hartree 1937 ) 


A 


cos^ 


0199, 


which corresponds to 0 » 84^^48', i.e. 95° 12' from the forward stagnation point, 
exactly as in the case of a circular cylinder* 

The terms disregarded in (2*20) depend on the thickness of the boundary layer and 
also on the differential coefficients off with respect to the second variable y; if the 
former terms only were taken into account the separation point would be slightly 
advanced. 
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The observed separation point in the case = 50ft,/sec. was about 83^* from the 
forward stagnation point; in the other oases the boundary layer became turbulent 
before separation, 

In the case JR = 251,300, if the curve of the observed laminar surface friction is 
continued, it intersects the axis at about 91° from the forward stagnation point. 

Friction 

The surface fnction F is obtained from ( 6 - 2 ). To find F for a given angle, the 
quantity A — ( 6 * 1 ) is first evaluated, and the corresponding value of /"(O) can 

be taken from Hartree’s ( 1937 ) numerical solution. 

The relevant values at /'"(O) and f'^(0) are given for the sake of convenience in 
table 2 . 

Table 2 


-A 

-018 

-016 

--0-14 

-0*10 

0 

0*1 

0*2 

/"(O) 

0*128 

0190 

0*239 

0*319 

0*409« 

0*687 

0*687 

-A 

0-3 

0*4 

0*5 

0*0 

0*8 

1*0 


/"(O) 

0-776 

0*854 

0*928 

0-99a 

1*120 

1*233 



The surface friction was measured only within the separation and transition 
regions; close to the stagnation point the friction was evaluated by Fago ( 1936 ) by 
using Tomotika’s method. 



FmUKE 1. + calc, by Fage; © ob«. by Foge. 

«o values in ft./seo. arc: curve 1, 50; curve 2, 80; curve 8, 135. 

In figure 1 are plotted the theoretical values of the surface friction together with 
the values evaluated and measured by Fage. 
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As can be seen from figure 1 there is a close agreement between our values and 
those calculated by Fage. 

There is good agreement between the theoretical and observed friction, for the 
case = 80ft./sec., up to 86 ® from stagnation point. 

The present results are in general very similar to those in the case of a circular 
cylinder. 

I wish to thank Professor G. Temple, F.R. 8 ., for many helpful suggestions. 
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On the scattering of protons by protons 

By W. H. Ramsey, Turner and Ntimll Fellow, University of Manchester 


{Communicated by P, M, 8. BlackeU, F,R.S,—Received 20 November 1947 
—Revised 19 January 1948) 


The features of the scattering of protons by proUma are calculated using the Mellor-Rosenfeld 
version of the meson theory of nuclear forces. A rompariaon with the experimental material 
suggests that the neutron-proton interaction is slightly stronger than that between two 
protons. The predictions of the theory fit the experimental results beet when the meson moss 
is assumed to be about 270 electronic mosses. This is signifioontly larger than that indicated 
by cosmic-ray measurements, and it is also greater than the values found by using the 
thcKiry to calculate the features of neutron-proton scattering and the binding energies of 
the lightest nuclei. 


Introduction 

The technique of measuring the absolute cross-section for the scattering of protons 
by protons has been developed to a high degree of precision, and reliable experimental 
data are available over a wide range of energies. This material can provide valuable 
information about the nuclear interaction between two protons, a detailed study of 
which is not possible by any other means. 

In the present paper the interaction between two nucleons will be described in 
terms of the symmetrical version of the meson theory of nuclear forces which has 
been developed by Meller & Bosenfeld ( 1940 ). The static interaction in this theory 
contains three adj ustable parameters, two of which will be chosen so that the energies 



On ths acoMering of protons hy protons 229 

of the stable and virtual states of the deuteron are given correctly; the third para¬ 
meter is the mass of the meson. The empirical data will be used to check the predicted 
angular distribution of the scattered protons and to determine the mass of the 
meson. Si>ecial attention will be paid to the relationship between the neutron- 
proton and proton-proton interactiom, both as regards magnitude and range of 
action. 

Recently, Wilson (1947) has investigated proton-proton scattering at an energy 
of 10 MeV, and he has detected a P-wave anomaly in addition to the /S-wave anomaly 
known hitherto. His results indicate that the nuclear interaction between two protons 
in a ®P state is weakly repulsive, a feature which is in accord with the version of 
meson theory adopted in this paper. This experiment, which gives the first informa¬ 
tion on the nuclear interaction in a state, provides an independent test of a theory 
of nuclear forces. Wilson’s results will be analyzed in detail and compared with the 
quantitative predictions of the Moller-Rosenfeld theory. 


Prisliminarv 

In the mixed symmetrical meson theory of Moller & Rosenfeld ( 1940 ) the static 
part of the interaction between two nucleons is given by 

V-(G/r)e-^ (1) 

where r is the distance between the nucleons and where the inverse range A is 
related to the meson mass w by the equation 

A = mcjh. ( 2 ) 

The reasons for the adoption of this particular version of the meson theory of nuclear 
forces have been presented by the author in a previous pai)er {1947). The eigenvalue 
of the operator G depends only on the symmetry properties of the wave function 
describing the behaviour of the two nucleons; its value is determined if it is specified 
whether the state is a singlet or a triplet and whether the azimuthal quantum 
number I is even or odd. 

The Moiler-Rosenfeld theory .predicts a strong repulsion between two nucleons 
in a ^P state, and a weak repulsion in a *P state. Proton-proton scattering cannot 
give any information about the former interaction as the ^P configuration is for¬ 
bidden by the Pauli principle. The validity of the theory in this connexion has, 
however, already been established by the results of exj)eriments on the scattering 
of fast neutrons by protons (of. Ramsey 1947). The absence of the strong ^P 
interaction in the proton-proton case opens up the possibility of studying the 
interaction in the ®P state, which is weakly repulsive in the Moller-Rosenfeld scheme. 
This feature of the theory is confirmed, at least qualitatively, by recent experiments 
by Wilson (1947) on the scattering of 10 MeV protons by protons. 

The static interaction of the theory adopted contains three adjustable para¬ 
meters, the moss of the meson and two charge constants. For a fixed meson mass the 
charge constants will be chosen so that the theory leads to the correct energy levels 
for the stable and virtual states of the deuteron. Ramsey (1947) has already fixed 
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the charges in this manner but, for the purposes of the present paper, it has been 
necessary to extend the calculations to higher values of the meson mass. It is con¬ 
venient to replace the interaction constant O by the dimensionless parameter 

(3) 

where M is the mass of a proton. The results of the calculations are given in table 1 
(Wg denotes the mass of an electron). The uncertainties indicated in the values of b 
allow for the errors in the experimental data on the states of the deuteron and for 
errors inherent in the method of calculation; it is the former which gives the major 
contribution. The restrictions placed on 6 are stringent and its value is known to 
0*04 % for the state and to 0*2 % for the state. The latter uncertainty may seem 
surprisingly low in view of the fact that the empirical result on which it is based, 
namely, the cross-section for the scattering of thermal neutrons by protons, is known 
only to 5%, This feature is closely connected with the fact that, were the cross- 
section infinite so that the virtual state has zero energy, the value of 6 would be 
increased by only 10 % to 1*68 (cf. Hulth^n 1944 ). 


Table 1. Values of constant b 


meson mass 
225 w, 
275 
300 


*8 state 
2*543 ±0-001 
2*389 ±0-001 
2-331 ± 0-001 


'8 stat'f^ 
1*530 ±0*004 
1*555 ±0-004 
1*665 ±0-004 


In addition to ( 1 ), there is a non-static interaction whose influence on the energy 
levels of the deuteron is appreciable (cf. Moller & Rosenfeld 1940). This difficulty 
can be removed, as Rosenfeld (1945) has pointed out, by a modification of the method 
of separating the total interaction into static and non-static parts. The non-static 
interaction then contains only non-central terms and so has no influence in the 
configuration, either directly or through the determination of the constant b*; 
it is this state which controls proton-proton scattering at low energies. On the other 
hand, the value of b for the state is liable to slight modification on account of the 
non-static interaction, which also gives rise to the cjuadrupole moment of the 
deuteron: this is not, however, important in the present paper. Likewise the addition 
of a non-central term to the static interaction would not affect the subsequent 
discussion. 

Methodb of calculation 

General accounts of the wave mechanical treatment of the scattering of prUtons 
by protons have been given by Breit, Condon & Present (1936) and by Rosenfeld 
(1947). The problem can be reduced to the evaluation of a set of phase shifts % by 
a standard procedure. 

The simplest method to determine a phase shift is to use the Born approximation, 
but this is reliable only if the energy is very high or if the quantum number I is large. 

♦ Theoretically the non-statio interaction has an influonoe on the value cf b for the state 
as it modi6as the contribution of the *8 state to the scattering of thermal neutrons by protons; 
the effect is, however, much smaller than the experimental tmoertainty. 
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A more accurate approximation has been developed by Ramsey ( 1948 ). In table 2 
the predictions of these formulae for the state are compared with the results of 
numerical integration at a series of energies up to lOMeV. Ramsey’s method con¬ 
sistently gives better results than the Bom approximation, but neither method is 
sufficiently accurate for the purposes of the present paper. For states with I greater 
than zero Ramsey’s approximation is reliable at all energies. 


Table 2. phase shifts 


energy 

meson 

Bom’s 

Ramsey’s 

numerical 

(MgV) 

ma^ 

approximation 

approximation 

integration 

02495 

226 Wy 




2-392 

276 m, 

15'^-2 

36^-8 

6ro 

2-392 

226 m, 


38-0 

49"*8 

4-2 

225 w. 

22”(i 

46“-4 

52^-7 

9-94 

275 m, 

27‘^-6 

48^*0 

53^1 


The approximate formulae for the phase shift are cumbersome on account of the 
complicated nature of the Coulomb functions. In the scattering of neutrons by 
protons only well-known functions occur and the approximations are consequently 
more tractable. At high energies corresponding proton-proton and neutn>n-proton 
phase shifts are equal, and so the latter may be computed instead of the former. The 
error introduced by adopting this procedure at medium energies is small, especially 
for states with large angular momenta. At lOMeV the neutron-proton and proton- 
proton phase shifts differ by approximately 6 %; the percentage difference will 
be considerably smaller for the state. The neutron-proton phase shifts have 
therefore been used for the and states; the contribution of these states to 
the scattered distribution is relatively small and so a small percentage en*or is 
unimportant. 

In the case of states the wave function was found by a atep-by-atep numerical 
integration. The phase shift was then calculated from the asymptotic form of the 
wave function by means of a formula given by Breit et ah ( 1936 ). The error in these 
phase shifts is considerably less than 1 %. 

The scattering of slow^ protons by protons 

The term 'slow’ in this connexion refers to the energy range in which the nuclear 
force between the protons gives rise to an 8 scattered wave only (say, from 0 * 1 ta 
6 MeV). 

The experimental data on proton-proton scattering at energies below 2-4 MeV 
accumulated as a result of several series of careful investigations carried out in 
America between 1936 and 1940, A complete bibliography of the papers relating to 
these experiments is given by Rosenfeld ( 1947 ). The empirical data were analyzed in 
detail by Breit ( 1936 ) and by Breit, Thaxtonfe Eisenbud ( 1939 ), and they found 
that the internal consistency of the data was extremely good. This suggests that the 
experiments are very accurate and consequently are suitable for testing a theory of 
nuclear forces. More recently, May & Powell ( 1947 ) have investigated the scattering 
of 4 ' 2 MeV protons by protons using a photographic technique. 
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In table 3 and in figure 1 the theoretical predictiona are compared with the 
empirical data. The agreement cannot be regarded as satisfactory. If the meson mass 
is 225mg (or lower), the theory leads to phase shifts which are too large at very low 
energies and which are too small at higher energies; it is therefore not possible to get 


Table 3. *S phase .shifts 


tmorgy 

m = 225 

m = 275 w. 

experimental 

(MoV) 

b = 1-530 

h ^ 1-568 

vfUue 

0*24»fi 

ir-2 

10-6 


J-200 

4()°*7 

40^-3 

35"-9±0"-4 

2-392 

49‘='-8 

5^-0 

48°*l±0^-4 

4-2 

52"-7 

66“-2 

54^ ± 2^-5 



0,1 2 3 4 

energy (MeV) 


Fioube 1. The theoretical variation of the >S phaee ehift with energy, using the interaction' 
constant cietormined from the scattering of thermal neutrons by protons; the full curves refer 
to meson masses of 226m, and 276m,. The experimental points are a selection from variotis 
authors. Tlie broken curve, which is in good agreement with the empirical data, refers to a meson 
mass of 274 m, and an interaction constant about 2% weaker than that of the neutron-proton 
interaction. 

agreement with experiment by altering the value of b. On the othw hand, a meson 
mass of 275m„ leads to too large phase shifts at all the energies considered, and a 
tolerable agreement with experiment can be obtained by reducing the interaction 
constant by 2 %. The broken curve of figure 1 , which is acceptably close to the 
empirical data, is constructed from the numerical int^rations of Lubanski &■ 
de Jager ( 1948 ) who used a meson mass of 274m„ and a 6 -value of 1'626. Agreement 
with experiment can also be obtained with higher masses of the meson; in fact, the 
empirical results would favour a slightly higher mass. Hmsington, Share & Breit 







233 


On the scattering of protons by protons 

(1939) found that there was good fit with a meson mass of 326m0 and a 6-value of 
1’547. It is therefore not possible to use the results of the experiments in this energy 
range to fix the mass of the meson precisely. The value of 6 used by Hoisington et aL 
(1939) is again 2% lower than the corresponding value for the neutron-proton 
interaction, which is about 1-576. The difference in the values of 6 derived from 
neutron-proton and proton-proton scattering does not, therefore, disappear when 
larger meson masses are used. 

The difference in the magnitudes of the neutron-proton and proton-proton inter¬ 
actions which is revealed by this analysis hinges on Hanstein’s (1941) determination 
of the cross-section for the scattering of thermal neutrons by protons, which was 
21 ± 1 X 10 '^*om.®. This determination limits the value of 6 to 0*2 % (of. table 1), 
while the difference in question is apj)roximate)y 2 %; it cannot, therefore, be set 
down to experimental errors. The results of proton-proton scattering correspond to 
a cross-section of 14 x lO'^^cm.® for the scattering of thermal neutrons by protons. 
Such a cross-section was found by Simons {1939) and was used by Hoisington et aL 
(1939) to establish the charge independence of nuclear forces for the meson typo of 
interaction of equation (1). Simonses results are, however, less reliable than those of 
Hanstein, and his experimental arrangement is open to criticism (cf, Rosenfeld 1947). 

The experiments in this low energy region do not reveal any P or I) scattered waves 
arising from the nuclear interaction of the protons. Prom the experimental uncer¬ 
tainties Breit, Thaxton & Eisenbud {1939) have been able to set upper limits for 
the absolute magnitude of the phase shift at different energies. These in turn may 
be used to set a lower limit to the mass of the meson. In the MoUer-Rosenfeld theory 
it is found that any meson mass above 270is acceptable from this poilfb of view. 


Thb scattering oe east protons by protons 

The technique and equipment which have been used in the experimental investiga¬ 
tions of the scattering of fast protons by protons were developed by Wilson & Creutz 
(1947), who carried out a set of experiments with protons of 8MeV energy. More 
recently the apparatus has been used to investigate proton-proton scattering at 
lOMoV by Wilson (1947) and at 14*5MeV by Wilson, Lofgren, Richardson, Wright 
& Shankland (1947). The phase shifts indicated by these experiments are given in 
table 4. These have been determined by comparing the empirical results with the 
general expression containing arbitrary and ®P phases. The experiments at 
8 and 14*5MeV energy are not sufficiently accurate to provide definite evidence of 
the presence of a P-wave. On the other hand, Wilson's experiments at lOMeV 
energy indicate a negative ®P phase shift, which corresponds to a repulsive inter¬ 
action. Wilson's results are presented in detail in figure 2,* where they are compared 
with the best fit which can be obtained by an 4S-wave only (broken curve) and by 
allowing both 8 - and P-waves (full curve). Wilson did not measure any absolute 
cross-section at 10 MeV. However, as the phase shift decreases slowly with energy 
in this region, the experimental results at 8 and 14*5 MeV may be combined to 


• Figure 2 ia based on a table of measurements sent to the author by Dr Wilson. 
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indicate a phage shift of 52°* 7 ±2° at lOMeV; Wilsonresults have been nor™ 
malized to this figure at angle of scattering. Peierls & Preston ( 1947 ) have pointed 
out that the ®P phase shift deduced from the empirical data is not sensitive to small 
changes in the vertical scale of figure 2. The uncertainties in the phase shifts quoted 
in table 4 have been deduced from the errors estimated by the investigators. 


Table 4. Experimental phase shifts 


energy 

(MoV) 

state 

*P state 

investigator 

8-0 

63° ± 2 ° 


Wilson & Creutz ( 1947 ) 

9-94 

— 

-0“-6 + 0“-3 

Wilson ( 1947 ) 

145 

62° ± 2 ° 

hi|<3“ 

Wilson et al, ( 1947 ) 



Fujuue 2. The experimental reHults of Wilson ( 1947 ) on the scattering of lOMeV protons by 
protons. The broken curve is tlie best fit which can be obtained if only i'-soattoring is allowed. 
The full curve gives the best agreement possible with and P-waves; the^P phase shift is « 0 °* 6 . 


Using the values of b indicated by the scattering of slow protons by protons, it 
is found that the theoretical predictions agree most closely with the empirical 
phases when the meson mass is assumed to be 270 With this meson mass the 
theory predicts phase shifts of 53°*6, 52''-7 and Z at the energies 8, 10-and 
14-5MeV re 8 |>ectivel 3 ^ In contrast to the results at low energies, the phase shift 
is sensitive to changes in the mass of the meson. Using perturbation theory, the 
phase shift at lOMeV energy is found to increase by 

=» 0-27(dm/m) 

when the mass of the meson is increased by Stn\ when the meson mass is increased 
to 300m«, the phase shift is increased by nearly 2®. The uncertainties in the experi¬ 
mental phase shifts in table 4 set limits of 270 ± 30m^ to the mass of the meson. 
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The experiments of Wilson ( 1947 ) indicate a small negative phase shift at 
lOMeV energy (of. table 4). This is qualitatively in accord with the weakly repulsive 
interaction predicted by the Meller-Rosenfeld theory for two nucleons in a state. 
However, the quantitative predictions of this theory not in very good agreement 
with the experimental results. The ^P phase shifts expected at 8 , 10 and 14*5 ]^eV 
energy for several values of the mass of the meson are given in table 6 . For meson 
masses of 275and 300the magnitude of the phase shift at lOMeV energy is 
decidedly larger than the empirical value. To get agreement with experiment a 
mass in the 350m^ to 600range must be used. Such a mass could not, however, 
lead to the observed 'S phase shifts. 


Table 5. Thboretkul ^1? phase shifts 


meHon rnaHH 

b 

8 MeV' 

lOMoV 

14-6 MoV 

276m, 

-0-796 

-r*24 

- VU 

c* 

1 

300m, 

-0*777 

-P*08 

- r-35 

-r*9i 

400m, 

-0-68 

- 0“‘49 

-0‘’*64 

t* 

0* 

0 

1 

600 m, 

-0*62 

-0 *16 

-0^*21 

-0'^*34 


At energies of 8 MeV or higher the Moller-Rosenfeld theory predicts a small 
positive phase shift, which is about 0*^*5 at lOMeV energy for a meson mass of 
276 The presence of this wave would be difficult to detect experimentally as its 
contribution to the scattering is similar to that of a small negative ®P phase shift. 
For this reason its presence exaggerates the discrepancy between theory and 
ex|)eriment mentioned in the previous paragraph; it effectively increases the 
magnitude of the ®P phase shifts given in table 6 . 


Discussion 

The experiments on the scattering of slow protons by protons indicate a meson 
mass of 276m^ or greater. To get agreement between theory and experiment, how¬ 
ever, it has to be assumed that the nuclear interaction between two protons is 2 % 
weaker than the corresponding interaction between a neutron and a proton. The 
experimental'S phase shifts in the 8 to 16MeV energy range indicate a meson mass 
of 270 ± 30m^. Thus, a meson mass between 276w^ and SOOm^ is consistent with all 
the experimental data on the nuclear interaction between two protons in a state. 
However, such a mass leads to an absolute phase shift at lOMeV energy which is 
significantly greater than that observed by Wilson ( 1947 ), and a mass of or 
greater is required to reduce the theoretical phase shift to the experimental value. 

From the results of this investigation it is clear that the Moller-Rosenfeld version 
of the meson theory of nuclear forces is unsatisfactory and that some important 
modification must be envisaged. The first difficulty of the theory is that the mass 
of the meson deduced from the scattering of protons by protons is too large to allow 
the identification of these particles with the charged particles found in cosmic 
radiation; the best estimate of the mass of the latter particles is to 2 () 0 m^. 
The second difficulty encountered is the difference in magnitude of the neutron- 
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proton and proton-proton interactions. The third difficulty faced by the theory is 
that the mass of the meson deduced from the results of experiments on the scattering 
of protons by protons does not agree with the values indicated by other empirical 
data. From the binding energies of the lightest nuclei Frohlich, Ramsey & Sneddon 
( 1947 ) obtained a value of 225m^ for the mass of the meson to be used in the Meller- 
Rosenfeld theory. Ramsey ( 1947 ) has also found that a meson mass of 225is 
consistent with the results of experiments on the scattering of fast neutrons by 
protons. This value cannot be reconciled with the range of mass 275 to 300 
indicated by proton-proton scattering. 

The Moller-Rosonfeld theory has met with more success than any other version 
of the meson theory of nuclear forces. It would therefore appear that modification, 
rather than complete abandonment, is the proper approach to the difficulties out¬ 
lined above. Experiments on the scattering of fast neutrons by protons liave con¬ 
firmed that the interaction between two nucleons in a state is strongly repulsive, 
and the experiments of Wilson ( 1947 ) have confirmed that the interaction between 
two protons in a ®P state is weakly repulsive. Those features are important charact/er- 
istics of the Moller-Rosenfeld theory, and their confirmation implies that the set of 
eigenvalues of the o|)erator G of equation ( 1 ) is either correct or need be modified 
only slightly. The radial dependence of the static interaction, namely has 

a theoretical but no experimental justification. The difficulties which the theory 
meets when applied to proton-proton scattering suggest that the radial dependence 
of the interaction has too small a ‘ curvature *; that is, if the constants of the theory 
are adjusted to give a good description of the nuclear interaction at small distances, 
then it will predict too large an interaction at large distances. This means that the 
effective value of A, and so the effective meson mass, will increase as the distances 
between the nucleons is increased. The meson mass indicated by the scattering of 
protons by protons will then be larger than that for the neutron-proton interaction 
because of the fact that the protons are kept apart by the electrostatic repulsion. 
The mass difference should, however, decrease rapidly with energy. This is actually 
the case. The experimental proton-proton phase shifts in the 8 to 16MeV energy 
region correspond to a meson moss of 240 ± 30 if the interaction constant indicated 
by neutron-proton scattering is adopted; this mass is not significantly different from 
that found for the neutron-proton interaction. The wrong radial dependence may 
also be responsible for the apparent difference in the strengths of the neutron- 
proton and proton-proton interactions; Hoisington et al, ( 1939 ) have shown that 
such a difference of the order of a few per cent can arise in this way. The absolute 
phase shift, for which the theory predicts too large a value, would be decreased 
if the interaction ( 1 ) were replaced by one of greater ‘curvature*. 

In Conclusion the writer would like to thank Dr H. Frohlich and Professor 
L. Rosenfeld for the interest they have shown in this work. He is also indebted to 
Mr de J ager for a preliminary account of the researches of Lubanski & de Jager ( 1948 ), 
and to Miss M. J. Ldttleton for assistance with the computations. 
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Dotermination of the viscosity of molten salts by a capillary 
method. The system cadmium chloride-cadmium bromide 

By H. Bloom, B. S. Habrap and E. Heymann 

Chemiatry Department, University of Melbourne 

{Communicated by Sir David Rivett, F.R.8.—Received 13 December 1947) 

The knowledge of the viscosity of molten salts and their mixtures is important (1) for testiiig 
recent theories by Eyring and by Fronkel, and (2) for confirming or modifying conclusions 
regarding the constitution of certain molten salt mixtures which worn investigated by Bloom 
* Heymann. A capillary method based on the XJbbelohde’Bingham principle has been 
adapt^ to the conditions at high temperature. The main feature of the method is an auto¬ 
matic electric recording device, involving a balanced Wheatstone net with amplifier and an 
electric clock. 

The isotherms of viscosity plotted against molar fraction in the system CdCl,-CdBr, are 
linear. The activation energy of viscosity is 1*6 to 1*8 times as great aw the activation energy 
of ionic migration. 

iKTBODtrCTIOK 

Eyring and his colleagues (Eyring 1936 ; Ewell & Eyring 1937 : Glasstone, Laidler 
& E 3 rring 1941 ) have applied the theory of absolute reaction rates, combined with 
the ‘hole’ theory of liquids, to the problem of viscosity. They consider the holes in 
a liquid as playing a part similar to, that played by the molecules in a gas. Their 
investigations have yielded interesting material concerning the total and free 
energies of activation of viscosity, their relation to the energy of vaporization, and 
the possible causes of their variation with temperature in some systems. The latter 
have also been discussed by Ward ( 1937 ). These concepts have been mainly applied 
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to moleouJar liquids. An earlier theoiy by JPrenkel (1926, 1946), based on the con¬ 
nexion between viscosity and self-diffusion, has also been applied to ionic liquids. 
Both schools have interpreted equations relating viscosity with the composition of 
a mixture, and Frenkel (1946) has proposed and discussed various forms of mixture 
laws of viscosity and electric conductivity of molten salts. 

Experimental data on ionic liquids (molten salts) are scarce. It is the object of 
our investigations to supply the experimental material for the application of the 
concepts mentioned above to molten salts. 

Bloom & Heymann ( 1947 ), who discussed the activation energies of viscosity and 
of ionic migration of molten salts, found that the former are always greater than the 
latter. Thus the energy barriers involved in viscous flow are different from those 
involved in ionic migration. This is probably due to the fact that, whilst conductivity 
is mainly determined by the ionic species which possesses the higher mobility (usually 
the cations), viscosity depends mainly on the ionic species which possesses the smaller 
mobility (usually the anions) (Frenkel 1946; Bloom & Heymann 1947 ). Bloom & 
Heymann have also investigated the isotherms of conductivity of a number of binary 
salt mixtures. These give an interesting insight into the possible constitution of these 
mixtures (e.g. presence of complex ions), but a parallel investigation of the viscosity 
of such mixtures is desirable. 


Expbbimkntal 

For liquids of low viscosity, the most frequently used methods of measurement 
are the capillary method, the oscillating sphere or disk method, and the method of 
stationary deviations. The last two methods involve considerable constructional 
and operational difficulties at high temperatures, and the oscillating sphere method 
requires a large quantity of platinum. To illustrate such operational difficulties, it 
may be mentioned that Lorenz & Kalmus (1907), who used the latter method, had 
to discard 30 % of their measurements because the decrements were not logarithmic. 
We therefore decided to adapt the capillary method to our use. 

In the (japilJary method, the coefficient of viscosity (tj) is calculated from the rate 
of laminar flow by the well-known equation of Poiseuille. Considerable divergence 
of opinion prevails regarding the conditions in which the Hagenbach (kinetic energy) 
correction is applicable. Gruneisen (1905), in an exhaustive investigation on the 
range of validity of Poiseuille’s equation, found that no correction was justified in 
instruments in which the capillary ha/i a trumpet-shaped end leading to a large 
reservoir, and concordant results were obtained for the product of the driving 
pimsure (p) and the time of flow (/) of a given volume of liquid at difterent pressures. 
It can easily be seen that this is a criterion for the validity of Poiseuille’s equation 
without correction. We therefore constructed our viscometers with trumpet-shaped 
ends, in a fairly large reservoir, and calibrated them empirically in a molten salt, 
the viscosity of which hadl)een determined by independent methods. The constancy 
ofpxt with varying pressure in the experimental range employed is shown in table I 
for a mixture containing 55 ’OmoIe % OdClj and 45*0 mole % NaCl at 411 ° C, 

The onset of turbulence was observed in a number of experiments at high tem¬ 
peratures. Values for the Reynolds number calculated from such experiments were 
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of the order of 1500, suggesting that the shape of the capillary (see below) was such 
that it did not give rise to local turbulence. The constancy of p x t was tested in all 
experiments, and only such experiments in which this criterion was fulfilled were 
used for a calculation of the viscosity. 



Table 1 


p 

i 


(cm, ,Hg) 

(fJOC.) 

pxt 

4*35 

180*8 

786 

8'40 

92*5 

777 

13*41 

58*5 

784 

lfi-54 

47*3 

781 


The choice of the glass for viscometer and container depended on the melting- 
points of the system under investigation. Moncrieff, Supremax (Jena) and B.T.H. 
glass (C14 and C46) were used. B.T.H. being particularly suitable because of its 
high softening point (Cl4: 825 to 850^0; C46: 875 to 900"^ C) and its resistance to 
chemical attack by the molten salt. Silica is unsuitable because it is strongly 
attacked by many molten salts. 

The apparatus (figure 1) consisted of a capillary 0 (of 12 to 13 cm. length) with 
trumpet-shaped ends; the diameter varied with the viscosity of the system under 
investigation and was of the order of 0*5 mm. The upper end of the capillary was 
sealed to a glass reservoir jB, of 6 cm. length and 1-4 cm. internal diameter. The 
reservoir was sealed to a tube Z), 36cm. long and l’4cm. wide, and there was a 
constriction N between reservoir and tube, and a side arm S which connected with 
a manostat. The container was 55 cm. long and of internal diameter of about 3 cm. 

Since it is difficult trO observe visually the time taken for the melt to flow past two 
marks, we used an electric recording device. Three platinum contacts were sealed 
through the Moncrieff glass tube T. When the melt passed the lower contacts at B, 
equivalent to the lower mark of the viscometer, a current was caused to flow through 
the two arms of a Wheatstone net which had previously been balanced (figure 2). 
This current started ah electric clock. When the melt reached the upper contact E, 
equivalent to the upper mark of the viscometer, the Wheatstone not was balanced 
again and the current ceased to flow through the bridge, thus stopping the clock. 
The current supplied to the bridge was transformed from the electric mains supply 
(250 V) down to 16 V. A valve amplifier, designed and constructed by A. E. Fer¬ 
guson,* was placed in the circuit between the bridge and the clock as shown in 
figure 2, for the following reason. The alternating current of the mains supply is not 
of pure sine form and causes a certain amount of electrolysis of the melt between 
the wires A and S which is troublesome. By placing the amplifier in the bridge 
circuit with the clock, the current and thus the amount of electrolysis is effectively 
reduced. The clock used was a Telechron self-starting clock. 

A buzzer was also included in the circuit as shown. This was in order to follow the 
expulsion of the melt from the viscometer without having to use the clock. 

* Tribophysios Section of the Council for Scientific and Industrial Heseorch of Australia; 
now of Department of Electrical Engineeringt University of Melbourne^ 
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The pressure to drive the melt through the viscometer was provided by using two 
20 1 . carboys as a vacuum reservoir. By means of this large reservoir, the pressure 
could be maintained constant to within 0*02 cm, of mercury during each experiment. 
The expulsion of the melt from the viscometer was effected by compressed nitrogen. 

The furnace, which permitted observation of the melt during the experiment, 
was similar to that described by Bloom & Heymann ( 1947 ). The temperature was 
measured by two thermocouples and a sensitive Leeds and Northrup potentiometer. 
The hot junctions were arranged at the upper and lower ‘ marks' of the viscometer. 
Before any reading was recorded, the temperature was constant for about 10 min., 
and the temperature at different levels did not vary by more than C. 



Before the actual determination of viscosity, the positions of the melt, visoomefer 
and thermocouples were adjusted so that no correction had to be made to the 
pressure read on the mercury manometer, due to the hydrostatic head produced by 
the different liquid levels inside and outside the viscometer bulb. The dimensions 
of the bulb and the container were chosen, and the various levels of liquid arranged 
so that the levels of liquid both inside and outside the bulb were just crossing at 
half-time. In this way, the head to be added to the driving pressure in the first half 
of the experiment is balanced by that to be subtracted in the second half (Ubbelohde 
1908; Bingham & Jackson 1917, principle). 
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Molten potassium nitrate was used for calibration; the viscosity values used were 
those o^ Dantuma ( 1928 ), whose experimental procedure appeared to be more 
satisfactory than that of most other workers. The temperature coefficient of vis¬ 
cosity of potassium nitrate determined by our method was the same as that observed 
by Dantuma. The viscometers were recalibrated at frequent intervals to ascertain 
that the constants had not changed as a consequence of the attack of the molten 
salt. No change greater than 0*3 % was recorded during the lifetime of any visco¬ 
meter. 

Experimental acmrac^y 

The temperature was constant within 1 °C, corresponding to a maximum error 
of 0*5 % in viscosity. The time was measurable within 0*5 sec. by the electric clock, 
the times involved in the experiment usually being 50 to 100sec. Thus the accuracy 
of the determinations of time was 0*6 to 1 * 0 %. The driving pressure remained 
constant within 0*2 % during an experiment. It can be shown easily that the errors 
introduced by the expansion of the viscometer and of the platinum are negligible. 
The maximum errorfe of the determination of viscosity would thus be of the order 
of 1*0 to 1*5 %. Actually the reproducibility of most experiments was of this order. 

Resitlts 

The performance of the method was tested in the syst/em cadmium chloride- 
cadmium bromide,* where our previous work on electric conductivity led us to 
expect viscosity isotherms of a simple shape. The viscosities of pure oadmium 
chloride and cadmium bromide are shown over a range of temperatures in figure 3, 
together with those of cadmium chloride determined by Karpachev & 8 tromberg 
( 1938 ). The values that these authors obtained by the oscillating sphere method are 
about 2 % higher than ours. 

Figure 4 shows two isotherms of viscosity plotted against the molar fraction of 
CdClj in the mixture. The isotherms are straight lines. This is probably one of very 
few cases in the field of liquid mixtures in which the viscosity is a linear function of 
the molar fraction, With mixtures of non-ionic liquids, even if the systems are ideal 
with respect to fugacity or any other property connected with the thermodynamic 
potential, the viscosity isotherms indicate deviations from additivity (of. Hatschek 
1928 ). 

For many molten salts the viscosity may be represented by the equation 

^ — const. X 

where B is the activation energy characteristic for the configurational changes in¬ 
volved in viscous flow, whilst the electric conductivity, according to Bloom & 
Heymann ( 1947 ), can be represented by a similar equation 

AC = const. X 

where C is the corresponding activation energy characterizing ionic migration. 
Nevertheless, exceptions have been noted in several systems, 

♦ For purification and analysis, see Bloom A; Heymann ( 1947 ). 



242 


H. Bloom, B. S. Harrap and E. Heymann 


Thus, whilst in very dilute aqueous solutions, a relation 

#c X ^ = const. 

has often been found to hold approximately (Walden 1906), for molten salts we 

atw X ^ = const., 


have a relation 


where m = B\C > 1 . 

According to Bloom & Heymann ( 1947 ), m is between 3 and 7 for univalent chlorides, 
and about 2 for bivalent chlorides, showing that the energy barriers involved in 



FiauBK 8. Plot of viHoosity of puro CdClg and pure OdBr, againnt temperature. 



0*2 0*4 0*6 0 8 

molar fraction of CdOl* 


Figure 4. Plot of viscosity of CdClj-CdBri mixtures ag^nst 
molar fraction of CdOl* (600 aiid 660“ C). 
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visoouB flow are greater than those involved in ionic migration. A similar value for 
nt is found in the system CdCla-CdBrj (table 2). 

Table 2 

0 27-2 35-6 41*7 56*6 74*8 100 

4*5 4*4 4*4 4*3 4*3 4*3 4*0 

2*8 2*7 - 2*5 2*4 2*3 2*3 

1*6 1*6 — 1*7 1*8 1*8 1*7 



0*00102 0*00106 0-00110 0*00114 0*00118 


i/r 

Figure 5. Plot of i? In against 1/r for a number of mixtures of CdClj and CdBr,. (Pure 
CdCI,; 74*8 mole % CdClj; 41*7 mole % CdClj; 36*6 mole % CdCl,; pure CdBr,.) 

B does not vary appreciably with temperature, the plot of JSIn^ against 1/T 
being linear in the temperature interval under investigation (figure 6). 

The theoretical significance of these results will be discussed in conjunction with 
other systems in a future publication. 
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A general kinetic theory of liquids 
V. Liquid He II 

By H. S. Gkben, Edinburgh University 
{Communicated by M. Bom, F.B. 8 .—Received 20 December 1947 ) 


This paper fulfils the programme annoimoed in part IV of the series by examining the 
detailed application of the general quantum theory of fluids to liquid He ii. It is sliown that 
although tho classical laws of hydrodynamics and thermodynamics are formally obeyed by 
the quantum liquid, important divergences arise in tho manner of their interpretation. Without 
introducing any assumption other than the validity of the general laws of quantum raechanies, 
it is possible to explain qualitatively and quantitatively tho well-known properties of liquid 
helium, including the thermodynamic discontinxiity, the thermomeohanioal effect, the 
transfer effect, *md tho presence of thermal waves in the liquid. The connexion with earlier 
theories is tratsed, and it is shown that although they are in agreement with the theory hero 
proposed m certain respects, their fundamental concepts are in need of considerable revision. 
The theory can bo applied with slight changes to the phenomenon of superconductivity. 


I. iNTRODtrCTIOH 

The olassical theory of liquids developed in the first three papers of this series (Bom 
& Green 1946; Green 1947; Born & Green 1947a) and the quantization effected in 
the subsequent paper (Bom & Green 19476) led to a conception of the nat\u« of 
viscous and thermal conductive processes in liquids which the authors hoped would 
be of assistance in the understanding not only of normal liquids, but also of the 
‘quantum liquids’ of which liquid Heti is the simplest example. (The electrons in 
certain metals at low temperatures may be cited as a second example.) 

Many distinguished contributions have l)een made to the experimental evidence 
relating to the phenomena which are studied in this paper. Among them, those of 
Kapitza (19416) on the thermomechanical effect, and of Daunt & Mendelssohn 
(1939) on the related transfer effect appear to be of special importance, as they 
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demonstrate most clearly the existence of a special kind of reversible process which 
can occur in thin layers of the liquid. Other non-equilibrium phenomena are readily 
interpreted as manifestations of the same type of reversible process, adulterated 
in many instances by the simultaneous operation of irreversible effects. The 
remarkable feature exhibited by all these experiments is the apparent failure in 
Hell of two well-established physical taws; the law of thermal conduction, which 
requires the heat flow to be proportional to the temperature gradient, and the law 
of viscosity, which requires the velocity gradient to be proportional to the non¬ 
hydrostatic pressure forces. 

No satisfactory explanation has yet been given of these phenomena. They lie 
outside the province of ordinary reversible thermodynamics, which reqxiires for its 
validity that changes of any kind should occur with infinite slowness. Further, no 
account can be expected of the anomalous viscosity and thermal conduction in 
He IT without prior understanding of the corresponding protJesses in ordinary liquids. 
In spite of these handicaps, several attempts have been made to elucidate certain 
aspects of the problem, of which the best known are due to London (1938, 1939). 
Tisza (1938, 1940, 1947), and Landau {1941, 1944). The first two of these authors 
endeavoured to connect superfluidity with the ‘ condensation * which occurs in a gas 
of non-interacting Bose particles at a temperature not far from the A-point. They 
were not able, however, to take adequate account of the interaction between the 
helium molecules; moreover, it seemed improbable that Boso-Einstein statistics 
could be of crucial importance for the existence of superfluidity, since entirel}^ 
analogous phenomena were known to occur in superconductors, where the^eotrons 
obey Fermi-Dirac statistics. Landau, while retaining the idea of London and Tisza 
that Hen could be i^garded as a mixture of two phases of which only one could 
participate in the superftuid motion, eliminated these objections by introducing 
a new description of the superfluid as a liquid devoid of ‘rotons', rather vaguely 
defined as states of quantized vortex motion. The theoretical foundations of 
Landau's work were very insubstantial; nevertheless, his theory was in close rela¬ 
tion to the experimental evidence, and justified itself by predicting the existence of 
two kinds of wave propagation for Hen and therefore two velocities of ‘sound'. 

The present paper reveals that the limited successes of the earlier theories are 
derived principally from the two-phase conception of the quantum liquid; yet it 
appears clearly that this is an over-simplification of the real situation, which demands 
a different physical interpretation. In fact, the classical laws of mechanics and 
thermodynamics hold only in a modified form, in which the difference n between 
the thermodynamic and ‘kinetic’ pressures plays an important part. While many 
details remain to be investigated, the author believes that all the properties of Hen 
can be explained by the theory developed below in a way not only satisfactory to 
the physical intuition, but requiring no assumption other than the accepted laws 
of quantum mechanics. Incidentally, the properties of a quantum liquid are derived 
in their most general form, which can easily be applied to the electrons in a metal 
and the phenomenon of superconductivity ; one requires only to replace the ordinary 
pressure tensor by the electromagnetic stress tensor, and to represent the almost 
stationary metallic ions by a conservative field of force. 
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2. Hb n IK BQtTZLXBBnTH 

Since the radial distribution function plays an important part in determining the 
properties of both classical and quantum liquids, it is desirable, as a preliminary step, 
to ascertain the general properties of this function in liquid helium at very low tem¬ 
peratures where the usual methods of statistical mechanics (cf. de Boer & Michels 
1939) cannot be applied. The method here adopted was indicated in § 4 of part IV, 
where it was shown that the density matrix p^{x,x*) relating to a pair of particles 
may be expanded in the form 

/)a(x,x') = Sa{A)^ir2(A,x)^(A,x'), (2*1) 

A 

where a(A) is the probability of finding a pair of molecules in the unperturbed 
eigenstate A, characterized by the eigenfunction which is the solution of 

the equation , . ^ 

L:(P^‘)* + p(“)2) + ^4{r)Ua(A,x) - (2*2) 


The A comprise the quantities W3, where m = x (p^®>~p^^^), 

satisfying 1 ( 1 + l)h^ ^ m*, and E -- (p<*)—p<i>)*-f 0(r) = —p®. Then 


where TJ is a spherical harmonic of order 1, and i/r{r) satisfies 




The radial distribution function is derived from P2(x,x') simply by putting x = x', 
“ n,(x) = S a(A) I ^,(A,x) |«. (2-6) 

As was shown in part IV, if the perturbation energy T* experienced by the given 
pair of molecules on account of the other molecules in the liquid is assumed to be 
Hermitian, the a(A) occurring in (2*1) and ( 2 * 5 ) will have the same value in equili¬ 
brium for all states A between which transitions are not forbidden by the vanishing 
of the matrix elements of Now the effect of the other molecules, reflected in the 
form of the matrix IJ, is to make tend to a constant value c, equal to rf in the 
infinite fluid, when r is large. Thus 

na(x) c ets r -> oo. (2*6) 

Subject only to this condition, one will have, in equilibrium, 

a(A)« ( 2 * 7 ) 

From this it is apparent that the behaviour of each individual term a(E) | ^^(E,x) |* 
in the expansion (2*6) depends strongly on E at low temperatures, and, as a result, 
near absolute zero, one may write 

n,{x) m e\ftiK^)\\ 


(2*8) 
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where Eq is the lowest fully occupied energy level. Now, for < 0 or JPq > 0 , r“^y!r(r) 
tends to zero or infinity for large r, so that the boundary condition (2-6) is violated. 
Hence E^ = 0, and in the normal condition all molecule-pairs are in the state of 
zero energy et absolute zero. 

This result does not affect the possibility of a limited occupation of the negative 
energy states. (In the instance of helium, on account of the weakness of the attrac¬ 
tion between the molecules, it is unlikely that thei*e are more than one.) In particular, 
near the walls at the boundary of the fluid, the condition (2-6) no longer holds, and 
one may substitute the ordinary Schrodinger boundary condition, which is satisfied 
only in the negative energy states. Hence one is led to predict the existence of liquid 
helium in an abnormal, negative energy state near the walls of the containing vessel; 
this is confirmed in the exact treatment of non-uniform conditions developed in 
the following sections. 

To determine n^ir) for the normal state, one need only solve ( 2 - 4 ) for positive values 
of E; the Leonard-Jones formula for ^(r) is chosen l>ecause of the hardness of the 
repulsive term vr which allows one to consider only the attractive term 
provided that the part of the wave function corresponding to distances below the 
potential minimum is subsequently ignored. With the further substitutions x — 
and t = ( 2 - 4 ) reduces to 



When E =» 0 , this equation has the solution 

X = ( 2 - 10 ) 

from which it is clear that only the value / = 0 is consistent with the boundary con¬ 
ditions. The form of the radial distribution function obtained from the solution 
(2-10) is shown in figure 1, and is very different from that characteristic of classical 
liquids, having a minimum instead of the usual maximum near the minimum of 
^i(r). The variation of ng(r) with temperature can be taken into account by making 
use of the solution of ( 2 - 9 ) with positive values of E, which is obviously obtained by 
writing t - ( 2 mif/ 3 A®) for < in {2’10), when E is small, and making use of the formula 

ng(r) = r”*J e~^"‘'’'\\/r^{E,r)\^dE. {2'11) 

The resulting curve, within its range of validity, does not differ significantly from 
the curve shown in figure 1. 

It is clear from ( 2 * 9 ) that the form of the radial distribution function will undergo 
a considerable modification when energies of the order of (r, = 3 A) are 

excited, due to contributions from the states 1 = 2 , 4 , etc. This corresponds to a 
temperature of ih^jmhri 2° K, near the A-point, It is known that the effect of the 
higher angular momentum states is to contribute to the normal maxima of the radial 
distribution function, so that one is led to expect that the unusual features of liquid 
helium will disappear above 2** K. These plausibility considerations are confirmed 
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by the more precise calculations of the next section, but they are of interest here 
because they tend to confirm the suggestion of Landau (1941) that the unusual 
features of He ii are associated with a deficiency of ‘ rotons or quantized rotational 
states. 



Fioukk J . Radial distribution function for liquid helium in the normal state near 
absolute zero. Distance of potential maximum =: 2*^.3 A. 


3. Thermombchanics of He it 

In part IV certain definite conclusions were reached concerning the similari¬ 
ties and differences which may be ex{)ected between an ordinary liquid and the 
‘ quantum' m(xiification which must occur, in the absence of solidification, at low 
temperatures. These conclusions may be briefly summarized as follows. 


The equation of motion 


and the law of viscosity 


d d ^ 

p[^-2fc±u 


( 3 - 1 ) 


( 3 - 2 ) 


for the non-hydrostatic part of the pressure tensor, remain formally correct, but 
the ‘ kinetic ’ pressure tensor pj differs, even in equilibrium, from the thermodynamic 
pressure tensor p which is directly measurable. Similarly, the equation of energy 
transfer jtt ^ / n \ 


and the law of thermal conduction 


-A 


8x’ 


( 3 - 4 ) 


where nkT^ is the diagonal element of the thermal part k, of the kinetic pressure tensor, 
require no modification, but the ‘kinetjo’ temperature differs hem the thermo¬ 
dynamic temperature T. 
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Part of the remaining taek is therefore the examination of the connexion between 
the kinetic and thermodynamic quantities. In equilibrium one has, according to 
§ 3 of part IV, , , , /« 

or ^ /yi = qq, -L -I- an. -L r i 


where 


and 
so that 


Pl+l>S+P»+-". 

(3-5) 

v/ \ 

(3-6) 

sifiVNr 

N (nim I N \ 


{3-7) 




mtj-i 


„ -‘A‘ ^ L«, U„ «■ " V"’ 


Hence 


One can now estimate roughly the critical temperature, which will be identified 
provisionally with the A-point in liquid helium, below which the quantum (jorrection 
••• becomes comparable withpj, given by 


Pi = Jn,vi'(r)rdr. 


This is done by substituting the approximation Ti for in the first term of ( 3 - 9 ), 
and by applying a Kirkwood-like approximation to the second term in this equation, 
which then reduces to 


Both the integrals involving ^ in ( 3 * 11 ) have values of the magnitude of 

- 2 rr’‘j^ 4 >'if)rdr, 

80 that p3 becomes of the same order as at a temperature given by 

where is the maximum of the integrand. Using ( 3 - 10 ), 

wliere 7 ], ■« 2 h*jmhr\ ~ 2 ® K for helium, with r, = 3 A. 

The fonnols (8*IS) gives the A-point, together with its variation with pressure, 
sufficiently well, considering the roughness of the estimation, to support the expecta¬ 
tion that a rigorous evaluation of the series ( 3 ' 6 ) will yield complete information 
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concerning the thermodynamic discontinuity at the A-point, the sharpness of the 

transition being due to the cumulative effect of the higher terms in the infinite series. 

For the present, write . v 

^ (3‘14) 

so that n almost vanishes above the A-point and becomes positive just below it, 
as may be seen from the fact that pg is negative. It will be found shortly that values 
of n can be inferred from a variety of experimental determinations; at the saturation 
vapour pressure (cf. figure 2), it increases to a maximum at 1 * 5 '^ K', and becomes zero 
again at absolute zero. 



Figure 2. n m a function of temperature at the saturation vapour pressure. Upper curve: 
ground state. I^owor curve: normal state. The difference between the two curves is the quantity 
ni?sj#nT*SVm measured by Kapitza ( 19416 , figure 6 ). 


Equation ( 3 ’ 1 ) may be written in the form 


mn 


du ^ 

dt'^Bx 


dn d , rs 

■g;-^.p, + «F, 


( 315 ) 


which shows that differences in n, such as may occur in the presence of a temperature 
gradient, will have the effect of obscuring the viscosity and simulating the action of 
external forces on the liquid; this already secures a qualitative understanding of 
the thermomeohanioal phenomena observed in He n. 

The thermodynamic pressure tensor p has as yet been given no strict definition 
applicable to non-uniform conditions. It is now defined by the property that, if 
dS is a surface element moving with the liquid, the work done in an elementary dis¬ 
placement dx of dS should be dx. p. dS. This definition evidently ooinoides with that 
available in equilibrium conditions, as the negative derivative of the fitee energy 
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with respect to volume. Consider now a smaU volume moving with the liquid; the 
equation of conservation of energy within this volume is 

f dQ 
jn 




^ + U)dx= \n^dx 


dt 




p.dS, 


( 3 - 16 ) 


where dQjdi is the rate of absorption of heat energy per molecule, and the external 
force is omitted from consideration. dQ is not, of course, a perfect differential. From 
this equation one obtains 




' dt ' 


^.(P.u), 


( 3 - 17 ) 


which may be regarded as the definition of the thermodynamic pressure tensor p 
in symbolic language. The corresponding equation for the energy of the macroscopic 
motion, obtained by multiplying ( 3 * I) by u, is 

d 




(s p-)-" 


since F vanishes. Subtracting from { 3 - 17 ), one obtains 


dQ dU 


dt 


dt 


+ p 


^(s“) 


+u.;^.(P- 


•Pi)}. 


or, by virtue of ( 3 - 14 ) and the equation of continuity. 


dQ dU d n 


-u 


dn 


( 3 * 18 ) 


( 3 * 10 ) 


( 3 ' 20 ) 


on the assumption that the viscosity may be neglected; the conditions of validity 
of this hypothesis will be examined in § 5 . 

To complete the present account of non-uniform thermodynamics, it is necessary 
to add only the definition of the thermodynamic temperature T by means of tlie 


where S is the entropy per molecule, regarded os a space function of the three in¬ 
dependent variables n, T and n. (3.21) is the customary formulation of the second 
law of thermodynamics, which, as was shown in part IV, goes over unchanged into 
the quantum theory: the necessity for this is, of course, obvious from the physical 
point of view. On the other hand, it is clear from (3-20) that the first law of thenno- 
d3mamio8 does not hold in its usual sense for a quantum liquid; this does not imply 
any violation of the law of conservation of energy, which is actually implicit in its 
derivation, but is symptomatic of the existence of a curious interconnexion between 
the thermal energy and the energy of macroscopic motion. 


4 . The EnBMENTAEY THEBMAL PBOCBaSSS IN Hb n 

It is now expedient to consider the application of the general theory of the 
previous section to the three simple processes in fluids which are of special physical 
significance. 
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Consider first the quasi-static process in which a transition is made from one 
uniform state to another by the infinitely alow variation of an external parameter h 
Such ideal conditions never occur naturally, but are of special importance inasmuch 
as they are the only kind to which ordinary reversible thermodynamics is strictly 
applicable. As the number density is a function of only, the equation of continuity 
leads to j, , n'{l)dl 

0. « = (*-l) 




n(l) dt* 


assuming that the motion is in the a;-direction. As (dlldt)^ and dHjdt^ are completely 
negligible, the equation of motion (3*1) shows merely that and hence n are 
uniform. Thus (3-20) reduces to 




(4-2) 


which is the ordinary law of thermodynamics. 

When, however, steady processes, which are of frequent physical occurrence, are 

considered, one has u, ^ so that (3*20) takes the form 
ox dt 


dQ^dU^pd\ 



(4*3) 


on multiplication by the time-diiBFerential. Partof any thermal energy communicated 
is absorbed by the macroscopic motion, as may be seen from (3* 18),.which leads to 

d(4rni*2)-f--rfp = — ' (4*4) 

n n 


The equation (4-3) may be written in the form 

TdS=^d(^U-l)+p,d(^iy (4-6) 

showing that the flowing helium behaves thermodynamically as if its internal energy 
were U ~ it In, and the pressure were the kinetic pressure. The anomalous internal 
energy -itjn gives rise to an anomalous specific heat additional to the normad 
specific heat, the additional energy supplied being converted into energy of motion. 
The motion may be visible, as in the transfer effect and in the flow through capillaries, 
or may take the form of closed currents analogous to the persistent currents in super¬ 
conductors. It will be seen.that such motion generally occurs only near the boundary 
walls containing the fluid, and takes another form inside the liquid. One may further 
rewrite (4-6) in the form . 

ddf =-dpi — SdT, (4*6) 


where <l» = 1 /+pln — TS is the thermodynamic potential per molecule. For simul¬ 
taneous mechanical and thermal equilibrium, one has » 0, since dpi => dT 0, 
and in a purely thermomeohanioal process, (M> » 0, so that 




nS. 


( 4 - 7 ) 
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A third type of process, again of major physiced interest, is that of wave propaga¬ 
tion. There the number density may be taken to be a function of t— »”*k.x only, 

so that . , 

on , on „ 

<*•*> 


where k is a unit vector in the direction of propagation, and v is the velocity of 
propagation. More complex types of wave disturbance may be obtained by the 
superposition of elementary waves of this type. From the substitution of (4-8) into 
the equation of continuity it follows that 

^.(nu-nvk) ^ 0, (4*9) 

where is a constant equal to the density at any place where the motion associated 
with the wave vanishes. Also 


du 

^dt 


Tin 

n dt 




n^dn 


n dx* 


3 nn\dn o o ^ /1\ 

nu.^u = v2,._o I—g ^ ^2^ i 

dx n\ n/dx ndx ^dx\n/ ) 


so that the equation of motion leads to 

S / 71 *^ \ 

— I 4 -jOj I - 0, mv^ ~ + Pi - ^ constant. 

Differentiating with respect to the density, one obtains 

m nl (In ‘ 


(4-10) 


{4-11) 


(4*12) 


This is the ordinary formula for the velocity of sound if the pro})agation process is 
adiabatic, a condition which is obviously satisfied if the disturbance is purely 
mechanical, but not in thermal processes where the additional variable n comes into 
play. It is on the latter type of wave propagation that interest is now mainly 
centred. 

For any thermodynamical variable, such as U, one has 


BU , dU n dU ndU 

== —Vk.-s— -- —U.—= —”37, 

dt OX Wq —n 0x UQ^dt 

so that, for wave propagation, (3-20) leads to the law 

dQ^dU+pd(~)-‘^^^dn 

\n/ ngv. 


(4-13) 


(4-14) 


or (.-lO) 

The anomatouji specific heat is in this instance which us much smaller 

than that found for steady motion if the difierenoe is small. The effect of 
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superposing a large number of waves with different directions, shapes and ampli¬ 
tudes, however, is to reduce the density considerably. This is evident from (4-9), 
on the understanding that the macroscopic velocity is in the opposite direction to 
the wave vector when the latter is identified with the direction of flow of heat. It 
thus appears that nearly all the anomalous specific heat in Hen is accounted for 
by the presence of thermal waves, which are also responsible for the sudden decrease 
of the density below the A-point. 

To clarify the picture presented by the thermal waves, consider the effect of 
the transmission of a pulse of length I along a tube of cross-section cr, containing the 
liquid initially in its ground state, at rest. If, during the passage of the pulse, the 
value of It is reduced from mtom — Att, it is clear from (4* 14) that the heat transmitted 
is (1 *-w/no)/crA 7 r, neglecting the small contribution pd{ljn). From (4-9), on the 
other hand, one sees that the volume uv~^^1(t = (Wq/w- 1)1<t is transferred in the 
opposite direction. The whole process may occur isothermally and without variation 
of the pressure. This was found experimentally by Kapitza ( 19416 ), who also 
measured the ratio B ~ /^nlmn of the heat to the mass transfer. From {4*14), 
which for waves of small amplitude should be rewritten in the form 

TdAS = + + (4-16) 

m JO 

one obtains further B - — -srrr \ • (4* 17) 

nmd(ljn) 

This formula is exact. The approximate formula mB ^ T8 which has been found 
empirically follows from the integral 

T8 V+^^-^^^+TS’ ' (4-18) 

n 

of (4*10) if one observes that nearly all the entropy is associated with the thermal 
wave, and hence TS — Arr/n is very small. 

Kapitza’s measurements allow one to infer the variation with temperature of n 
for the normal state of the liquid, on the presumption that 

iin^nTS, ro = nT8^, n nT(S~~Sf,), (4'19) 

where is the maximum entropy associated with the thermal waves. The resulting 
curve is shown in figure 2 , together with the linear curve for the ground state. iy)m 
the point of view of Ijondon, Tisza, and Landau, an artificial separation of liquid 
helium can be made into a ‘ superfluid ’ and a ‘ normal ’ component; this could be 
expressed in terms of the present theory by writing n = m(njn) and An = m{njn), 
where and n„ are the superfiuid and normal densities respectively. This analogy 
between the theories suggests that the difference may be merely one of interpreta¬ 
tion; physically absurd oouolusions, however, result from the two-fluid conception, 
quite apart from its lack of theoretical justification, and it must therefore be dis¬ 
carded in favour of the more fundamental outlook. 

The existence of the thermal waves in liquid helium in bulk waa demonstrated 
experimentally by Peshkov { 1944 , 1946 ), who succeeded in evoking a train of 
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waves with weak thermomeohanical properties by passing an alternating current 
through an electrical heater immersed in the liquid, and measured the velocity of 
propagation by a resonance method. The conditions for the propagation of these 
waves, which may be inferred from (4-6) and (4*15), are 

d® =» 0 and drr = 0; (4*20) 

it follows that ^ ~ nS, ^ 0 , (4-21) 

if one neglects the small variation of temperature with density, and that the velocity 
of propagation of the waves is given by 

Tisza ( 1947 ) has shown that excellent numerical agreement with the experi¬ 
mentally observed velocity of ‘second sound’ can be obtained from this formula, 
using Kapitza’s measurements of 8, His method of derivation of this formula, on 
the basis of the two-fluid theory, is, however, complex, and open to objection from 
the present point of view. 


5. Viscosity and thkbmad conduction in He ii 


It has been supposed in the foregoing that there are certain processes, other than 
quawsi-statio processes, in quantum liquids, for which the effect of viscosity can be 
neglected. From equation (3*2) it follows that viscosity is mainly due to the exist¬ 
ence of the non-diagonal elements of the potential pressure 1 ^, defined by 

^i) ^ ^ 


where r = and x = ^ 4 X ^*0 • The validity of the classical expansion in 

powers of the space gradients of density, temperature, and velocity is made rather 
dubious by the presence of waves and large velocities; fortunately, however, the 
equation (5-1) can be solved exactly by the operational methods of quantum 
mechanics. Since 

W 3 (r,x<i> + ^r) == n^ir.x), (5-2) 

the equation reduces to 

IpW. I, = _ rfflre“»'*’-*''‘n,(r,x<«)rfr. (6-3) 

n Jr 


Also, because n,(r,x) < 
equation, leaving 

Ii 


ng( - r,x), the coefficient can be cancelled from this 




(5-i) 


This leads to the classical approximation formulae if the ordinary expansion pro- 
oedure is followed. One infers that the viscosity, will vanish completely in the liquid 
bulk only if is independent ofx^; on the other hand, sinoe n, is abnormally 
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email in Hen near the potential minimum, the viscosity will also be small, though 
finite. The experimental evidence available on the damping of mechanioal motion 
in the liquid supports this conclusion. Also, as effectively uniform conditions are 
associated with the thermal waves investigated in the previous section, these waves 
will be quite undamped. The reversible processes in capillaries and narrow slits are 
accounted for entirely in terms of such waves, and viscosity need therefor© be taken 
into account only to the extent to which these processes are often adulterated by 
the simultaneous operation of ordinary irreversible processes. 

It is of interest to re-examine the derivation of Poiseuille’s formula for the steady 
flow of a quantum liquid in a capillary. If r is the radial and x the axial co-ordinate, 
one has from (3-1) and (3*2) 


dp. \ d . 

p. 



2 dx * 


(5-5) 


where is the non-diagonal element of the pressure tensor, showing that the rate 
of decrease of velocity from the centre to the circumference is diminished in the ratio 
dpjdp, compared with the classical theory, and actually vanishes if is constant 
along the tube. In general, the slip between the walls and the fluid will be only 
partial, and the integral of (5»5) is 


where the constant of integi*ation Uj becomes infinite only in the limit dpJdx-^0, 
when Uy. must tend to the constant value - v(l Indeed, in Kapitxa’s experi¬ 

ments (1941 a) on the jet phenomenon produced by heating the liquid in a capillary 
sealed at one end. it is necessary to suppose that is less than the radius a of the 

for the volume 

flow across the cross-section, which must almost vanish for a sealed capillary. 
These experiments were proved to be strongly irreversible, consistent with the 
large viscous forces required on theoretical grounds. 

The laws of viscosity and thermal conduction, expressed in the form of { 3 * 2 ) 
and (3-4) respectively, are not very useful because they contain reference to the 
‘kinetic’ temperature and pressure alone. To formulate approximate laws with 
reference to the corresponding thermodynamic quantities, one is guided by the 
requirement that q and p' should be linear in the space derivatives of T and u, and 
must accordingly have the form 


capillary, as may be seen from the expression ^ 


q 


dT 




„ , S WdT 

-2/< S-U + -5 5-U. 

9x M* 0X 


( 5 - 7 ) 


The second term in each of these equations does not appear in the classical theory, 
for the reason that there, u may not occur explicitly, but they are not excluded and 
are indeed required by the quantum theory, where thermal and dynamical quan¬ 
tities are inseparably ^ked. The quantity x may be oaUed ‘ the ooeMoient of thermal 
mobility and 6 ‘ the modulus of thermal stress’. 



267 


General kinetic theory of liquids, V 

For the complete discussion of irreversible phenomena, it is necessary to have 
the general solution of the equation {3*1) in steady conditions, when, together with 
the equation of continuity, it reduces to 

^nu.^u + ^.p„ ^.(»u) = 0. (6-8) 

This pair of equations is integrable, with the solution 

d 

mnuu + pi ^ s, (5*9) 

where s is an arbitrary tensor, fixed by the boundary conditons, or 

mnuu + pj = ^ X s« pi = ^ x s'. (6-10) 


The first of these equations can bo satisfied by substituting for s® an antisyni- 
metrical tensor defined by 5 ®^,) = t .x etc.) if the left-hand side is 

uniform, or otherwise by a more complicated integral expression. Then one has 

mnuu -f pj = ^r(t) 1 — t. (^’11) 

Now suppose the flow is in a slit bounded by two planes separated by a very small 
distance d and nopnal to the s-axis. Then which represents the mean square 
momentum in the ^^-direotion, must, according to Heisenberg’s uncertainty principle, 
be of order The relevance of this conclusion has been [)ointed out by Daunt 

& Mendelssohn ( 1946 ). Writing ', 

(5-12) 

80 that Pi is the hydrostatic pressure in the infinite liquid, from (rxll) it follows, 
since = 0, that 

Pi + y(M~^)^ ==> tr(t)~t„. (5*13) 

This shows that t has a part of order ri •*, so that 

t = t" + (M-i)a t', r = ««+ C- (5-14) 

It is then clear from the equations 

mnwj+pi = <r(t)-<a,j., mnuj+p, = (5-15) 

that when d is very small, Uj, and are of order rf'*, being given, sufficiently nearly, 

(mn)iu^d^fi(f', + OK = + (5-l«) 

The tensor t is determined by the boundary conditions, effectively the conditions 
beyond the end of the slit. This confirms the conclusion reached previously, that the 
volume flow through capillaries and narrow slits includes a component depending 
not on the width of the channel, but only on the thermal transfer between the two 
ends. There may, however, exist an independent component corresponding to the 
behaviour of normal liquids. 

The same conclusions apply to the behaviour of the thin films associated with the 
transfer phenomenon, where the distance d is determined naturally instead of by 
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physical constraints. The method of initial formation of these films is rather com¬ 
plex, involving thermal fluctuations within the liquid and perhaps also evaporation 
and condensation from the vapour. Once formed, however, the mechanism respon¬ 
sible for their perpetuation is precisely the same as that involved in the superfluid 
motion through capillaries and narrow slits. 

The author wishes to acknowledge with sinoerest thanks the important part 
played by the advice and encouragement which he has received from Professor 
Max Born in the development of the theory. He is indebted to Imperial Chemical 
Industries for the tenure of a Research Fellowship. 
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Electroviscosity 

I. The flow of liquids between surfaces in close proximity 

By G. a. H. Elton, Chemistry Department, BaUeram Polytechnic 
{CommuniccUed by J. Kenyon, F.R,8.—Received 20 December 1947) 


The conditions governing the rate of flow of ionic and non-ionic liquids in narrow channels 
are examined, and it is demonstrated that in certain circumstances the electrical resistance to 
shear in ionic liquids, due to the effect of an electrical potential gradient on the ions of the 
surface layers, may assume considerable importance relative to the mechanical (viscous) 
resistance to shear. The results of this analysis are of important application in various fields, 
and offer an explanation of axiomalous resttlts (>btainefl by numerous exfwrimental workers. 


1. Intboditction 

In recent years a number of workers have devoted considerable attention to the 
behaviour of thin films of liquid between two interfaces (liquid/aolid, liquid/liquid 
or liquid/gats) when subject to forces tending to reduce the film thickness. For 
example, Derjaguin & Kussakov ( 1939 a, 6 ) and Derjaguin ( 1940 ) studied the be¬ 
haviour of gas bubbles in close proximity to various solid surfaces in water, in dilute 
aqueous salt solutions, and in various non-aqueous liquids. Eversole & Lahr { 19416 ) 
studied the separation produced between quartz surfaces by the condensation of 
a water film between them, and Buzagh ( 1937 ) studied, inter alia, the sediiuiintation 
of glass disks in aqueous salt solutions. Generally, the conclusions reached were 
that such films, up to a thickness of several hundred Angstroms, exhibited certain 
anomalous properties. Derjaguin & Kussakov reported that if a pressure were 
applied to such a film, its thickness did not decrease indefinitely, but took up a 
definite equilibrium value corresponding to that pressure. In aqueous solutions, for 
any given pressure and surfaces, the equilibrium film thickness was a function of 
the ion concentration, decreasing as the ion concentration increased. For a water 
film between a water/hydrogen and a water/mica interface, the equilibrium thickness 
varied between 1700A at 1000 dynes/cm.’* pressure to 300A at 14,000dynes/cm.®. 

The equilibrium distances of separation between two charged plane surfaces 
immersed in a liquid (and subject to no external forc^ which would tend to reduce 
the separation) have been calculated theoretically by Verwey & Overbeek ( 1946 ) 
and Levine & Dube ( 1939 ), and found to be of a much lower order (0 to 60 A); 
Schofield ( 1946 ) has performed calculations which lead to equilibrium distances of 
separation simUar in some cases to those of Derjaguin & Kussakov, but fail to 
account for the effect of ion concentration. 

Some of the experimental work in this field has been criticized by the writer 
(Elton 1946 ), and this oritioism will be extended in a future publication. The present 
paper will be confined to the discussion of a phenomenon which is of crucial import¬ 
ance in systems of this type, and which has not previously been recognized by workers 
in this field. Preliminary experimental evidence for the existence of this effect is 
given in the paper immediately following. 


Vd. 104* A. 
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2. Viscosity ufiibots in thin UQcnD films 


When considering the stability of a liquid film subjected to pressure between two 
interfaces, it is essential first of all to examine the effect of ordinary viscous resistance 
to shear which will delay the attainment of any equilibrium state. The attainment 
of such a state may involve the lapse of a considerable period of time, depending on 
the size and shape of the interfaces and the initial and final distances of separation 
(see § 3). In addition, if the liquid is ionic and has a finite eleotrokinetic (C) potential 
at one or both of the interfaces, an additional retarding force must be taken into 
account. 

Whenever an electrical double layer at an interface in an ionic liquid is sheared, 
a potential difference, known as a streaming potential, is set up in the plane of shear. 
This potential difference will tend to resist the flow of liquid owing to the electrical 
retarding force acting on the ions of the double layer. In § 4 it is shown that in thin 
films of liquid, this effect can assume great importance, with the result that the 
total resistance to approach of two surfaces in an ionic liquid may greatly exceed 
the corresponding resistance in a non-ionic liquid of the same bulk viscosity. 


3. Viscoirs BKSISTANCB TO AFPEOACH OF TWO SURFACES 
IN A NON-IONIC LIQUID 


In 1886, Re 3 moIds showed theoretically that the approach of two plane parallel 
disks of radius a, under a force mgr in a liquid of bulk viscosity t; was governed by the 


equation 




/1 

4m^ Ui 




( 1 ) 


vhere hf is the distance of separation between the two surfaces at time and is 
the initial separation. 

Hardy & Bircumshaw ( 1925 ) give an expression (derived by G. I. Taylor) for the 
approach of a sphere of radius of curvature JS to a large flat plate, under the action of 
a force mg in a liquid of bulk viscosity if: 


mg A, 


( 2 ) 


Both of these equations lead to infinite values of t for zero final separation, but 
equation ( 2 ) leads to values of a lower order of infinity than equation ( 1 ). That is to 
say, under equal forces, a sphere will approach a plate very much more rapidly than 
will a plate of the same order of size, immersed in the same liquid. 

Differentiation of equation ( 1 ) leads to the expression 


dhi 2mgh% 

<U * STtifa** 

and differentiation of equation ( 2 ) leads to 

dA, mgh^ 

dt 


(3) 


{*) 
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so that for parallel plates the velocity of approach is proportional to the cube of the 
distance of separation, while for a sphere approaching a plate, the velocity of 
approach is proportional to the first power of the distance of separation. 

Before proceeding any further it must be emphasized that equations (1) to ( 4 ) 
must be applied only to oases involving a statistical number of molecules. For 
example, it would not be legitimate to apply these equations down to values of 
of say 10 A. In the absence of any complicating phenomena, however, it should be 
permissible to apply these equations down to quite small distances of separation 
(at least to 1000 A, possibly approximately to 100 A). If this is done, it is found that 
the rate of approach of parallel plates is very slow compared with the rate of approach 
of a sphere of similar dimensions to a plate. Table 1 gives the calculated times of 
approach of (a) a circular plate of radius 1 cm. to a similar plate, and (6) a sphere of 
radius 1 cm. to a large flat plate, in both cases under a force of 1000 dynes in a liquid 
of bulk viscosity 0*01 poise, and from an initial height of 1 cm. It is seen from table 1 
that the time taken for a plate to reach a distance of separation of the order of a few 
htmdred Angstroms is considerable. A distance of separation of 1000 A is reached 
in about 70 hr., and a distance of 100 A in about 7000 hr. The calculated rate of 
approach at the former distance is 2 x lO-^'cm./seo. (Such a value has, of course, 
no absolute significance in view of the above-mentioned limits of applicability of 
the equations.) On the other hand, the sphere has attained a very small distance 
in a very short time, and the rate of approach is still relatively rapid. 


Tablb 1 


distance of separation 
(cm.) 


time for sphere 
(mo.) 


1 

1 X 10-1 
1 X 10-* 

1 X 10“» 

1 X lO-* 
1 X 10“» 

lxl0-« 


0 

42 X 

84 X 10-» 
12ex 10-® 
168 xl 0 "«^ 
210xl0-» 
252 X10“* 


time for plate 
(sec.) 

0 

2*4 X 10-» 
2*4 X 10-1 
2-4 X 101 
2-4 X 108 
2-4 X 10» 

2*4 X 10’ 


4. The elbotbovisoous effect 

It is proposed in this section to derive equations expressing the apparent increase 
in viscosity of an ionic liquid (due to the resistance to shear of the double layer), 

(а) in a cylindrical capillary tube, 

(б) between two infinite parallel plates, and 

(c) to use these equations in the derivation of the order of the electrovisoous 
effect between two approaching parallel plates. 

(a) The eledroviacotts effect in a narrow cylindrical capiUary 

In the derivation of this equation it is necessary to know the potential at any 
point inside a narrow capillary containing an ionic liquid, as a function of the 
distance of that point from the axis. It is proposed first of all to derive this 
idationship/ 
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(i) The distribution of potential in a narrem cylindrieal capiOary containing a/n ionic 
liquid 

Consider a capillary tube of radius a, containing a solution of a uni-univalent 
electrolyte, of bulk ionic concentration n ions/unit volume. Then if the wall of the 
tube is at a potential and the potential is ^ at a point distance r from the axis, 
the Poisson equation relates the potential gradient at this point with the excess 
charge density 


r dr 


( ddr\ 4n 

rf)= -TP- 


(5) 


where e is the dielectric constant, assumed constant throughout the liquid. 
Prom the Boltzmann equation 

P, = -2we8inh^, 


(«) 


where e » electronic charge, ft ~ Boltzmann constant and T » absolute temperature. 
If c^/ftT is small, we may write sinh (eijfjkT) == e\}/jkT. (This assumption limits 
the application of this treatment to small values of since ei/rjkT = 1 when 
i^esi:25mV.) Combining equations (5) and (6), and approximating, 


1 d / di/!r\ ^ Srrne^^ 
rdr\drj^ ekT 

where A is the Debye double layer thickness. Therefore 

1 d i ^ \lr 
fdrX drj ^ A*' 

This equation may be solved as a series: 




16A2 36A* 




(7) 

( 8 ) 

( 9 ) 


where .4 is a constant. Since when r » o, we may write, when r is small 

compared with r/A, 


( ^8A* -I- r* \ 
a* \l6A*+a*/ 


( 10 ) 


(ii) Derimtion of the electroviscous equation 

Consider a cylindrical capillary tube of radius a, having a pressure gradient P 
applied along its axis, forcing through it an ionic liquid of bulk viscosity if. Ii a finite 
^-potential exists at the liquid/aolid interface, a streaming potential gradient E 
is set up. 

Considering an annulus of liquid of radius rand thickness dr situated symmetrically 
with respect to the axis of the tube, and having unit length, then 


Viscous retarding force on this annulus » intf 


d / d«\ 

JrYTk) 


dr, 


(H) 
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/ 

where u is the velocity of flow of the liquid, and 

Force on annulus due to the pressure difference =« 2nrSrP. (12) 

In the absence of any other forces at equilibrium, the normal Poiseuille relation¬ 
ship is obtained after equating these two terms. However, since the liquid is an 
ionic one, the ions of the diffuse double layer will suffer a retarding force due to the 
potential gradient against which they are being forced. Thus 

Electrical retarding force: E . 27rr Sr (13) 

At equilibrium, i.e. when the liquid is moving without acceleration through 


the tube, 

— 27r^ 

“(r—)dr —JE.27rrirp, *= 27irSrP. 

(14) 

From Poisson*8 equation 

6 rdr\ dr/' 

(15) 

Hence - 

^dr\ drJ^4.7rdr\ dr) 

(16) 

Integrating 

du eE df Pr* ^ 

(17) 

where A is the integration constant. Integrating again 

eE^ Pr* .. n 

+ = — + A]nr+B, 

(18) 


where B is the second integration constant. Since at the axis of the tube (r « 0), 
u is not equal to minus infinity, ^ « 0. If at the walls of the tube, w — 0, and ^ 


o» 


5 = 


Pa* 
47r “ 4 ‘ 


(19) 


Hence 


P(r*—a*) eE,, 
-Vu -- 4 - 


( 20 ) 


The additional term due to the electrical retarding force will only become im¬ 
portant in extremely narrow capillaries. The effect will be to increase the apparent 
vi 890 sity of the liquid. If is the apparent viscosity in the tube such that 


«7a 


P(o*—f*) 
_ 


( 21 ) 


we can deduce an expression for as follows: 

If Q is the volume of liquid flowing through the tube in unit time, then 

Q - jynrudr - ^Pr{a*-r*)-~(i/fo-'/r)^dr. ( 22 ) 

I 

As already shown, for a narrow tube we may write 

v5^or*/l«A*+f*\ 

0* V16A»+aV' 


( 10 ) 
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Thus for unit length of tube 


24A»+r*\ 

16A»+a») 


7rrPo*r* Pr« eSf^t^L r*/24A»+r*\n» 

“2i?L 2 4 2n [ 3a»\l6A»+a»//Jo 

TrrPa* eEjr.a^ i ( 24 A»+a«) n 

"2j/L4 2n [ 3(I6A*+a*)/J‘ ' ^ 

If the reduced rate of flow results in an apparent viscosity where 

nPa* , ,, &P 

Q =.--— and E=^+-^—, 

K being the average specific conductivity of the liquid in the tube, then putting 
^ where ^ is the electrokinetic potential of the solution against the walls of 

the tube, ^ ^ gi>e»Pa » j _ (24A» + o«) l 

8)/o S'lf l^rniti^KX 3(16A* + o*)j' 

lWor« + ,27) 

If A this equation reduces to ^2 2 


Therefore 






When (1) a is large» and/or (2) g is zero or very Bmall> and/or (3) k is large, then 
equation (28) reduces to 

(iii) ApproxirmU derivation of the electrovisccms ejjmtion for a narrow cylindrical 
capillary 

We may regard the apparent increase in viscosity in narrow tubes as being due 
to a ‘back electroendosmosis’ effect produced by the streaming potential gradient 
set up. This produces a reduction in the rate of flow, and an increase in the apparent 
viscosity. 

An approximate equation may be derived on this basis from the usual expressions 
for streaming potential and eleotroendosmosis in cylindrical capillaries as follows: 
The streaming potential in a wide tube is given by 

tp _ 1 


K3 -f- 
i 

For eleotroendoemosis in a wide tube 

E’^+l 


7ta*P' 


where E' ie the applied potential gradient and P' is the electroendosmosis pressure 
set up. . 

In a narrow tube, where an apparent viscosity is obtained due to electrovisoous 
distance, from equation (28) we have 

'^4atBK 


(82) 
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Since the relative difference between the apparent and bulk viscosities is due to the 
' back-electroendosmosis’ effect of the streaming potential gradient, 


Va-V 




(33) 


71^ na^P* * 

Combining equations (32) and (33), and putting E ^ E\ and P ^ P\ we arrive at 


7 + 


27r%V’ 


(34) 


which is identical in form with equation (28), but differs in the value of the constant. 
This difference is due to the simplifying assumption made in the derivation of 
equations (30) and (31), namely, that a plane parallel double layer of negligible 
thickness exists at the walls of the tube. Subject to the limitations imposed by these 
assumptions, this equation (34) may be applied for any value of C 


(b) The electroviscfyus effect between two infinite parallel plates 

Again we require to know how the potential at any point between the two plates 
varies with the distance of that point from one of them. 


(i) The distribution of potential between two parallel plates 

Consider two parallel plates separated by a distance 2A, containing a solution of 
a uni-univalent electrolyte of ionic concentration n. Then from the Poisson equation 

47r/>^ 


(35) 


where ^ is the potential at a point at distance x from one of the plates, is the 
excess charge density at the point, and e is the dielectric constant, assumed constant 
throughout the liquid. 

Prom the Boltzmann equation 

=-2ne8inh^. (36) 


If erJrjkT is small, we may write txjrlkT *= »inh e^jkT (vide supra). Combining 
equations (35) and (36), and approximating 


Let 

Then 


d'^i/r Snne^. 
d^~'ekT'^' 



d*yjr ^ 
da:* "a*' 


(37) 


(38) 


Integrating 

if • d^jdx - 0 when x 



then .4 = 0. Therefore 


dx ^A* 


(39) 


(40) 
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dfldx i8 negative when x<h, and positive when h<x<2h. Integrating 


Y =» ±ln^|5r + B. (41) 

A 

When X = 0 or 2ht i/r ^ ^o. Therefore 

J5 = ln^o or 

Therefore ^ = In^ or - In*^. (42) 

X if X 

Therefore ^ or (43) 

(ii) Derivation of the electroviscoua equation for flow between parallel plates 
Let two similar parallel plates of infinite extent be separated by a distance 2h, 
let an ionic liquid of normal viscosity rj be forced between them under a pressure 
gradient P, and let a streaming potential gradient E be set up in the plane of flow. 

CJonsider a lamina of liquid of unit length and breadth, and of thickness dx, 
parallel to the plates and at a distance x from one of them. Then 

d^u 

Viscous retarding force on this lamina = ^ 
where u is the velocity of flow of the liquid, 


Force on the lamina due to the pressure gradient = PSx. (45) 

An additional force, namely, the eleotroviscous force on the ions of the double 
layer, must now be taken into account. If the 

Electrical retarding force on the lamina == Ep^^Sx, (46) 


then, at equilibrium, 
By Poisson’s equation 


-7fSx-^ — Epj^Sx = P8x.^ 
axr 

dx* " e • 


(47) 

(48) 


Hence 

Integrating 


^ /^\ ^d_ _ p 

^ dx\dxj ^ in dx\dx } ~ 


du eEd^ 
^dx^in dx 


Px+A, 


(49) 

(60) 


where A is the integration constant. Integrating again 


-1fU + 


eE^ 

in 


Px» 

2 


+Ax+B, 


(61) 


-where B is the second integration constant. Now at the plates u 
* a« 0 or 2h, Therefore „ i 

B - ^ 


: 0 and ^ 


in 


and A =» —Ph. 



Therefore 


TjU 

„.ir: 
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Px* eE 


(2ft - a;) + ^ (iir - ^„)J. 


267 

(62) 

(63) 


2 ' " ' 47r' 

The volume of liquid flowing per second is 

r$h I C^rPx eE 1 

Substituting for ^ from equation (43), we have 

(65) 


1 rPa;»ft PsT 

it\_ 2 6 Jo 


ih 


eEi/r^ 

4n^ 






(56) 

(57) 


Let the reduced rate of flow result in an apparent viscosity where 


„ 2Pft» , _ ^Pe 

Q =B and ^ = + 


Putting 


2Pft® 2Pft* Pe%» 


^Va 


Vd’°V + 


Zij l^n^Ktfi}, 
3e%‘ 


(ft-A+Ae-WA), 


327rVft» 


When A>A, this reduces to 


Va “ V + 7, 


(ft-A + Ae-WA). 
3e«e* 


32»r*<eft*’ 


(58) 

( 59 ) 

(60) 


(iii) Approximate derivation of the electroviacous equation for flow between parallel 
platea 

Equation (60) may be derived by combining the approximate equations for 
eleotroendosmosis and streaming potential between parallel plates, as follows: 

If ^ is the bulk viscosity of the liquid, and i)„ the apparent viscosity, taking into 
account the eleotrovisoous effect, P is the applied pressure gradient, and E the 
respiting streaming potential gradient, then we may show by the usual methods that 

P^e 


and for eleotroendosmosis 


7o- + 
Va-V 


SttEk' 

w 


■"■‘‘4ffft»P'’ 


m 


(62) 


where E' is an applied potential gradient, P' the resultant eleotroendosmotic 
pressure gradient, and 2ft the distance of separation of the plates. 
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Combining equations (61) and (62), putting E = E\ and P — P', we obtain 


36*^ 


This equation is identical with equation (60), subject to the limitations imposed 
in the derivation of equations (61) and (62), namely, that the double-layer thickness 
is very small compared with the distance of separation of the plates, this equation 
(63) may be applied for any value of 


(c) The approach of two parallel plates in an ionic liquid 

By analogy with the two previous examples, we may write for the approach of 
two parallel plates in an ionic liquid 

dh^ 2mghl 

dt ~ -inri^a*' ' ' 


where — v/ ^Ae%^lh^K approx., A being a constant, and fbe distance of separa¬ 
tion of the plates at time /. Integrating equation (64) from to Aj 


Zirria^n 1 \ 1 \ 

^\h\ k 


(65) 


where C is a constant, equal to ^nAa^/Snig, The final term in equation (65) does not 
become important until A^ is very small (less than 10,000 A usually). We may obtain 
some idea of the order of the electroviscous term if we put A = fTr*, as in equation 
(60) for the flow of an ionic liquid between two infinite fixed parallel planes separated 
by a distance 2A. C in equation (65) then becomes 9a*/64n“m^. Calculations made on 
this basis lead to the results shown in table 2, which gives the calculated times of 
approach under a force of 1000 dynes of a disk of radius 1 cm. to a similar disk (a) in 
a non-ionic liquid of bulk viscosity 0*01 poise, and (6) in an ionic liquid (f = 100 mV, 
e ==*: 80 and k «= 10''®ohm"’^cm.'"^) of bulk viscosity 0*01 poise. At a separation of 
1 X 10”* cm., the calculated rate of approach in the non-ionic liquid is 2 X lO-^^cm./aec, 
and in the ionic liquid is fix lO^^^cm./sec. (subject to the limits of applicability 
already discussed). The time taken to fall from 1 x 10*“® to 9 x 10“® cm. in the latter 
case is 1-6 x 10®sec. (about 450hr.), whereas in the non-ionic liquid the time is 
5 X 10®sec. (about 15hr.). 

Table 2 


distanoo of sopcwation 
(cm.) 

10 -^ 

5 X 10-* 

2 X 10-» 

10 * 

5xl0“« 


time in ionic liquid 
(sec.) 
2*6xl0« 
MxlO® 
1*4x10® 
l‘4xl0® 
2*0x10’ 


time in non-ionic liquid 
(sec.) 

2*4 X 10* 

9*6 x 10* 

6*0 X 10® 

2*4 X 10® 

9*6 X 10® 


From these calculations, we may infer that it is unwise to attempt to perform 
experiments to measure directly * equilibrium* distances of separation between 
parallel plates, since the attainment of any equilibrium position will be ddayed by 
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the visooua and eleotroviecous reektanoe to approach, which attain considerable 
dimensions at comparatively large distances of separation. Also, under these con¬ 
ditions, approach may be so slow that a false impression of equilibrium is given. 
For these reasons, the experiments of Buzagh (1937) would appear to be unsatis¬ 
factory. 

The use of spherical surfaces would appear to be more suitable in the experi¬ 
mental study of this problem, since their attainment of equilibrium would be more 
rapid. Bubbles as used by Derjaguin & Kussakov, however, are not satisfactory, 
as flattening of the approaching surfaces leads to a slow rate of approach (see § 6). 


5. EvrOENOB FOR THE EXISTENCE OF THE ELECTROVTSCOTTS EB’FEOT 


(a) Anomaltma viecosity in narrmjo channels 

Terzaghi (1931) found experimentally that the apparent viscosity of water was 
increased in narrow channels. Macauley (1936) measured the viscosity of water 
between two parallel glass plates separated by a distance of 2-6 x 10^® cm., and 
found a value of 0-11 j>oise compared with 0*01 poise in wide tubes. 

Now by equation (63) 


where 2h is the distance of separation of the plates. 

If we take likely values for the above constants, 77^, the apparent viscosity, may 
be calculated. Putting e = 80, g = 150 mV, and k = JO^^ohm we arrive 

at 77^ ~ 0*12 poise, a value in good agreement with that found experimentally by 
Macauley. 

Reekie & Aird (1945) found that the apparent viscosity of water in diaphragms 
of very small particle size (of the order 10 *^ cm.) was 5 to 10 times the normal bulk 
viscosity. 

(6) Anomakms ^-potentials in narrov) capillaries 


Since in a narrow capillary tube 


( 66 ) 


then if instead of the apparent viscosity, the normal bulk viscosity is used to calculate 
the eleotrokinetic potential £ from the streaming potential E, an anomalous result 
^ will be obtained such that 

(67) 




' —• 


In narrow capillaries, therefore, the apparent ^-potential will be reduced if the 
normal bulk viscosity is used in the calculation. 

From equarionjB (28) and (87), we obtain 




( 68 ) 
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We would therefore expect the apparent eleotrokinetio potential to vary with 
the capillary radius as shown in figure I. 

Results in qualitative agreement with these calculations have been obtained by 
Bull & Gortner (1932), who measured apparent ^-potentials in diaphn^ms of quartz 
particles of various sizes, and found that the apparent ^-potential was reduced in 
diaphragms of very small particle size. In figure 2 their results for EjP (propor¬ 
tional to Ca) plotted as a function of the particle size of the diaphragm, a curve 
of similar form to that given in figure 1 being obtained. Other workers (White, 
Urban & Krick 1932; Bishop, Urban & White 1931; White, Urban & van Atta 1932) 
have reported the observation of similar effects in narrow capillaries. 



FiaiTB® 1. Kxpooted variation of apparent f-potential with tube radius* 

Bull & Meyer (1936) attempt to explain these results by allowing for a decrease 
in the effective radius of the tube due to the thickness of the double layer, but their 
oaJoulations were of an empirical nature. Reichardt (1933) also made general 
theoretical observations on the effect. His calculations led him to expect the presence 
of a minimum in the curve relating apparent ^-potential with the capillary radius. 
This has not been observed experimentally. It is submitted that the calculations 
given in the present paper lead to a satisfactory explanation of the observed 
phenomenon. 
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(c) Surface conductivity 

Various workers (Fairbrother & Balkin 1931; Butters 1940; Bikermann 1942; 
McBain, Peaker & King 1929) have reported that the apparent conductivity of an 
ionic solution is increased in narrow capillaries. This increase, usually ascribed to 
‘ surface conductivity may, in the opinion of the writer, be capable of interpretation 
on a similar basis to the increase in viscosity, since in § 4 the conditions inside a tube 
containing ions have been completely defined. 

It is proposed to make the detailed investigation of this effect the subject of a 
further publication. 



Frot?^ 2. Variation of EjP with particle size in quartz diaphragms 
(Bull & Gortner: 2 x lO'^i^-NaCl). 

(d) The stability of lyophobic coUoids 

In a lyophobic colloidal solution the rate of approach of two large particles under 
the influence of Brownian forces will depend on the total viscous and eleotroviscous 
resistance to flow of the medium between them; other conditions being equal, the 
greater the resistance to flow, the greater will be the stability of the solution. The 
total resistance to flow will vary with the apparent viscosity, which is a function of 
the ^-potential of the particles, and the dielectric constant and specific conductivity 
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of the medium. Addition of electrolytes, which will decrease the ^-potential of the 
particles, and increase the conductivity of the medium, will decrease the total resist¬ 
ance to approach, and, consequently, the stability of the solution. Multivalent ions, 
which reduce the electrokinetic potential to a greater extent then univalent ions, 
will be more effective in reducing the stability of the colloid. At the isoelectric point 
the stability will be at a minimum 0, so that 17 *= 1/^). On reversing the sign of 
the electrokinetic potential by further addition of electrolyte, the stability will 
increase, but it is unlikely to reach its original value, because of the increase in the 
specific conductivity of the medium. 

This mechanism would thus seem to offer a new qualitative explanation of the 
coagulation of lyophobic colloids by electrolytes, and it is intended to develop 
these ideas quantitatively in a future publication. It must be emphasized, however, 
that ordinary statistical treatment cannot be applied to a particle in motion under 
the action of Brownian (i.e. non-statistical) forces. 

(e) Approach of a fluid bubble to a surface 

Derjaguin & Kussakov (igsga) showed that the profile of a bubble approaching 
a surface was as shown diagrammatioally in figure 3 . The thinnest portion of the 
liquid film between the bubble and the surface is not in the centre, but in an annular 
ring (*barrier'), due to the more rapid escape of the liquid around the periphery. 
Derjaguin & Kussakov derive an expression (applicable only to small bubbles) for 
the radius p of this barrier ring: . v a 

m 

where r is the radius of the bubble, d the difference in density between the bubble and 
the bulk liquid, g the gravitational constant, and y the interfaoial tension. 



Fiottbs! 8 


This distortion of the babble will produce a diminution in the rate of approach. 
We may obtain some idea of the order of theefieot (neglecting eleotroTisooiis forces) 
by calculating the barrier ring radius from equation (69), and then txeating the 
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barrier ring ae a flat plate of equal radius, approaching the surface. This treatment 
is permissible to a first approximation, as the distance y (figure 3) may be shown to 
be very small compared with p. 

Thus from equations (1) and (69), putting m = fnt^, we have 


and if Aj > Aj 



Por a bubble of radius 0-1 cm. approaching a plane surface in water, equation (71) 
leads to a distance of separation of 1200 A after 1 hr., a value of the same order as 
the ‘equilibrium’ distances found by Derjaguin & Kussakov. If the calculated 
distance of approach at any one time is plotted against the reciprocal of the bubble 
radius (proportional to the pressure inside the bubble), a curve of the type shown in 
figure 4 is obtained. 



Curves very similar to this are obtained experimentally by Derjaguin & Kussakov. 
The dependence of the distance of separation on the ionic concentration (as observed 
experimentally) would be explained by the existence of a greater or lesser electro- 
viscous resistance superimposed on the ordinary viscous resistance to approach. 
Experimental work performed by the writer (see next paper, p. 281) has served to 
ocmfirm these conclusions. 
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6. CoNOirOsroNs 

1 . It has been demonstrated that there is considerable theoretical and experi¬ 
mental basis for the belief that the electrical double layer at an interface in an 
ionic liquid can exhibit considerable resistance to shear. 

2. Knowledge of the existence of such an eleotroviscous effect may be of con¬ 
siderable value in the explanation of hitherto unexplained phenomena. 

3 . The attainment of equilibrium distances of separation between surfaces may 
be considerably delayed by a combination of viscous and eleotroviscous forces 
preventing flow of the liquid between the surfaces. Some previous experimental 
work may be explicable without the postulate of long-range repulsive forces, or of 
rigid or compressible liquid films between surfaces. 
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Electroviscosity 

II. Experimental demonstration of the electroviscous effect 

By G. A. H. Elton, Chemistry Departmentj Battersea Polytechnic 
(Communicated by J. Kenyon^ F.R.S.—Received 20 December 1947 ) 


Preliminary exi>et‘imental evidence for the existence of the electroviscous in ionic liquids is 
submitted. The theoretical predictions of the previous paper have been qualitatively con¬ 
firmed, and quantitative experimental work is now in progress. The rate of approach of 
surfaces in various liquids has been observed, and it has been demonstrated that equilibrium 
distances of separation under finite pressures are very small. 


1. Intboduction 

It is the object of this paper to give details of preliminary experimental work carried 
out to demonstrate the existence of an electroviscous effect in ionic liquids, as 
predicted theoretically in the preceding paper. This work has also thrown some light 
on the problem of the possible existence of long-range repulsive forces between 
surfaces immersed in a liquid. 

As already pointed out on pp. 259 , 273 , the experiments of Eversole & Lahr, and 
Derjaguin & Kussakov, which appeared to support the existence of these forces, 
are open to serious criticism on theoretical grounds. 

In the re-examination of this problem by the writer, it was proposed: 

(i) To repeat the experiments of Eversole & Lahr (1941), using an apparatus and 
experimental technique capable of giving results of sufficient accuracy and precision 
to enable the drawing of definite conolnsions on the presence or absence of thick 
rigid water layers at quartz/water interfaces, and to extend the work to suitable 
non-polar liquids. 

(ii) To study the approach of a quartz lens to a quartz plate in water, in dilute salt 
solutions, and in non-ionic liquids, in an attempt to obtain experimental evidence 
of the electroviscous effect, and to check the results of the experiments proposed 
in (i) above. 

(iii) To repeat and extend the experiments of Derjaguin & Kussakov (1939a, 6) 
and Darjaguin (1940) on the behaviour of gas bubbles in close proximity to a liquid 
interface, in an attempt to obtain definite evidence of the presence or absence of 
high equilibrium distances of separation, and of the existence or non-existence of 
thick compressible solvate layers at these interfaces. 

2. Condensation of a liqitid film between a lens 

AND ELATE INITIALLY IN CONTACT 

Eversole & Lahr reported that if a water film were condensed between a quartz 
plate and convex lens, initially in contact, a rigid water film formed between the 
surfaces produced a measurable equilibrium distance of separation. Their results 
were critioized on statistical grounds by the writer (Elton 1946). 


VoA. 194 * A. 


[ 276 ] 
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(i) Materials used 

Two optically polished quartz plates, and a plano-convex quartz lens of radius 
of curvature 100 cm,, were used in this investigation. All were grade A optical quality 
supplied by Messrs Thermal Syndicate Ltd. 

The water used was conductivity water which had been allowed to come to 
equilibrium with the atmosphere, and had a specific conductivity of about 
0 - 7 xl 0 “«ohm“iom.”'. 

Methyl alcohol was purified according to the method of Weissburger & Proskauer 
(1935), and stored in a stoppered bottle in a desiccator containing magnesium 
perchlorate. 

Toluene was purified according to the method described by Mathews (1926), 
and stored as described above. 

Ether was purified by keeping the B.D.H. AnalaR material over sodium for a 
prolonged period, and distilling through a 6 ft. column packed with ^in. Lessing 
rings into a flask fitted with a magnesium perchlorate tube, first and last runnings 
being rejected. The resultant liquid was stored as described above. 

Potassium chloride was prepared pure by recrystallizing B.D.H. AnalaR potas¬ 
sium chloride from conductivity water. 


(ii) ApparaitLS 

The form of the apparatus used in this investigation is shown in figure 1. The cell 
C consisted of a stout phosphor-bronze cylinder covered by a thick brass plate P 
standing on a square-sectioned rubber gasket G around the circumference of the 
cylinder. An optical glass observation window W was cemented into the centre of 
the brass plate, and the cell was rendered gastight by screwing down an annular 
cap A over the brass plate on to the cylinder. A brass tube bearing two leads to the 
remainder of the apparatus (figuie 2) waa let into the base of the cylinder. The cell 
itself stood on a horizontal metal table, which could be moved up and down a vertical 
column supported on a heavy base. , 
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A small brass table T stood inside the cell, and on this were placed (a) a ground 
cobalt glass plate to absorb unwanted light reflexions, (6) the optically polished 
quartz plate, and (c) the optically polished quartz lens. 

Monochromatic light was provided by a sodium vapour lamp placed behind a slit 
at the focus of a short focal length convex lens. The parallel beam was reflected down 
into the cell by a microscope cover-slip cemented to a rod which could be rotated 
about its axis and adjusted so that the cover-slip was at an angle of 45 ° to the 
vertical. The microscope was mounted in a brass collar which could slide up 
and down the supporting column, and could be locked in any desired position. 
A half-plate camera body was attached to the microscope, and the ground-glass 
focusing screen of the camera could be racked up and down independently, enabling 
very sharp focus to be obtained. Usually no microscope eyepiece was used, the 
image being projected directly on to the screen by the objective. Either a 4 in. or 
a 2 in. objective was used, according tf^ the magnification required. Dry, dust-free 
air, free from carbon dioxide, could be drawn through the apparatus via a purifica¬ 
tion train. 


(iii) Experimental techniqm—preliminary testing 
When attempting to measure small distances of separation, scrupulous cleaning 
of the solid surfaces was essential. The quartz surfaces were vapour degreased using 
benzene vapour, traces of which were then removed by heating in an enclosure at 
100 to 150 ° C. The clean dry lens and plate were placed in position on the brass table 
inside the enclosure (with the lens on top of the plate), the brass cover-plate replaced 
on the cell, and the cap screwed down. Ulean dry air was drawn through the enclosure 
for some minutes, while the illumination system was adjusted. The Newton’s rings 
formed between the surfaces were photographed on anti-halo backed Kodak 0 800 
photographic plates. Measurement of the radius of the rings was made from a 
positive print, which was mounted on a light-box and viewed with a low-power 
travelling microscope. Since the rings were of finite width, the inside and outside 
radii were measured and the average taken. 

The distance of separation between the lens and plate was calculated as follows. 
It may be shown that 




0 ) 


where is the radius of the nth dark ring, R is the radius of curvature of the lens, 
A is the wave-length of the light, /i is the refractive index of the medium between the 
surfaces, and t is the minimum distance of separation of the surfaces. A graph of 
r* against n gives a straight line having an intercept on the r® axis of « 21 it and 
slope XRjfi, Since A, R and p are known, the slope may be calculated, and, if the 
rings had been measured directly, would be equal to the observed slope. If, however, 
the rings have been photographed, under conditions which render the exact deter¬ 
mination of the magnification in each case difficult, the magnification ilf may be 
calculated as follows. If the values of the radius as measured on the photograph 
squared (rf) are plotted against n, we have 
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If the observed slope is divided by the calculated slope, is obtained. 

The observed values of rf were plotted against n, and the best line through them 
and the intercept on the rf axis calculated by the method of least squares. The mag¬ 
nification M was calculated as described above, and the calculated intercept on 
the rf axis was divided by - 2 RM^ to give the required value of t. 


Table 1 



distance of 


distance of 

experiment 

separation (A) 

experiment 

separation (A) 

1 

-20 

7 

-10 

2 

-20 

8 

0 

3 

+ 15 

9 

+ 5 

4 

+ 5 

10 

+ 20 

5 

0 



« 

+ 20 

mean 

+ 2 


Table 2. Experimental results of Evkrsole & Lahb 

distance of distanco of 

wparation in air, separation in water, 


experiment 

^a(A) 

4(A) 

4 4 (A) 

1 

-1200 

-870 

330 

2 

- 950 

-800 

100 

3 

- 90 

+ 140 

230 

4 

-n«o 

-840 

320 

5 

- 350 

-220 

130 

mean 

- 75, 

- 51, 

32, 


cell 



Figure 2 


to air 

purification 

train 


A large number of preliminary experiments were made to develop and test the 
experimental technique. Table 1 gives some of the final results obtained for the 
distance of separation of the lens and plate in air. Individual values of 0±20A 
were obtained. 
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The possible error of ± 20 A approx, compared very favourably with the errors 
of ± 1000 A approx, recorded by Eversole & Lahr (see table 2). 

(iv) Experiments on liquids 

Briefly, the procedure in these experiments was to place the lens and plate 
together in air, measure the distance of separation in air introduce the liquid, 
measure the distance of separation in the liquid (^nquid)j evaporate off the liquid, 
and remeasure ^air* After several exj^eriments, the results were examined statistically 
in order to detect any significant difference between and which might be 
taken as indicating the presence of a rigid liquid layer separating the two surfaces. 


Tablb 3 


licjuid 

experiment 

^alr (A) 

hiQ.(A) 

hlq."" ^alr (A) 

i"(%) 

water • 

1 

20 

16 

- 6 



2 

- 5 

6 

10 



3 

- 5 

0 

6 



4 

10 

0 

- 10 



5 

0 

5 

5 



mean 

4 

5 

1 

98 

inothyl alcohol 

1 

5 

- 5 

-10 



2 

25 

- 5 

-30 



3 

10 

10 

0 



4 

--10 

0 

10 



5 

-10 

- 5 

5 



mean 

4 

- 1 

- 6 

76 

toluene 

i 

-10 

-10 

0 



2 

0 

- 5 

- 6 



3 

0 

20 

20 



4 

15 

5 

-10 



5 

15 

20 

5 



mean 

4 

0 

2 

95 

other 

1 

5 

25 

20 



2 

-15 

-20 

- 6 



3 

20 

- 6 

-25 



4 

10 

10 

0 



5 

0 

10 

10 



mean 

20 

20 

0 

100 


The lens and plate were placed together in tlie enclosure and the rings formed in 
air were photographed. The vapour of the liquid to be examined was then introduced 
using the apparatus shown in figure 2 . The liquid was held in the container A, which 
was provided with a grt)und-gla88 neck for easy removal. The taps and were 
closed, tap was opened, and the liquid in A was warmed. Liquid condensed in 
the main enclosure between the lens and plate and the rings formed in the liquid 
were photographed. Tap was then closed, taps and opened, and a stream of 
pure dry air was drawn through the apparatus until the liquid ring had disappeared, 
and continued for a further considerable period of time. In the removal of this 
liquid ring, a persistent central spot of liquid always occurred, due to the lowering 
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of the effective vapour pressure by the Kelvin effect in the narrow annular capillary 
formed l>etween the lens and plate, (The quantitative study of this effect is to be 
the subject of a further publication.) Prolonged aspiration was necessary in order 
to complete the removal of this spot. When the aspiration was complete, the rings 
formed in air was rephotographed. 

Measurements were made using water, methyl alcohol, toluene and ether. The 
results obtained are given in table 3. It is seen that in all oases there is no significant 
difference between the values of /^Quid ^ table 3 represents the probability 

of insignificance of the difference betweeti the means of the two series. 

3. Actboach of a lkns to a plate in a liquid 

(i) Experimental meihod 

A glass dish of suitable dimensions was placed inside the observation cell described 
in the previous section (figure 1), and the lens placed convex side downwards on the 
plate, which rested on the plate of ground cobalt glass. The liquid under examination, 
which had been prepared as free from dust as possible, was placed in the dish to 
a depth of about 2 cm. Using clean tongs, the lens was raised to a height of about 
1 cm. above the plate and allowed to fall. The brass cover-plate was replaced on the 
cell, the cap screwed down, and the Newton’s rings formed between the Jens and the 
plate were photographed at suitable intervals. It was found that the rings obtained 
were not so clear and sharp as those obtained with air between the plates, due to the 
smaller difference in refractive index between the two media. Also, some undesirable 
reflexion of light occurred at the liquid/air interface. This could not be readily 
eliminated, but was not sufficiently serious to affect materially the results obtained. 

(ii) Strong mlt solvXions 

Solutions of potassium chloride in water were made up having strengths 1*0, 0 * 5 , 
0*1 and 0 * 05 N, and used in experiments as described in the preceding paragraph. 
It was found in these and subsequent experiments with liquids that the probable 
error was rather higher than before, probably about ± 50 A, due to the reduced 
sharpness of the rings. In all cases it is found that within the limits of experimental 
error, the lens has reached the plate before the first reading has been taken (usually 
less than 5 mm.). 

This is to be expected from ordinary viscous laws, in the absence of any appreciable 
electrovisoous eff ect. The lens would presumably approach rather faster than a sphere 
of the same radius of ciirvature acted upon by the same force, since the viscous drag 
would be less. Calculations from the Taylor equation on this basis lead to very small 
distances of approach within 1 min. 

(iii) Non-wnic liquids 

The liquids used were methyl alcohol, toluene and ether. Great care was taken to 
keep the liquids absolutely dry during storage, and during the experiments a few 
crystals of magnesium perchlorate were placed in the liquids. 

Under these conditions, it was again found to be impossible to detect any motion 
of the lens after a few minutes. If, however, the liquids contained even a trace of 
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water, the lens approached more slowly. Table 4 gives the experimental results 
obtained using benzene containing 0-1 % added conductivity water. Measurable 
approach is continuing after more than 24 hr. 

Table 4. Approach of lbns to plate ik bkkzexe 

CONTAINING 0*1 % ADDED CONDUCTIVITY WATER 

time distance of 

(fcjec.) separation (A) 

dOO 450 

3,200 340 

9,300 250 

10,300 200 

88,800 iSo 

94,200 100 

This phenomenon is attributed to the existence of a finite electrokinetic potential 
against the quartz in the case of these mixtures. This, together with the extremely 
low conductivities of the mixtures, would be expected from the previous paper to 
lead to an appreciable resistance to approach. {Note. For zero electrokinetic potential 
and zero specific conductivity, the apparent viscosity becomes indeterminate 
(see p. 267 ), However, under these conditions, since no ions are present, the electro- 
viscous resistance to flow is zero, so that 

(iv) Dilute salt solutions 

It is in very dilute salt solutions and in pure water that the greatest electro- 
viscous forces are to be expected, on account of the high electrokinetic potentials 
and low conductivities of these liquids. 



Fiouioa: 3. DistanceH of approach of lens in dilute salt solutions. 
O water, A 10 “*n«KC1, □ 10"^n-KC 1 end x 10 "^n-KC1. 
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SolutionB of potassium chloride in conductivity water were prepared having 
strengths 10* ®, 10™*, 10'“» and The approach of the lens to the plate in these 

solutions was observed, and the results obtained are expressed graphically in figure 3 . 

It is seen that for small distances of separation, the rate of approach of the lens 
to the plate in these solutions is markedly dependent on the ionic concentration, 
increasing as the ionic concentration increases. 

4. The approach of an air bubble to a solid 

SURFACE IMMERSED IN A LIQUID 

(i) Experimental method 

The experimental arrangement was a simple one. An optically polished plano¬ 
concave quartz lens of radius of curvature 100 cm. was vapour degreased and then 
placed concave side down on three Pyrex glass blocks arranged tripod fashion over 
a ground cobalt glass plate in a Pyrex glass dish. (The concave quartz surface was 
used to overcome the difficulty originally encouhtered in maintaining a free air 
bubble motionless under a flat plate.) 

When the concave lens had been placed in position, the liquid under examination 
was introduced into the dish so as to cover the lens completely, and a small air 
bubble released under the lens by means of a pipette. The dish was then covered 
with a flat glass plate, the optical system adjusted, and the Newton’s rings formed in 
the bubble observed. 

As a bubble approached the plate it was observed that the innermost rings moved 
towards the centre, while the outer rings moved away from the centre of the ring 
system. This behaviour indicated the presence of a ‘barrier’ ring (see p. 272 and 
Derjaguin & Kussakov 1939U), having a minimum distance of separation from the 
plate. The barrier ring was located between the inward-moving and the outward- 
moving Newton’s rings. 

When the motion of the bubble was sufficiently slow, the rings were photographed. 
The diameter of the rings was measured on the photograph and the profile was 
constructed. A t3q)ioal photograph and the corresponding profile was given in 
figures 4 and 5 . 

The minimum distance of separation of the bubble from the plate could then be 
calculated as follows: 

The length of a chord (fig^r® at a known height above the plate was measured 
on the profile, and the lengths of a number of such chords plotted against the 
corresponding heights. It was generally found that for heights up to about 10,000 A, 
a straight-line relationship was obtained, i.e. 

l^A^Bh, ( 3 ) 

where I is the length of the chord, and h is the distance from the chord to the plate. 
In cases where experimental results deviated from this relationship, the equation 

+ ( 4 ) 

was found to be satisfactory. In these equations A, B and C are constants. Use of 
one of these equations enabled the value of h corresponding to zero Z to be oaloulated. 
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This value gave the minimum optical distance of separation of the bubble from the 
plate. It was therefore not necessary to know the exact magnification used in the 
photograph. The actual distance of separation could be obtained by dividing the 
optical distance of separation by the refractive index of the liquid. 



Figure 4 
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distance meaflurocf on photograph (cm.) 

Figure 5 . Bubble profile in water: distance of separation 1000 A. 
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Before discussing the results obtained, it is desirable to point out gome of the 
experimental difficulties wliich were encountered during the course of the work: 

(1) The distortion of the bubble from the spherical shape made necessary the 
devising of the special extrapolation method used for the calculation of the closest 
distance of approach. This will introduce a higher degree of uncertainty than the 
corresponding extrapolation for a spherical surface. 



FiQtJRH 6. Distances of approach of bubble Fiottrk 7. Distance of approach of bubble 

in benzene. O r = 0-129 cm. a r = 0*094 cm. in ether. O r = 0125 cm. A r 0*086 cm. 

X r = 0*041 cm, x r = 0*049 cm. 


( Note. The estimated experimental errors of ± 60 A have not, in the interest of clarity, been 
indicated on these graphs.) 

(2) The small radius of curvature of the bubble gave a high rate of change of 
distance between the bubble/liquid and the solid/liquid interfaces. This means that 
the Newton rings are formed very close together, making necessary the use of higher 
magnification in the photographs (usually about 100 times), and involving a lower 
degree of accuracy in the location of any individual ring than is possible when the 
rings are widely spaced. 

( 3 ) The liquid under examination and the air in the bubble must be mutually 
saturated to ensure that no alteration in the size of the bubble takes place. 
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distance of separation (A) distance of separation (A) 


Figure 8. Bubble si^paration in benzene and Figure 9. Distances of soi)aration of 
ether after 10,000 sec. O benzene, A ether bubbles in aqueous liquids after 10,000 sec. 
fiwid X ] n-KCI. O water, A IO-^n-KCI, □ U) *N-KCland 

X iN-Kd. 



Figube 10, Approach of bubbles in 1 n potassium chloride solution. 

O r as 0-052om., A »* = 0 094om., □ r = 0‘122cm. and x r = 0*182cm. 

(Note, The eetimated experimental errors of ± 60 A have not, in the interest of clarity, been 
indicated on these graphs.) 
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This requires accurate temperature control, which was not feasible in these experi¬ 
ments. 

( 4 ) Owing to distortion, the pressure inside the bubble, if required, is not easy to 
calculate. 

Owing to these experimental difficulties, the results obtained were not of a high 
order of accuracy, but it is submitted that certain definite qualitative conclusions 
may be drawn from them. Figures 6 to 10 give distances and time of approach to 
the plate for bubbles of various sizes in dry benzene and ether, in water and dilute 
solutions of potassium chloride, and in concentrated potassium chloride solutions 
respectively. The possible experimental error is represented on tlie graphs as 
±60 A. 

It is seen that with small bubbles (radius approx. 0*05 cm.), the rate of approach 
to quite small distances (less than 100 A) is fairly rapid in the non-ionic liquids and 
in the concentrated potassium chloride solutions. For larger bubbles the times of 
approach are considerably greater, measurable approach continuing after more 
than 48 hr. in the case of bubbles of radius approx. 0 * 125 cm. 

Figures 6 and 7 demonstrate that, for bubbles of constant radius approaching the 
plate in the same non-ionic liquid, the distance of separation (when this is small) is 
approximately inversely proportional to the square root of the time of approach; 
this is to be expected from the approximate equation ( 71 ) in the preceding paper 
(p. 273 ). 

In the experiments with water and dilute aqueous solutions of potassium chloride, 
it is seen that the distance of separation falls off less rapidly than in the non-ionic 
liquids, the distance now being approximately inversely proportional to the fourth 
root of the time of approach. 

Figures 8 and 9 correlate graphically the distances of separation for bubbles (in 
the various liquids at a fixed time, 10,0008ec.) with the pressures inside them, 
calculated from the surface tension and the radius (neglecting distortion). It is 
seen that the curves so derived are of the same form as the ‘ equilibrium separation’ 
curves given by Derjaguin & Kussakov. However, after this time slow but measur¬ 
able approach is continuing, and equilibrium has not been reached. 

Further, the rate of approach of a bubble of given radius is found to be dependent 
on the ionic concentration in the dilute potassium chloride solutions, decreasing as 
the ionic concentration decreases. This fact, together with the observation that the 
distance of approach is no longer inversely proportional to the square root of the 
time of approach is t/aken as indicating the operation of an electrovisoous resistance 
to approach in dilute salt solutions, this resistance decreasing as the ionic con¬ 
centration increases, as previously predicted (p. 273 ). 

The results obtained in concentrated salt solutions (e.g. in In-KC 1 , figure 10), 
where the distance of approach is found to be approximately inversely proportional 
to the square root of the time of approach (as with the non-ionic liquids) are thus also 
in agreement with the prediction. In concentrated salt solutions, where the electro- 
kinetic potential is small, and the specific conductivity large, the electrovisoous 
resistance to approach is negligible compared with the ordinary visoous resistance, 
even at very small distances of approach. 
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6 . Conclusions 

1 . The work described in this paper has demonstrated that rigid solvate layers 
of thickness 100 A or more (as reported by Eversole & Lahr) do not exist at quartz 
interfaces in water, methyl alcohol, toluene and ether. If a rigid layer of ions or 
molecules is attached to the surface, it is of thickness considerably less than 25 A. 

2 . The high distances of separation between surfaces pressed together in liquids, 
observed by .Derjaguin & Kussakov do not correspond to equilibrium states, but 
are the result of slow approach under the influence of viscous and electroviscous 
forces. 

3 . Qualitative evidence for the existence and importance of the electroviscous 
effect in ionic solutions has been obtained. Further experimental work is now in 
progress, with the object of testing directly the quantitative equations derived in 
the preceding paper. 
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The use of flat-ended projectiles for determining 
dynamic yield stress 

I. Theoretical considerations 


By Sib Geoffbey Taylob, F.R.S. 

{Received 24 July 1947 ) 

It has long boon known that tnetala may bt> aubjeotod momentarily to atreswos far excMwding 
thair atatio yield stresa without suffering plastic strain. On© of the simplest methods for 
subjecting a metal to a high stress for a short time is to form it into a cylindrical specimen 
and fire this at a steel target. The front part- of this projectile crumpleH up, but the rear part 
is left undeformed. If the target is rigid the distance which this portion travels while it is 
being brought to rest may be taken as the difference between the initial length and the length 
of the deformod specimen after impact. Knowing the velocity of impact, a minimum possiblo 
value can be assigned to the maximum acceleration of the material, and from this a minimum 
value for the yield stress can be calculated. The actual yield stress is considerably greater 
than this minimum, and methods are given for calculating a more probable value. 


Introduction 

When a cylindrical projectile strikes perpendicularly on a flat rigid target, the stress 
at the impact end immediately rises to the elastic limit, and an elastic compression 
wave travels towards the rear end. The stress in this wave is equal to the elastic 
limit. If the material is one in which the stress rises when the strain exceeds that 
corresponding with the elastic limit, tl^e elastic wave is foUbwed by a plastic one. 
On reaching the rear end of the projectile, the elastic wave is reflected as a wave of 
tension which is superposed on the compression wave. At this stage the velocity of 
the material in the part of the projectile which the reflected wave has not yet reached 
is (7 — 5/pc, where is the yield stress of the material, p its density, c the velocity 
of elastic waves, and U the velocity of impact. The stress in tliis portion is 8 , In 
the reflected wave extending from the wave front to the rear end of the projectile 
the velocity is - % 8 jpc and the stress is zero. 

The reflected elastic wave runs forward along the projectile until it meets the 
front of the plastic wave advancing from the target plate. In this plastic wave, the 
stress will not rise appreciably above the yield stress at any point close to the 
plasticnelastio boundary, but the velocity may be nearly zero, or, at any rate, will 
be very different from that in the rear part where plastic flow has not taken place. 
At the moment when the reflected wave has just reached the plastic boundary, the 
part of the specimen wliioh lies behind this is stress-free, and is moving as a solid 
body with velocity U - %Slpc, It is, therefore, in the same condition os the projectile 
at the moment of impact, except that its speed is U —^Sjpc instead of 17 , and its 
length is less than the original length L. 

The length z of this portion which has not yet suffered plastic strain will depend 
on the spei^ of the projectile, the speed of elastic waves in it, and the velocity with 
which the plastic-elastic boundary moves away from the target plate. Under the 
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conditions of all the experiments which are here ooniddered, c is much greater t|»an 
U, the velocity of the projectile, or F, the velocity of the plastic-elastic boundary, 
and iS is comparable with pl7*, but small compared with pc*. 

If ^ is the distanoe of the plastic boundary from the target plate at any time, x the 
length of the portion which has not yet been plastically compressed, and « the 
velocity of this rear portion, the above considerations lead to the following equations 
for the small changes in u, h and x during one passage of an elastic wave from the 
plastic boundary and back to it. The duration of this double pctssage is 


at ^ —, 
c 

(1) 

2a? 

80 that dh^v —, 

c 

(2) 

2 x 

dx — 

(3) 

du - 

^pc' 

(4) 

Eliminating c, equations (1) to (4) reduce to 


11 

(6) 

dx , . 

(6) 

du^ 2 S _ S 

(7) 

dt 2 xp px' 


It will be noticed that (5), (6) and (7) are the equations which would be derived if 
the rear portions of the projectile were regarded os rigid, and ell the quantities as 
continuously varying. 

The equations (6) and (7) are not suihcient to determine the motion. In fact, the 
velocity of the plastic boundary, v, is determined by the plastic flow between this 
boundary and the target. To analyze the dynamics completely, it would be necessary 
to know all the intermediate states of the projectile between the instant of impact 
and the time when it comes to rest, or leaves the target plate. The object of the 
present work is to extract as much information as possible from measurements of 
the projectile recovered after impact. In the absence of measurements made during 
the impact, it is necessary to moke some assumption about how the plastic boundary 
moves from the surface of the target to the final position in which it is measured after 
the projectile has come to rest. 

Simple THEOBEXioaL model 

In order to obtain a simplified picture of the phenomenon to serve m a framework 
for thinking about the motion, the simplest possible assumption about the plastio 
stress-strain relationship was made, namely, that the stress in the part of the 
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projectile where the material is yielding is constant and equal to the yield stress S, 
Further^ the radial inertia is neglected, so that the stress can be considered as con¬ 
stant over any oross-seotion. It is not possible to discuss the plastic flow between 
the plastic boundary and the target without analyzing the complete problem of 
plastic waves. It is posrible, however, to imagine a state in which the material which 
has just passed through the plastic boimdary is brought to rest in a very short length. 
For this to be possible, the material must spread out very rapidly. The appearance 
of the theoretical model at a time when the rear end is still moving is shown at the 
right-hand side of figure 1. If -40 is the cross-section of the projectile before it has 
been compressed plastically, and A the area at the point where the material is 
brought to rest, the continuity equation is 

Aq{u^v)^Av, ( 8 ) 

and if the stress is 8 on both sides of the thin region where the change in area occurs, 
the momentum equation is 

pA^{u ^v)u^ 8 (A - Aq). ( 9 ) 



FiatjRB 1. Simple theoretical inodo! of flat-end<Ki projectile fired at speed U at flat target. 


The longitudinal compressive strain at any point may be defined as 


Eliminating v from (8) and ( 9 ), and employing (10) to eliminate A and -40, we obtain 


From (6), ( 7 ), (8) and (10) 


Integrating (12) 




cb _ (w + v)px _ p^tx 
du ”” 8 8 e ' 


logf («*) “ J J “ f ^ - log. (1 - «) + constant. 

At the moment of impact x» L, and e » e^, say, and from (11) 

eFl 

8 “l-e,* 


i^-a 
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When the projectile is brought to rest, X and e » 0. X is one of the lengths 
which can be measured, hence 

log,(|)* = ^^-loge(l-e)-j~+log,(l-eO (1») 

and + 

Eliminating between ( 14 ) and ( 16 ) gives XjL as a function of pU’^/S. The results 
are given in table 1 and shown graphically in figure 2. 


Table 1. Results of calculation based on simple theoebtical model 


0 0-1 

XjL 1-0 0-897 
pu‘is 0 0-011 
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LJL - 


0-2 0-3 0-4 

0-789 0-675 0-655 

0-050 0-128 0-267 


0-6 

0*6 

0-7 

0*430 

0*299 

0-171 

0*500 

0*900 

1-633 

0*382 

— 

0-376 

0*812 

— 

0-547 


0-8 0-9 1-0 

0-061 0-003 0 

3-200 8-10 — 

0-288 — — 

0-340 — — 


1-0 


0-8 


H 

I 


u4 0’6 


0-4 


02 


n 

nn 




nm^ 


mple th( 

oretical 

model) 

— 

B 






ruMjfljjH 

e theor 

3 



Vf - 


© 

© 


10 


pV*IS 


PIOUBB 2 . Besulta of ealoulation based on a simple theoiretical model, 
a measured values LJLi @ measured values (Lx —X)/£. 


To find the shape of the projectile after impact, we obtain from (6) and (6) 

dx M-f« 

so that A - - f*(l -e)da:. (17) 

This integration was performed numerically in three oases, = 0'6, 0*7 and 0*8. 
Taking a given value of e^, pV*IS was taken fi^m table 1, and {xJL) calculated fwnn 
(16) for the range of values of e from 0 to ej. The resulting values of A for ej ■> 0-6 and 





Flat^ended prqjectUee for determining dynamic yield stress. / 293 

t» 0*7 are given in table 2, The corresponding cross-section is ^ » - 4 o/(l — e), so 
that the diameter of the projectile at this point is d =« — e)}, where d^ is 

the diameter of the projectile before firing. The values of d/do and hjL are given in 
table 2. Similar oaloulations were made for Cj =» 0*8. 


TaBIiK 2. CAtiCtTLATIONS FOE SIMPLE THEORETICAL MODEL OF 
PROJECTILE FOR TWO IMPACT VELOCITIES 


e 

0 

0*06 

x/L 

0*171 

0*180 

h/L 

0*376 

0*368 

Ut(L 

0*720 

0*708 

d/do 

1*00 

1*026 

e 

0*40 

0*45 

x/L 

0*307 

0*346 

h/L 

0*274 

0*251 

Ut/L 

0*568 

0*531 

d/do 

1*292 

1*349 


€ 

0 

0*05 

0*10 

x/L 

0*480 

0*462 

0*478 

h/L 

0*382 

0*361 

0*337 

Ut/L 

0*332 

0‘316 

0*298 

d/do 

1*000 

1*020 

1*064 


= 0-70, pU*/S = L633 


0*10 

0*15 

0*20 

0*190 

0*202 

0*216 

0*368 

0*348 

0*336 

0*695 

0*681 

0*665 

1*064 

1*087 

1-118 

0*60 

0*66 

0*60 

0*398 

0*468 

0*571 

0*224 

0*191 

0*147 

0*483 

0*420 

0*333 

1*414 

1*492 

1*583 


ei = 0'50, pI7V5^-0*60 


0*16 

0*20 

0*26 

0*30 

0*508 

0*543 

0*585 

0-635 

0*311 

0*282 

0*260 

0*213 

0*277 

0*266 

0*229 

0*199 

1*087 

1*118 

1*165 

M96 


0*26 

0*30 

0-36 

0*233 

0*263 

0-277 

0*323 

0-309 

0*293 

0*646 

0*626 

0*599 

1*166 

M96 

1-241 

0*66 

0*7() 


0*730 

1-000 


0^088 

0 


0*207 

0 


1*690 

1-827 



0-35 

0*40 

0-46 

0-50 

0-696 

0*773 

0-871 

1*000 

0-172 

0*124 

0*067 

0 

0*163 

0*119 

0-067 

0 

1-241 

1-292 

1-349 

1*414 


The shapes of the projectile in the three oases are shown in figure 1 for the case 
where the diameter was initially 0*3 of the height. Comparing these with the profiles 
of the steel slugs shown in figure 1 of Mr Whiffin^s paper (see part II), it will be seen 
that the calculated shape for pU^jS = 0*5 is very similar to that of the slug fired at 
SlOft./seo. The shapes of the slugs fire<l at greater speeds do not resemble at all 
closely those calculated for pV^/S = 1*63 or 3 * 2 . The plastically strained parts of 
the slugs fired at speeds greater than SlOft./sec. have a concave profile, due, appar¬ 
ently, to the high radial velocity imparted to the material near the target which was 
neglected in the analysis. 

As previously stated, the object of these calculations was to form the basis for 
an appropriate rough assumption for the rate at which the plastic boundary reaches 
its final position. To determine how h varies with t, the time since the beginning of 
the impact, equation (12) was integrated numerically. Using equations ( 7 ) and (11) 


and, using ( 14 ), this may be written 

L L(l-e)l • 


(18) 


The integration of ( 18 ) was performed numerically in the oases when « o-fi and 
e, • 0*7. Tlie results are given in table 2, together with the valuee of h. The relation- 
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ship between UijL and hfL for these two values of €j are shown in %ure B, It will 
be seen that h increases nearly uniformly with Vt/L,BO that the velocity of the plastic 
boundary, as it moves away from the target, is nearly imiform. 



Fioubb 3. Propagation of plastic boundary in a aimple theoretical mfKlel. 

The complete system of plastic waves occurring dining an impact has been analyzed 
by Messrs E. H. Lee and S. J. Tupper in a case where the plastic stress-strain relation¬ 
ship was assumed known. Good agreement was found with the strains calculated 
using the simple theoretical model here described. The main difference is that the 
strains calculated by the comiflete plastic-wave theory change in discontinuous 
jumps along the lemgth of the projectile. This, as the authors point out in a paper 
which is not yet published, is due to the neglect in their analysis of the radial inertia 
of the plastic material as it spreads out near the target plate. The present calculations 
also neglect this radial inertia, but the discontinuities of strain disappear from the 
calculations when the finite difference equations (1), (2) and (3) are replaced by the 
differential equations (6), (6) and (7). 

It is worth pointing out that though the plastic wave system can be calculated 
with considerable difficulty, when the plastic stress-strain relationship is known, 
this relationship can only be measured at low rates of straining. It is not possible 
to use these calculations directly to determine the stress-strain relationships from' 
the shape of a projectile measured after an impact. It appears that the most which 
can be done at present is to determine approximately the 3 deld stress najpg sim¬ 
plifying assumptions as to the general nature of the plastic stress waves. This is the 
line of attack developed in the present work. 

AfPROXIMATB 70BMT7LA FOB BSTOIATINO 'lOBLD POINT 
FBOM BIEAStJBXUBKTS OP 81.008 APTSB UCPAOT 

In developing a simple formula for estimating the jiield point from measurements 
of the position of the yield boundary after tiie impact, it will be assumed that the 
plastio-elawtio boundary moves outwards at a uniform velooity from the impact end 
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to its final position. This, together with the assumption that the yield boundary 
represents the position where a definite compressive stress 8 is reached, is sufiioient 
to fix the whole histoiy of the deceleration of the rear part of the projectile. 

If C is written for the constant velocity of the plastic boundary, equations (6) 


and (7) give ^ ^ 


dx pxlu'^Cy 

(19) 

which may be integrated to give 


|iog. (1) = K+ Cu-^m-cu. 

(20) 

When tt = 0, a: «= X, BO that 



(21) 


If the deceleration of the rear of the projectile were exactly uniform, CjU could be 
determined simply from the fact that the time of deceleration T is equal to 
(Li — X)IC (where ij « overall length of the projectile after test), and is also equal 
to 2{L— L^)!U, so that CjU ~ X)I{L —and equation (21) would then 

assume the form o / r i 

pU^ ^ 2{L-^L^)log,iLlxy ^ ^ 

where has been used instead of 8 to distinguish it from the value calculated by 
more exact methods. In fact, the deceleration is not uniform, so that (22) is only 
approximate. It is, however, the formula used with success by Mr Whiffin to inter¬ 
pret his experiments (see part II). In Mr WhiflBin’s experiments, slugs fired at very 
different speeds gave different values of X/L and LJLy but, when the measured 
values were inserted in (22), the values of 8 so deduced were found to be nearly 
independent of ( 7 . This fact affords a strong confirmation that (22) is an approximate 
equation which can be relied on to give the values of 8 from measurements of C7, 
XjL and LJL. In practice, it is sometimes found that the slug makes a depression 
in the target. In this case, equation (22) can still be applied, but if is the total 
measured final length, and d the depth of the hole into which it fitted at the end of 
the impact, in (22) must be replaced by 


MoRK exact OALOtJIiATION 

The fact that the deceleration of the rear of the projectile is not uniform under the 
conditions assumed introduces an error which can be calculated. Since 

dx 


di 


-(ti + C), 


equation (20) may be written 


(23) 


and when tt 0,« «» X, so that 

U 

P 


^logej - c*-(cr+c)«. 


(24) 
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Writing Wjp » o*, JK^ « (J7 + C)la, » xfL, «, » atjL, and « aTjL, where T is 
the duration of the impact, the non-dimensional form of (23) is obtained: 


BO that 

and, putting + log,, 


^ = V(^*+Iog,a:,), 


dxi 


.2 

[•K 

= 2e-«* e»*rf2. 

Jcia 


(26) 


(26) 


Values of F(K) = e^‘dz have been tabulated (Miller & Gordon 1931 ) in the 

Jo 

range iC = 0 to iT = 12 . To use these tables, (26) can be expressed as 

2\x= 2[F(A'')-exp[-A:*4-(C/o)*]Jf’(G/a)]. (27) 


Since the plastic-elastic boundary mores with velocity C, CT 
non-dimensional form, becomes 



X 

L' 


L-^ — X, which, in 
(28) 


while (24) becomes logg(L/X) ^ if* —(G/a)*. (29) 

Equations (27), (28) and (29), together with 

K — U/a + C'la, (30) 

are sufficient to determine Cja, Uja, K and T, when XjL and LJL are known. 

To estimate the error arising from the use of equation ( 22 ) instead of the more 
accurate equations (27) to (30) in any particular case where and X are measured, 
it is necessary to solve transcendental equations. This laborious calculation was 
carried out by Mr Whiffin in the case of several of the experimentally determined 
values of and X, It was found that, in all oases, equation ( 22 ) underestimated 
the yield stress as compared with the equations (27) to (30). Subsequently, the 
corrections were calculated systematically in the form of a correcting factor S/Si, 
which, when applied to S^, as calculated from ( 22 ), gives the value which would 
have been obtained for S if (27) to (30) had been solved. 

Combining equations (27), (28) and (29) 

Oi) 

2S 0* 1 

V^^(K- Cja)' 

.u *• r * • ^ L-Lilog^(LlX) 

the correcting factor is 

In performing the calculation, a value of XjL was taken, and a series of values of 
Cja covering the range from 0 to infinity were used to oalculate the ooire^nding 
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values of L^jL and S/S^. These were plotted on a diagram with ordinates 8[S^ 
and abscissae LJL. A series of curves were thus obtained, each corresponding with 
a given value of XjL. The values of LJL corresponding with definite values of 
SjSi, namely, 1-0, 1-06, I-IO, 2-0, were taken from these curves. In this way, 
and with the help of scattered values calculated by Mr Whiffin, the diagram of 
figure 4 was constructed. Here the ordinates are XjL and the abscissae LJL, The 
curves on the diagram are contours of equal correction factors. It will be seen that 
the curvature of these contours is very slight except near the axis X/i = 0. 



Fioub« 4. Contours of ratio of yield value S computed by exact 
formula to value Si obtain^ by approximate formula. 


It will be noticed that the contours cut the line LJL « 1*0 without any apparent 
singularity. The limit points on LJL = 1*0 were calculated using the asymptotic 
form of F(x) as a:->oo, namely 


lim F{z) 

x~*-n 


i- -i. 


+ .... 


(S3) 
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In this way it is found that, when Cja and K are infinite, 




L\jL — I'O, 

(84) 

and 

-^-2 

r 1 1 1 

(36) 


_1-J/L logeCWU' 


The limiting points on the line LijL — 1-0 in figure 4 were calculated from equa- 
tion (35). 


Expbriments with pabatfin wax 

The method described above was first applied to find the dynamic yield stress of 
paraffin wax. Transparent cylinders of this material were cut from cast blocks, and 
these were projected by means of a catapult, capable of giving them a speed of 
126ft./8eo., at a heavy anvil hung as a ballistic pendulum. The cylinders were 
1*76 cm. long. After the impact they were found to be shorter, but they remained 
coherent. Paraffin wax has the property of remaining transparent under compressive 
stressing until a sudden collapse occurs. The material which has yielded is full of 
small cracks, which give it an opaque white appearance. The cylinders which had 
been projected were found to be opaque at the impact end, but they remained 
transparent at the rear end. The yield point was taken to correspond with the 
boundary between the transparent and opaque portions. The length of the trans¬ 
parent portion was taken as X. Static tests were also made by compressing paraffin 
wax cylinders between polished plates in a parallel-motion compression machine, 
and it was found that sudden and catastrophic breakdown occurred at a certain 
load, the wax remaining transparent up to the instant of breakdown. 

Some results are given in table 3. It will be seen that the d 3 mamio yield stress 
varied from 840 to 930lb./sq.m., while the static yield stress was only 4861b./Bq.in. 
"J^he ratio (dynamic yield 8tre88)/(static yield stress) was therefore about 1*8. 


TABIiE 3. ExriSEIMKNTS WITH CYUNDBRa OF PAEAFFIN WAX 


L 

U 

A 

(cm.) 

(fb./sec.) 

(OTft.) 

1*774 

126 

1-635 

1-757 

128 

1-625 

1*779 

132 

1-625 



S 

s 


dynamic 

static 


yield stress 

yield stress 


from 

(mean of 

X 

eqn. (22) 

6 observations) 

(om.) 

(lb./«q.in.) 

(Ib./sq.in.) 

0*95 

864 

— 

0*96 

930 

485 

0*95 

840 

— 


Ikterpebtation op BESOLTS 

The measurements made by Mf Whiffin show that his specimens maintained the 
stresses, which ore here called dynamic 3 deld stresses, instantaneously without 
suffering strain greater than 0-2 %, When considering the results of meofaanioal 
tests at comparatively low speeds, in which the elastic limit is passed and jdastic 
strain occurs, the rate of strain is definable in terms of the experimentally measured 
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quantities. In fact, if Z is the length of the specimen at time Z, and L its original 
length, one definition of rate of strain is simply IjLdljdt, In experiments of the 
type here considered, it is possible to define the mean rate of strain of the plastically 
distorted portion of the projectile. If the approximation represented by (22) is 
adopted, the mean rate of strain is Uj2{L—X), because the reduction in length is 
(L “ Lj), and this is entirely confined to the material whose initial length was {L^X). 
The total strain of the portion which has yielded is therefore {L-- Li)l{L-^X). 
Since the deceleration is assumed uniform, its duration is 2{L— Li)IUy so that the 
mean rate of strain is 


(L^L^) iU if/ 

(L-Xy 


(36), 


Values of this mean rate of strain are given in Mr Whiffin's paper because they are 
the only rates of strain which can be deduced from his measurements. It must, 
however, be remembered that, at all stages of the impact, the analysis refers only 
to the part of the projectile which has not yet suffered plastic compression, so that 
the connexion between the rate of strain just defined and the yield stress can only 
be an indirect one. 

It seems impossible to derive further information about the physical factors 
which determine the dynamic yield stress without making more complete measure¬ 
ments of the successive states of the projectile during impact. It is, however, worth 
noticing that, if the deceleration of the rear portion of the projectile is continuous, 
as is contemplated in equations (6), (6) and (7), the maximum stress ^ at a distance 
X from the rear end is only attained instantaneously at the end of the impact. At the 
beginning of the impact, the stress in this part of the projectile is X SjL. If the stress 
at distance X rises uniformly from the value at the beginning to S at the end, 
the stress at time t would be 

rx t (L^xn 

The duration of stress greater than, say, 5(1 - y), where y is small, is LjiL - X). Ty- 
To a rough approximation, therefore, one may expect that, at the place where the 
yield point is found, the stress has exceeded, say, 99 % of for a duration of the 
order of (O-Ol) L{L-X).T, and, according to the simple theory of equation (22), 
T m 2(L— Li)jU. In one group of Mr Whilfin’s experiments, recorded in his table 2, 
the estimated value of T lies between 6’2 and 7*0 x 10~*9eo., so that there is very 
little variation in the duration of the impact, although there is great variation in 
U and {L - L,). It seems possible that the constancy of 8, which is found for varying 
velocities of the projectile, is due to the constancy of the duration of impact. 


Befebekce 

MiUer, W. L. A Gordon, A. B. 1931 J. Phyt. Ohem. 35. 2878. 



The use of flat-ended projectiles for determining 
dynamic yield stress 

11. Tests on various metallic materials 

By a. C. Whiffin 

The Boad Research Laboratory, Department of Scientific and Industrial Research 

{Communicated by Sir Geoffrey Taylor, FM.S.—Received 24 July 1947) 

A deectiption is given of the experimental technique devised to apply the method outlined 
theoretically in part I to the meamirement of the dynamic compressive yield strength of 
various steels, duralumin, copper, lead, iron and silver. 

A polished piece of armour steel was employed as a target, and cylindrical specimens were 
fired at it at various measured velocities from Service weapons. The distance between the 
weapon and target was made short to ensure normal impact, and apparatus was devised for 
the precise measurement of striking velocity over this short range. The dynamic compressive 
yield strength was computed from the density of the specimen, the striking velocity, and 
horn measiuemente of the dimensions of the test piece before and after test. 

Details are given of the accuracy of the various measurements, and of their effect on the 
values of yield strength. The method was found to be maoourate at low and high velocities. 

For instance, with mild steel, satisfactory results wore only obtainable within the range 
400 to 2000 ft./sec. The range of velocities within which satisfactory results could be obtained 
varied with the quality of the material tested, soft metals giving results within a much lower 
range than that necessary for harder materials. Because of its failure at low velocities, the 
method could not be employed to bridge the gap between static and dynamic tests. The 
rate of strain employed in the dynamic tests could not be measured, but was estimated to 
be of the order of 10,000 in./in./seo. 

With the materials tested little change of dynamic strength oocurred within the range of 
striking velocities employed, probably because the rate of stram did not vary to any great 
extent with the striking velocity. Within the range of weapons available, that is, from a 
0*303 in, ride up to a 13 pdr. gun (calibre 3*12 in.), little change of dynamic strength occurred 
with alteration of the initial dimensions of the specimens, probably because the corre¬ 
sponding change of rate of strain was not large. 

In general, the dynamic compressive yield strength 8 was greater than the static strength 
y represented by the oompreesive stress giving 0*2 % permanent strain. For steels of various 
types, regardless of chemical composition and heat treatment, there was a relation between 
8/y and the static strength F, the ratio decreasing from approximately 3 when Y was 
20 tons/sq.in. to 1 when Y was 120 tons/sq.in. A similar relation oocurred with duralumin, 

S/Y varying from 2*6 at F « 8 tons/sq.in. to 1*4 at F *» 26 tons/sq.in. 

Dynamic compressive yield values were obtained for soft materials such as pure lead, copper 
and Armco iron, which, under static conditions, gave no definite yield values. 

A plot of the unstrained length of the specimen X, expressed as X/L (where L ^ initial 
overall length), versus the final overall length expressed as tJL, was made for the 
various materials. Any specified value of X/L was associated with greater values of Li/L for 
the more ductile materials, such as copper and lead, than for the brittle materiaLs, such as 
armoiu* plate and duralumin. 

Introduction 

During the period 1939-40, the Boad Beeearoh Laboratory of the Department of 
Scientific and Induetrial Research was engaged upon experimental work for the 
Research and Experiments Department of the Miniatry of Home Security, and it 
became neceasary to determine the strength of varioue materials at the high rates 
of Strom associated with the impact and penetration of projectiles. The rates of 
strain obtainable with impact machines, up to approximately 900 in./m,/Beo. 
(Brown & Vincent 1941 ) were considered to be too low for the purpose, and hence 
the method outlined in part I by Sir Geoffrey Taylor, F.R.S., was adopted. 

[ 300 ] 
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Preliminary tests made with mild steel showed that the dynamic yield strength 
was considerably above the static value. The results were brought to the notice of 
the Service Departments, where it was appreciated that the technique afforded 
a means of testing steels of the type employed in constructing shells, bombs, and 
armour plate, the conditions of test being at least similar to those obtaining in 
practice. Consequently, much of the work described in this report was conducted 
for the Ministry of Supply, and the bulk of it was sponsored by the Armour-Piercing 
Projectile C/o-ordinating Sub-Committee of the Ordnance Board under the Chair¬ 
manship of Dr C. Sykes, F.R.S., at that time Superintendent of the Metallurgy 
Division of the National Physical Laboratory. 

Tests were also made on other materials such as duralumin, copper, lead, and iron, 
while tests on duralumin and silver were made for the Metallurgy Division of the 
National Physical Laboratory, and their metallographio examination is described 
in part III. 

ExpKEIMKNTAn PBOCBDURK 

In many of the experiments the steel specimens were LOOin. long by 0*280in. 
diamet/er, electroplated with copper to increase the diameter to 0*312 in. for firing 
from a 0*303 in. Service rifle. The projectiles were fired to strike perpendicularly upon 
the ground and polished surface of a piece of cemented steel armour plate, 12 in. 
square by 4 m. thick. The specimens were usually * mushroomed' by the impact, 
and the profiles of typical specimens are shown in figure 1. 


ft./sec. 110 1120 1260 1600 2120 



Figurk 1. cylinderfl after test. 


In much of the work described in this paper, the approximate formula (equation 
(22) of part I) has been used to compute the dynamic compressive yield strength 
from the experimental data. This formula, converted to practical units, is 

l*018xl0-«xI/2 L-X . 

log,,{LIX) 

where 8 * dynamic compressive yidd strength in tons/sq.in., 

V « striking velocity in ft./seo., 

L «« initial overall length of the test cylinder—usually measured in inches, 

Lj » overall length of the test cylinder after impact—measured in similar 
units to L, 

X « imstrained length of the specimen in inches—taken as the distance from 
the rear end of the specimen to the point where the diameter first 
increases by 0*001 in., 

d depth of dent in the target plate, in inches—frequently negligible. 
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In equation (1), the constant l-OlSx lO"* refers to steel having a density of 
7-80g./ml. When other materials are tested, the constant must be adjusted in 
proportion to the densities. 

In the more exact analysis given in part I (see equations (27) to (30)), the following 
equations have to be solved: 


JCIa 


€‘*dz 


LJL-XIL^ 




2(7/o 


log^iLIX) = K>- 




K, C, and a are constants, given by 


28Ip — a* and K = 


V + C 


( 2 ) 

(3) 

(4) 


where p == density, and, when T = duration of impact, and = aTjL, 

a L 


(S) 


The constant C represents the velocity of the plastic-elastic boundary in the specimen, 
relative to the front face of the target plate. The method of solution involves finding 
a value of K to satisfy equation (2), after which Cja, and then C and a are computed, 
and hence S is determined. 

Both methods of solution depend on the striking velocity and on the dimensions 
of the teat cylinder before and after impact. The overaD lengths of the cylindrical 
specimens before and after tost were measured by a micrometer to an accuracy of 
0*001 in. After test, the copper coating was removed without damaging the steel, 
and measurements were made of the unstrained length X, to an accuracy of0*006 in., 
by determining with dividers the distance from the rear end at which the diameter 
of 0*280in. increased by 0*001 in. The unstrained length determined in this way was 
associated, therefore, with a permanent strain of similar order to that employed 
by the Engineering Division of the National Physical Laboratory in determining 
the stress giving 0*2 % permanent strain in static compression, this quantity being 
determined for most of the materials mentioned in the present paper. The unstrained 
length was determined at several points around the specimen, and the average value 
was used when substituting in the various formulae. It is shown in part III that 
metaOographic examination confirmed the values of unstrained length determined 
by this technique. 

The approximate formula (I) for determining dynamic strength involves thp 
square of the striking velocity, while it will be shown later that the strength value 
obtained by the more exact analysis is almost equally dependent upon the striking 
velocity. Consequently, it was necessary to devise a method of detejmining the 
striking velocity as accurately as possible. In order to minimize yaw, most of the 
tests were made with a distance of only 6 to 10 ft. between the weapon and the 
target plate, and none of the Service chronographs available at that time, such as 
the Boulengd chronograph, was suitable for measuring velocities over such a short 
range. The method employed at the Road Research Laboratory was based on a 
circuit originally suggested by a member of the staff, Mr K. L. C. Freeborn, and 
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consisted in timing the interval between the rupture of two wire screens by the 
passage of the projeotile. 

The wire screens were usually placed either 2 or 5 ft. apart, depending on whether 
the velocity to be used was below, or above, approximately 1000 ft/./sec. The screens 
were wound in the form of a flat grid, with paper attached to both the front and rear 
faces by photographic dry-mounting tissue to prevent the wires moving laterally 
out of the path of the projectile without being ruptured. The spacing between the 
wires was less than the calibre of the projectile, being of the order of |in. for the 
0-303 in. projectile. 



The recording circuit is shown in figure 2. It consisted essentially of a potential- 
divider connected across the output of a mains rectifier producing approximately 
150 V, and connected to one pair of the deflecting plates of a cathode-ray tube. The 
movement of the spot on the screen of the tube was recorded photograpWeally by 
a rotating-drum camera, driven by a lightly loaded induction motor, which, con¬ 
sequently, maintained a constant speed. In order to prevent fogging of the record 
due to the spot being in the centre of the screen when the camera shutter was opened, 
the spot was initially deflected off the screen by means of an electromagnetic coil 
wound around the neck of the tube, and connected in series with a battery and a 
wire placed across the muzzle of the weapon (see figure 2). When the weapon was 
fired, the muzzle wire was broken, either by blast or by the projectile, and the 
cathode-ray spot moved to its zero position in the centre of the tube screen. Rupture 
of the first wire screen applied a potential of i!^)] to the 

deflecting plates of the tube, and caused the spot to move a short distance per¬ 
pendicular to the direction of travel of the photographic film. Rupture of the 
second wire screen applied the full 150 V to the plates and deflected the spot off the 
screen. A typical record is shown in figure 8, 
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The velocity of the projectile was determined from the distance between the 
screens, and the length of the record corresponding to the interval between the 
rupture of the two wire screens. The drum camera was calibrated at frequent in¬ 
tervals by applying the output of a valve-maintained 1000-cyole tuning fork to the 
deflecting plates 6f the cathode-ray tube, and the writing speed remained constant 
at 13-4mm./m8eo. 



FiouitB 3. Typical record from velocity recording unit. 


Length of trace (between points 1 and 2) 

Writing speed of vinit 

Duration of trace 

Bcreen distance 

Velocity of projectile 


= 16*52 cm. 

=5 1*34 cm./msec, 
ss 12*28 msec. 

= 5 ft. 

=: 6 X 1000/12*28. 

407 ft./sec. 


To avoid the necessity of developing the photographic record after each shot, 
the movement of the spot due to the rupture of the first wire screen was varied by 
using a rheostat in place of and placing a reversing switch between the bridge 
circuit and the cathode-ray tube to permit deflexions in both the upward and 
downward directions. It was thus possible to obtain as many as six to ten dis¬ 
tinguishable records on one film. 

The longer records, corresppnding with the lower projectUe velocities, were 
measured by a rule and dividers, while short records were measifred by a travelling 
microscope, the overall accuracy being, in general, of the order of 1 in 500. The 
distance between the wire screens could be determined to an accuracy of ^‘in. when 
the screen distance was 5 ft., and to ^in. when the screen distance was 2 ft. It is 
considered, therefore, that the overall accuracy of the velocity measurements was 
approximately ± 6 ft./sec. within the velocity range employed, which was from 260 
to 2750ft./Bec. 

Allowing for the errors in velocity measurement and in determining the various 
dimensions of the test specimens, it is considered that the value of the dynamic 
compressive yield strength obtained in a single experiment, and computed by the 
approximate formula (see equation (1) of this paper), was accurate to approxi- 
mately ± 5 % at the centre of the velocity range. In order to compare the effect of 
experimental errors on the dynamic strength'computed fironi the more exact 
analysis and from the approximate formula, calculations have been made of the 
effect of a change of 0<01 in XjL and LJL, and of lOft./seo. in the striking velocity, 
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each change being examined independently. Such ctdoulationg have been made for 
mild steel specimens tested at 400, 1600 and 2500ft./sec., and the results are 
summarized in table I. 


Table 1. Effect of kxpbmmbntal bbbors 

raaulte obtained by * 


more exact method of analyais 


Htriking 

velocity 

(ft./tWC,) 

XjL 

LJL 

approx, equation 

--^-, 

dynamic diff. 

strength due to 

8x (tons/ error (tone/ 
eq.in.) eq.in.) 

(' -- 

K 

a 

(ft./ftoc.) 

-A, 

a 

(ft./eoc.) 

duration 

of 

impact 

rxio» 

(see.) 

dynamic 
strength 
S (tons/ 
aq.in.) 

diff. 
due to 
error 
(tone/ 
sq.in.) 

400 

0>45 

0*94 

43*04 

— 

1*5700 

1433 

1850 

2*21 

48*13 

— 

400 

0-44 

0*94 

42*62 

-0*42 

1*6050 

1428 

1891 

2*20 

47*76 

-0*38 

400 

0*45 

0*95 

51*66 

8*61 

1*6968 

1672 

2268 

1*84 

67*93 

6*80 

410 

0-45 

0*04 

45*22 

218 

1*6700 

1469 

1896 

2*16 

60*67 

2*44 

1000 

014 

0*41 

44*47 

— 

1*4420 

1447 

487 

4*62 

49*09 

— 

1000 

013 

0*41 

44*36 

-0*11 

1*4720 

1433 

510 

4*58 

48*15 

-0*94 

1000 

0*14 

0*42 

46*24 

0*77 

1*4455 

1462 

514 

4*54 

60*10 

1*01 

1010 

0*14 

0*41 

45-03 

0*66 

1*4420 

1456 

490 

4*59 

49*70 

o*6r 

2500 

0*03 

0*13 

46*57 

— 

1*8790 

1450 

225 

3*71 

49*27 

— 

2500 

002 

0*13 

42*17 

•^4*40 

1*98632 

1386 

258 

3*62 

46*03 

-4*24 

2500 

008 

0*14 

47*11 

0*54 

1*88033 

1462 

249 

3*68 

60*10 

0*83 

2510 

0*08 

0*13 

46*94 

0*37 

1*8790 

1456 

226 

3*70 

49*67 

0*40 


The changes in dynamic strength given in table 1 for the various changes in X/L 
and LJL are not directly related to the striking velocities shown, but to the initial 
values of XjL and LJL. Other metals will give similar values of XjL and L^jL at 
velocities different from those shown, depending on the strength of the material 
tested. 

The principal conclusion to be drawn from table 1 is that the effects of experi¬ 
mental errors on the results of the more exact analysis are of a similar order to those 
of the approximate method. The effect of errors in measuring the dimensions of the 
test-pieces is to produce a decrease of accuracy towards both ends of the velocity 
range. At high velocities the unstrained length X approaches zero, and small 
variations in X have a large effect on the term log (LjX). This is shown in table 1, 
where a change of 0*01 in X produced a change of 10 % in the dynamic strength 
obtained at 2500ft./sec., compared with a change of 0*2 to 2-0% at lOOOft./seo., 
and a change of 1 % at 400 ft./sec. At low velocities, the final overall length differs 
little from the initial overall length L, making the term (L — Li + d), used in the 
approximate formula, very susceptible to small changes in Li, similar fluctuations 
occur in the results of the exact analysis. In table 1, for instance, a change of O-Ol 
in Li caused a change in dynamic strength of 20 % at 400{t./8eo., compared with 
aohange of 1*7 to 2-0 % at 1600ft./sec., and M to 1’7 % at 2600ft./8ec. The experi¬ 
ments become valudess, therefore, at high and at low velocities, and the range of 
velocities within which they have value will depend upon the quality of the material 
tested. A weak, soft material will give satisfactory results within a lower velodty 
range than a strong material such as armour steel. 


Vcl. 194- A. 


ao 
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Table 1 shows that the effect of variation of striking velocity diminishes with 
increase of velocity, as might be expected. 

It will have been noticed from table 1 that the exact analysis gave greater values 
of dynamic, strength than the approximate formulae, the difference being 11*8% 
at 400ft./8ec., 10-3 % at IBOOft./sec., and 6-8 % at 2600ft./sec. Differences of this 
majjnitude are outside the range of experimental error expected in this work. It is 
clear from the formulae employed that the percentage increase in yield strength, 
due to employing the exact method instead of the approximate formula, depends 
solely on the values of X jL and LJL, and is independent of the striking velocity, 
the density of the projectUe, and the initial length of the specimen, and figure 4 of 
part I shows contours of constant percentage change plotted against X jL and LJL. 
By using this diagram it was possible to adjust the values of dynamic strength 
computed by the approximate formula to correspond with the exact analysis without 
the labour of performmg the exact analysis for each individual experiment, and 
this technique has been used in all the experiments described in the present paper. 


Estimation op bate of strain 


In the experiments described in this paper it has not been possible to obtain 
measurements of the rate of strain. Several attempts were made to determine the 
rate by photographic methods, but the relatively small dimensions of the 8|)ecimens 
made it difficult to obtain results by any of the high-speed photographic methods 
available at the laboratory. 

If it may be assumed that the deceleration of the projectile is uniform, then the 
rate of strain may be estimated by using equation (36) of part I, which becomes 


Rate of strain = 


617 

L-X 


in./in./sec., 


( 6 ) 


when the striking velocity, U, is in ft./seo. and L and X are measured in inches. 
For the approximate solution the duration of impact, T, is given by 




L-Li 

6t/ 


sec.. 


(7) 


while for the exact solution the duration may be obtained from equation (6). 


Variation of dynamic compressive yield strength with striking velocity 

In all the tests made with any particular size of specimen and type of material, 
although the dynamic compressive yield strength was usually above the static 
0'2 % compressive proof stress, it did not usually vary significantly with striking 
velocity within the range investigated. For instance, a series of tests was made 
within the velocity range 1410 to 2750 ft./seo., using mild steel cylinders having a 
diamond p 3 Tamid hardness of 120, the specimens being initially 0’280in. in dia¬ 
meter by l-(K)in. long. The dynamic compressive yield strength remained approxi¬ 
mately constant at 47 tons/sq.in. throughout the range of velocities employed, and 
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was greatly in excess of the value of 18 tons/sq.m. obtained by the National Physical 
Laboratory for the 0*2 % compressive proof stress. Table 2 gives typical values of 
the specimen dimensions and of the dynamic compressive yield strengths obtained 
in these tests, together with estimated values of the rates of strain and durations 
of impact, calculated by equations (6) and (7). 


Table 2. Results of dynamic tests on mild steel (d.p.h. = 120) 



overall 
length of 


duration 
of impact 


dynamic compressive 
yield strength 

striking 

specimen 

unstrained 

(approx. 

estimated 

by approx. 

by exact 

velocity 

after tost 

length 

formula) 

rate of 

formula 

method 

U 

Lr 

X 

T 

strain 

Si (tons/ 

S (tons/ 

(ft./sec.) 

(in.) 

(in.) 

(sec. X 10*) 

(in./in./sec.) 

sq.in.) 

Hq.in.) 

UlO 

0*429 

0*26 

6*7 

11,400 

44*8 

47 

1480 

0*400 

0*22 

6*8 

11,4m) 

44*1 

47 

1570 

0*343 

0*20 

7*0 

ii,8m> 

43*7 

46 

1570 

0*360 

0*19 

6*8 

11,500 

44*2 

47 

1730 

0*303 

0*16 

6*7 

12,400 

46*2 

49 

1850 

0*263 

0*13 

6*6 

12.800 

46*4 

49 

2045 

0*212 

0*09 

6*4 

13,500 

47*0 

50 

2150 

0*181 

0*06 

6*4 

13,700 

44*2 

47 

2350 

0*146 

0*03 

61 

14,500 

41*9 

44 

2750 

0*141 

0*01 

5*2 

16,700 

44*4 

47 


.a 


QD 

I. 

§ 





— 





© 

0 ® 



0 

-2 










< 


© 


1 

1 







'’^0-2% 

1 

. static ] 

proof st 

iress 




1 - 








1000 2000 
striking velocity (ft./sec.) 


3000 


Fiourb 4. Dynamic-oomprosaive yield strength of dorahunin projectiles. 


If it be assumed thai the static test to determine the compressive stress corre¬ 
sponding with 0*2% permanent strain takes approximately 16 min., the rate of 
strain is approximately 2x 10~'in./in./seo. It is not surprising, therefore, that, 
since the increase of the rate of strain from 2 x 10~* to 18,000 in./in./seo. raised the 
yield £ram 18 to 47 tons/sq-in., variation of the striking velocity frnm 1410 to 


20*2 
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2750ft./Beo., which produced an increase in the rate of strain from 11,400 to 
10,7OOjn./ui./Bec., had no significant effect on the dynamic oompresshre yield 
strength. 

Figure 4 shows a typical set of results obtained with duralumin (flinders, again 
showing that the dynamic strength was independent of the striking velocity within 
the range employed. 


Effkct ok dimensions of specimens 

It has been mentioned already that the range of velocities which can be used to 
give satisfactory results depends on the quality of the material tested, and, there¬ 
fore, with soft materials this velocity range will be well below that for the various 
types of steel. Consequently, the range of velocities (1300 to 2760ft./8ec.) usually 
obtainable with the 0-303 in. rifle was not satisfactory for tests on soft materials. 
Attempts were made to fire the rifle at velocities below ISOOft./sec., but they 
frequently resulted in the projectile remaining fixed in the barrel. 

A solution of the problem was to employ other weapons to obtain the lower 
velocity range required, but since, for most purposes, this involved using a 0-38 in. 
revolver with steel cylinders 0-35.0 in. in diameter by 0-600in. long, it was first 
necessary to determine the effect on the results of varying the dimensions of the 
specimens, particularly since it was likely that both the rifle and the revolver would 
have to be used to obtain a suitable velocity range for some of the materials 
investigated. 

Inspection of the formulae derived by Sir Geoffrey Taylor showed that the 
dynamic strength should be independent of the calibre of the cylindrical specimen, 
and should also be independent of the length, provided that the unstrained length X 
and the overall length were proportional to the initial length L, and that the rate 
of strain was not greatly affected by varying the initial dimensions of the test 
cylinder. Figure 6 shows the similarity between two cylinders after test at 575 ft./sec., 
one being initially 3-12 in. in diameter by 4-00 in. long, while the other was 0-36 in. 
in diameter by 0-60 in. long. 

The effect of specimen length was investigated in a series of tests on cylinders of 
hard mild steel (diamond pyramid hardness »» 170). The cylinders were 0-500in. 
in diameter by 0-80 to 1-60in. long, varying by intervals of 0-20in. The specimens 
were electroplated in the usual manner and fired from a 0-55 in. anti-tank rifle. 
The results are summarized in table 3. 

Table 3 shows that increase of the initial length of the specimen from 0-80 to 
1-60 in. made no significant difference to the djmamio compressive yield strength, 
the slight change recorded, from 54 to 57 tons/sq.in., being less than the experimental 
scatter. The rate of strain decreased with increase of the length of the test cylinder 
but remained high, and the range covered was such that this variation in rate of 
strain would not be expected to affect the dynamic strength. 

In connexion with other work it became necessary to determine the relation 
between muzzle velocity and weight of propdilant for a ISpdr. gun. The proof shot 
employed consisted of a mild steel cylinder 3*12in. in diameter by 4>00in. lox^, 
which was fired against a piece of armour plate 2 in. thick by Sft. square. The 



FkU^nded projectiles for determining dynamic yield stress. II 309 

velooities employed lay between 575 and 1200 ft./seo., and the 'muahroomed* 
cylinders were suffioiently similar to thc^e obtained in other tests to justify marking 
cylinders fmm the material to fit other weapons, so as to determine the effect of 
specimen size. One of the large cylinders after test is shown in figure 5; the increase 



Fiotteb 5. Large and small mild steel cylinders after tost at 575 ft./sec. 


Table 3. Effect of length of specimen ; tests with cylindeks of 
0*50 IN. DIAMETER (MILD STEEL; D.P.H. = l70) 

average values of 


initial 
length of 

range of 
striking 
velociti^ 

range of 
rates of strain 

rate of 

dynamic compressive 
yield strength 

by approx, by exact 
formula analysis 

specimen 

employed 

obtained 

strain 

(tons/ 

(tons/ 

(in.) 

(ft./eec.) 

(in./in./sec.) 

(in./in./sec.) 

sq.in.) 

sq.in.) 

0*S0 

1060-2235 

16,200-17,800 

17.200 

48 

54 

LOO 

1740-2310 

12,400-14,700 

13,200 

49 

55 

D20 

1540-2160 

10,000-11,600 

10,600 

51 

55 

1-40 

1540-1650 

8,300- 8.900 

8,700 

61 

55 

Leo 

1470-1990 

7,600- 8,600 

8,000 

63 

57 
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in diameter at about a quarter of the way along the specimen was made to fit a 
cartridge case, and was not caused by the dynamic experiment. The steel had 
a diamond hardness of 120, and the dimensions of the various cylinders are given 
^ in table 4 together with the results. 


Table 4. Effect of specimen dimensions : tests on mild steel 

average values of 

. > .— -- ■■ 

/ '' — - • 

dynamic 

compressive 


dimensions of 
test cylinder 

range of 
striking 
velocities 

range of 
rates of strain 

rat© of 

yield strength 

by approx, by exact 
formula analysis 

diam. 

length 

employed 

obtained 

strain 

(tons/ 

(tons/ 

(in.) 

(in.) 

(ft./seo.) 

(in./in./sec.) 

(in./in./sec.) 

sq.in.) 

sq.in.) 

()-280 

1-000 

1440^2750 

10,800-16,700 

12,800 

45 

47 

0-360 

0-600 

880-^1125 

8.3(K)-15,800 

13,700 

45 

52 

0-600 

1-000 

1100^2140 

8,700-13,800 

11,200 

47 

54 

3-120 

4-000 

57&-1200 

1,150- 1,810 

1,430 

30 

48 


I - 60 

li 


I 


20 , 
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Fiourb 6. Effect of specimen dimensions on the d 3 mAmic compressive 
yield strength of cylindrical projectiles of mild steel. 


dimensioi^ of specimens (in.) 



diam. 

length 

• 

0*280 

1*000 

o 

0*600 

1-000 

A 

3*120 

4*000 

A 

0*350 

0*500 


The results of the tests are shown in figure 6, and indicate that the specimen 
dimensions had no marked effect on the values of dynamic strength. The scatter of 
the experimental results was similar in magnitude to that which oooMonally ocoura 
in this work, and was greater than that expected from the possible errors in measure¬ 
ment. 
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COMPAEISON OF APPEOXIMATB AKD EXACT METHODS OF ANALYSIS FOR MILD 
STEEL TESTED WITHIN THE VELOCITY RANGE 380 TO 2750 FT./SEC, 

The experiments described in the previous section showed that the specimen 
dimensions had little effect on the dynamic strength. Accordingly values of XjL 
and LJL were plotted against the striking velocity for these experiments, and these 
quantities were found to be independent of the initial dimensions of the specimens. 
Values read off these curves are shown in figure 7 (a), together with values of 
(Xj —Jf)/L. Since these experiments covered a greater velocity range than any of 
the others described in the present paper, the results have been analyzed by both 
the approximate and the exact methods to show the difference which arises, and 
also to show the variation of K, Oy and a with striking velocity. The results of the 
analysis are summarized in table 5. 
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Fiouhs 7. Results of tests on mild steel cylinders. 


The results of the two methods of anal 3 miB are also shown graphically in figure 7, 
and indicate that the dififerenoes between the two sets of values of dynamic strength 
decrease with increase of striking velocity. However, this result is only applicable 
to the particular values of X/L and LJL obtained in this set of experiments. It 
has been shown in figiire 4 of part I that the difference between the approximate 
and exact solutions depends solely on the actual values of X/L and LJL employed. 

One interesting feature of table 6 is the near constancy of the term a. This was to 
be expected since 2S/p » a*, and the dynamic strength S has been found in these 
experiments to be independent of the striking velocity. 

Figure 7 (e) shows the variation with striking velocity of the velocity C of the 
plastic-elastic bonndaxy with reference to the target plate. C appears to decrease 
with increase of striking velocity, and to approach zero asymptotically at high 
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striking velocities. This appears reasonable because, at veiy high striking velocities, 
the projectile probably behaves as a liquid jet, and becomes spread over the face of 
the target, so that the plastio-elastio boundary cannot move through the projectile 
away from the target face. At low striking velocities it appears possible that the 
velocity of the boundary will approach that of elastic waves in the specimen. 


TaBLB 5. COMPAKISON OF EKSULTS OF APPEOXIMATE AKD EXACT METHODS OF 
analysts: mild steel tested over range 380 to 2760 ft./seo. 

(0*2 % compressive proof stress =18 tons/sq.in.) 

results obtained by 


Approx, method more exact method of atialysis inotoaee 

f - . . V -----in dynanuc 

dynamic time* of dynamic strenj^h 





rftto of 

strength 

impact 




strength 

due to 

striking 



strain 

S (approx.) 

T 




S (exact) using exact 

velocity 



(in./in./ 

(tom*/ 

(see. 


a 

C 

(tons/ 

method 


Xjh 

IJL 

sec.) 

sq.in.) 

X 10») 

A' 

(ft./seo.) 

(ft./seo.) 

sq.in.) 

{%) 

400 

0-45 

0*94 

4,400 

43 1 

2*2 

1*5700 

U33 

1850 

48-1 

U*8 

600 

0-39 

0-87 

6,900 

420 

3*1 

1*3246 

1419 

1279 

47*1 

12*2 

800 

0-32 

0*79 

7,100 

42’6 

3*7 

1*3000 

1434 

1064 

48*2 

13*0 

1200 

0-22 

0-60 

9,200 

43*4 

4*4 

1*3268 

1443 

714 

48*8 

12*3 

1600 

OU 

0-41 

11,200 

44*6 

4*0 

)*4420 

1447 

487 

49*1 

10*3 

2000 

0*08 

0*26 

13,000 

46*6 

4*4 

1*6048 

1447 

322 

49* 1 

7*8 

2500 

008 

013 

16,500 

46*6 

3*7 

1*8790 

1450 

225 

49*8 

5*8 


• The ratee of strain and times of impact given in table 6 are based on an initial length of specimen of ,1 in. 


Figure 7 (6) shows that, even at the lowest striking velocity employed, there was 
no tendency for the dynamic strength to fall towards the static value, probably 
because, as has been mentioned already, the lowest striking velocity employed was 
still associated with a high rate of strain compared with that employed in static 
experiments. 

Tests on various types op steel—correlation between 

DYNAMIC AND 8TATIO STRENOTUS 

Table 6 gives details of the various types of steel which were tested, together with 
the hardness value, if measured, the 0’2 % proof stress obtained in static compression 
tests by the Engineering Division of the National Physical Laboratory, the average 
rate of strain attained in the dynamic tests, the average dynamic compressive 
strength and the ratio of dynamic to static strengths. The dynamic strengths were 
computed by the approximate method and then corrected to the exact formula by 
using the difference contour curve given in figure 4 of part 1. The range of velocities 
employed was usually from 1400 to 2600 ft./seo., and average values of dynamic 
strength and rate of strain have been given in table 6 because, in general, the 
variation of dynamic strength with striking velooity was negligible. 

Figure 8 (a) shows the ratio of dynamic to static strength plotted against t^ 
logarithm of the static strength, while figure 8 (6) shows the ratio plotted <fiieotly 
against the static strength. Beferenoe to table 6 shows that the dynamic tests were 



Table 6. Svmmat/y of besitlts of tests on steel 
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made at an approximately constant rate of strain of the order of 15,000 in./in./sec., 
while the static tests were made at the rate of 1 or 2 x 10“® in.jm.lmo. Figure 8 shows 
that increasing the rate of strain by approximately 10^® increased the yield strength 



0*8 10 1-2 1*4 1*6 1-8 20 22 

logio (static eompressivo strength (0*2 % proof 
stress)-tons/sq. in.) 



FiGitttK 8, Variation of dynamic yield strength with static strMigth. 

to approximately treble ite static value at low static str^igths, such ae 20ton8/sq.in., 
while the increase of strength decreased with increase of static strength until there 
was no apparent increase at the highest static strength obtainable in the present 
experiments, namely, 120 tons/sq.in. The scatter shown in figure 8 is to be expected 
in view of the different types of steel employed, some of i^hidh contained alloying 

• ^ 
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elements not present in the others, while some had been subjected to complicated 
heat treatments* 

Figure 8 (a) indicates a linear relationship between the ratio of dynamic to static 
strengths and the logarithm of the static strength, the line on the diagram for steel 


being given by 


,S/F-5‘98-2*42logior, 


(H) 


where /S = dynamic compressive yield strength in tons/sqan., and F = 0 ‘ 2 % 
compressive proof stress in tons/sq.in. The line was obtained by least squares, and 
the correlation coefficient for the thirty-seven results involved was 0-94, implying 
a significant relationship. The relation given was the best fit to the experimental 
data, but should not be extrapolated beyond the maximum static strength employed, 
because it is unlikely that the dynamic strength is ever less than the static strength, 
and, more probably, the ratio approaches asymptotically to unity at very high 
strength values. 


Ck)MPARISON OF DYNAMIC RESULTS WITH THOSE OBTAINED 
IN OTHER DYNAMIC EXPERIMENTS 


Brown & Vincent ( 1941 ) of the National Physical Laboratory made high-speed 
tensile impact tests on a number of ferrous metals at rates of strain up to approxi¬ 
mately 900in./in./8cc. Stress-strain measurements were made and showed that, in 
the case of a medium carbon steel and Yorkshire iror^ a rise of yield stress accom- 



FrouRB 9. Effect of rate of strain on yield values of various steels. 


material 

tensile results 

oompreasion results 

medium carbon steel 

• 

© 

Ni-Cr steel 


A 

‘Vibrao* steel 

■ 

□ 







Table 7. Results of tests on medium carbon, nickel chromium and * Vibbac’ steels 

liis of matermls taken from table 1, N.PX. ietu^ results from table 2, and N.P.L. dynamic results {ram figures 13 and 14 of paper by 
Brown & Vincent, Proc. /wstn Meek. hond.^ < 1941 ), 146 (3), l^--34 
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panied increased rate of strain. In the case of a low-oarbon manganese s^l, a 
nickel-chromium steel, and ' Vibrao' steel, there was a tendency for the yield stress 
to fall at first, but to increase to approximately its initial value at the higher rates of 
strain. The ultimate tensile stresses were not affected by the rate of strain. 

Mr A, F. C. Brown has supplied samples of the medium carbon, nickel-chromium, 
and ' Vibrac* steels which he used in his tests, and their dynamic compressive yield 
strengths have been determined. Table 7 gives details of the chemical analyses of 
the materials investigated, taken from Brown & Vincent's paper, together with 
their mechanical properties, and the results of the present series of experiments. For 
all three materials, the dynamic compressive strength exceeded the 0*2 static 
compressive proof stress, and also exceeded the ultimate tensile strength, whether 
measured statically or dynamically. Figure 9 shows the yield values obtained in 
both investigations plotted against the logarithm of the rate of strain ; in every case 
a sharp rise of yield strength occurred at the high rates of strain employed in the 
method described in this paper. A part of this rise may perhaps be attributed to the 
fact that, in the present tests, the dynamic strength was determined in compression, 
whereas Brown & Vincent made tensile tests, and, in fact, in the static tests the 0-2 % 
proof stress, measured in compression, was higher than the tensile yield value in 
every case. 


Effect of FRE-sTRAiNiNa steel 

Dr S. L. Smith, who, at the time the tests were mode, was Superintendent of the 
Engineering Division of the National Physical Laboratory, suggested that tests be 
made to determine the dynamic compressive yield strength of strain-hardened mild 
steel. The material selected was a mild steel which, in the annealed condition, had 
a static tensile yield stress of 17 tons/sq.in., and a nominal ultimate tensile stress of 
27'7 tons/sq.in. One set of specimens was made from bar in the annealed condition, 
a second set was made from bar which had been strained in tension to a true stress of 
33*6 tons/sq.in. (nominal stress 26*2 tons/sq.in.), and a third set of specimens was 
made from bar strained in compression to an equal true stress. The results of the 
dynamic tests are given in table 8, the values of dynamic strength corresponding 
with the exact analysis having been obtained by correcting the values computed by 
the approximate formxila. 

The results given in table 8 indicate little difference between the d 3 rnamic strengths 
of specimens initially strained in tension and in compression, but both strengths 
were approximately 10 tons/sq.in. above that of the material in the annealed 
condition. 

It is well known that the yield point of mild steel, tested under static conditions, 
may be raised by pre-straining of the type described. It was shown in figure 8 that 
the relationship between the dynamic and static strengths of all the steels tested 
appeared to depend solely on the static strength, and to be independent of the 
method by which the static strength was obtained. Consequently, in the present 
ease, since pre-straining is likely to have produced an increase in the static yield 
point, the dynamic strength also would be expected to have increased. Increase of 
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the 0-2 % proof stress from 16 to 20 tons/sq-ini would raise the dynamic compressive 
yield strength from 49 to 66^ tons/sq.in., so that the results given in table 8 appear 
to conform to the general trend of the results obtained with all types of steel. 

Table 8. Results oe dynamic tests on stbain-habdened mild steel 


dynamic compressive 
yield atrenj^th 



striking 

estimated 

by approx. 

by exact 


velocity 

rate of strain 

formula 

analysis 

condition of material 

(ft./sec.) 

(in./in./sec.) 

(tons/sq.in.) 

(tons/sq.in. 

as annealed 

1505 

11,000 

43 

46 


1525 

11,100 

44 

48 


1500 

11,200 

44 

47 


1875 

12,000 

38 

41 




mean = 45 J 

annealed and strained 

1190 

11,000 

58 

62 

in tension 

1450 

11,800 

51 

55 


1565 

11,700 

47 

51 


1870 

12,900 

49 

52 


2210 

14,000 

44 

47 




moan = 63i 

annealed and strained 

925 

8,900 

52 

58 

in compression 

1395 

12,000 

53 

57 


1395 

12,100 

56 

60 


1935 

13,800 

56 

59 


mean = 58i 


Tests on oukalumin 

Table 9 summarizes the results of tests on duralumin of various types, while the 
results are shown graphically in figure 8, In all oases the dynamic compressive yield 
strength was higher than the static proof stress, and increase of the static strength 
produced a decrease of the ratio of d 3 mamio to static strengths. As in the tests on 
steel, there appeared to be a linear relationship between the ratio of dynamic to 


Table 9. Resttlts of tests on ditralitmin 


Brinell 

0 -2% 

static} 

proof 

stress 

Y 

velocity 

range 

hardness 

{tons/sq.in.) 

(ft./seo,) 

57 

7-0 

1230-2270 

66 

8d5 

445-1455 

— 

19-0 

540-3120 

118 

24*3 

1090-2100 

133 

26*65 

495-1220 


average values of 


dynamic compressive 
yield strength 


rate of 

by approx, 
formula 

by exact 
analysis 

*Sf 


strain 

(tons/ 

(tons/ 

ratio 

(in./in./seo.) 

sq.in.) 

sq.in.) 

S/Y 

11,600 

16*5 

17*8 

2*54 

14,900 

16*8 

18*6 

2-31 

14,300 

29*0 

31*0 

1*63 

16,600 

32*0 

33*9 

1*40 

16,900 

34*65 

36*7 

1*50 
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static strength, and the logarithm of the static strength (see hgure 8 (a)). The best 
line through the experimental points was given by 

= 4-09--1*89 logioT, (9) 

where the symbols 8 and Y have the meaning employed in equation (8). As in the 
case of steel, the lines shown in figure 8 should not be extrapolated outside the range 
of the experiments. 

Tests on silver, copper, lead, and Armco iron 

Dynamic tests were made on standard silver having a diamond pyramid hardness 
of 123 to 147, but no information was available concerning the static values. Tests 
were also made on pure lead (99'97 %), electrolytic copper, and Armco iron, all these 
materials being normally very soft, and giving no definite indication of yield points 
in static compression tests. The results of the dynamic tests are summarized in 
table 10, 

Table 10. Results of dynamic tests on silver, copper, lead, and iron 

average values of 

dynamic compressive 
yield strengtli 

by approx, by exact 



velocity 

rat© of 

formula 

analysis 




range 

sti*ain 

(tons/ 

(tons/ 



material 

(ft./sec.) 

(in./in./sec.) 

Kq.in.) 

sq.in.) 

notes 


Htandard silver 

680- 775 

10,800 

32*7 

37-6 

V.D.H.r: 1231 

7-5% Cu: 


300- 846 

9,900 

30-6 

35-1 

V.D.H.= 147j 

02-5% Ag 

copper 

330- 990 

8,600 

12-4 

15-5 

electrolytic 


lead 

210- 290 

3,600 

2-36 

2-S 

99-97 % pure 


Arnwjo iron 

690-1000 

14,700 

43-5 

49-6 

composition: 



0-016% C; 0-006% 8i; 
0-017% 8; 0-003% P; 
0-030 %Mn 


Note. Tlie silver, lead, and iron specimens were supplied by the Metallurgy Division of the 
National Physical Laboratory, together with the clieinical analyses of the lead and iron. 

In table 10 the results given for copper, lead, and iron are each the average of at 
least ten values which were in good agreement, and, as usual, they showed no varia¬ 
tion with striking velocity. The value given by the pure iron is particularly inter¬ 
esting, because it is equal to that given by mild steel having a static strength of 
18 tons/sq.in. (see table 5), whereas the static strength of the iron was not obtainable 
because no definite yield value could be found in compression tests. 


COMPABISOV OF THE VALUES OF XJL AND LJL GIVEN BY VAEIOU8 MATERIALS 

Figure 10 shows XjL plotted against for various matnials, the lines given 
representing the best lines through the experimental points. The small numbers 
given against these lines are the striking velooities at which the values of XjL and 
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LJL were obtained. Superposed on tbia Sgure is the oorreotion contour diagram 
given in figure 4 of part I, that is, the oorreotion to be applied to values computed 
by the approximate formula to bring them into line with the exact analysis. The 
correction is small for hard materials such as armour steel, but, in general, increases 
when softer materials such as copper and lead are employed. Curve number 2 of 
figure 10 is interesting because it shows that ‘normal ’ duralumin lies between hard 
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Fioubk 10, Variation of XjL with LJL for various materiate. 


ref, 

no. 

material 

static strength 
(tons/sq. in.) 

average dynamic 
strength (tons/sq. in.) 

1 

armour plate 

78 

115 

2 

‘normal’ dural 

19 

31 

3 

hard dural 

25-85 

39 

4 

mild steel 

18 

49 

5 

Armoo iron 

— 

50 

6 

soft dural 

8-15 

19 

7 

lead 

— 

2*8 

8 

copper 

— 

15*6 

the small figures in the diagram show the striking velocity employad* 
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and soft duralumin at low velocities, but is similar to armour steel at velocities of 
1600 to 2000ft./sec. It will be appreciated that, although the values of XjL and 
LJL may hp in agreement in such cases, so that the percentage corrections are 
equal, the actual values of the dynamic strength depend upon the density of the 
material and the striking velocity, and may therefore be very different. 

It will be noticed from figure 10 that a specific value of X/i is given by different 
values of LJL, depending upon the material tested. For example, X/L = 0*18 will 
be given by LJL « 0*36 for armour steel and ‘ normal' duralumin, 0*5 for mild steel, 
0*6 for soft duralumin, 0*7 for lead and 0*96 for copper. It would appear that these 
values of L^jL represent the relationship between the ductilities of the materials at 
high rates of strain. 

Conclusions 

The following conclusions may be drawn from the experiments described; 

(1) Using the method suggested in pari I, it is possible to determine the dynamic 
compressive yield strength of various metallic materials at rates of strain estimated 
to be of the order of 10*in,/in./sec. 

(2) The dynamic compressive yield strengths may be computed from the experi¬ 
mental data by first using the approximate formula (22) of part I, and then adjusting 
the result to correspond with the exact equations (27) to (30) by appl 5 dng a correction 
based on the dimensions XjL and LJL, This correction is of the order of 6 % for 
a hard material such as armour plate, and increases with decrease of the quality 
of the material, being of the order of 18 to 26 % for soft materials such as lead and 
copper. 

(3) With the materials tested there was little change in the dynamic strength with 
variation of the striking velocity employed, probably because the rate of strain did 
not vary to any great extent with the striking velocity. 

(4) The method was found to be inaccurate at liigh and low velocities; for instance, 
with mild steel, satisfactory results were obtained only within the range 400 to 
2600ft./sec. The range of velocities within which satisfactory results could be 
obtained varied with the quality of the material tested, soft metals giving results 
within a much lower range than that necessary for harder materials. Because of 
its failure at low velocities, the method cannot be used to bridge the gap between 
static and dynamic tests. 

(6) Within the range of weapons available at the laboratory there was little 
change in dynamic strength with alteration of the specimen dimensions, probably 
because the corresponding change in rate of strain wais not large. 

(6) In general, the dynamic compressive yield strength S was greater than the 
static strength Y represented by the compressive stress giving 0*2 % permanent 
strain. 

(7) For steels of various types, regardless of chemical composition and heat 
treatment, there was a relation between the ratio Sj Y and the static strength F, the 
ratio varying from approximately 3 when Y was 20tons/8q.in, to 1 when Y was 
120tons/sq.in. The relation was given by the equation 

.9/7 « 5*98--2*42 logioF. 
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( 8 ) A similar relation was found for duralumin, for which 

S/Y 4 09-1-89 logi(,r. 

(9) An increase of dynamic strength was obtained by pre-stressing mild steel 
either in tension or in compression. 

( 10 ) Dynamic tests were made on the medium carbon steel, nickel-chromium 
steel, and * Vibrao’ steel which had been tested under tensile impact conditions by 
Brown & Vincent ( 1941 ), who found that, at strain rates up to OOOin./in./seo., there 
was an increase in the yield value of medium carbon steel, but little change in the 
case of the other two materials, while the ultimate tensile values were almost un¬ 
affected. The present dynamic tests gave increases of yield strength in all three cases. 

( 11 ) Dynamic compressive yield values were obtained for very soft materials such 
as pure lead, copper, and Armoo iron, which, under static conditions, gave no definite 
yield values. 

( 12 ) A plot of the unstrained length JT, expressed as X/L, versus the final overall 
length Lj, expressed as LJL, for the various materials showed that any specified 
valueof X /L was associated with greater values of LJLfov the more ductile materials, 
such as copper and lead, than for the more brittle materials, such as armour plate 
and duralumin. It appears, therefore, that the ductilities of materials under dynamic 
conditions may be compared by studying the ratio LJX for a specified value of X. 

The author’s thanks are due to the Director of the Road Research Laboratory and 
to the Chief Scientist, Ministry of Supply, for permission to use the data contained 
in this paper. 
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III. Changes in microstructure caused by deformation 
under impact at high-striking velocities 

By W. E. Carrington and Marie L. V. Gayxer, D.Sc. 

(Communicated by Sir Geojfrey Taylor, F.R.8. — Received 24 July 1947) 

[Plates 1 to 8] 


The tnecliamsm of deformation of metals at high velocities has been studied by examining the 
miorostmetnre of cylinders of mild steel, duralumin and standard silver (of composition 
Ag 92‘5 %, Cu 7-6 %) of similar hardness, and of steel balls after impact on steel plates at 
velocities from 300 to 3830 ft./9«c. 

The means by which the stress on impact was relieved depended on the material, and was 
first the fonnation of twins or ‘compression bands’* i.e. by block movement of wedges of 
material within individual grains, or by cracking. When the applied stress could no longer bo 
relieved in this way, plastic deformation occurred. 

The amount of residual strain in deformed mild steel and duralumin has been examined by 
observing changes of miorostructure after annealing. 

Hardness surveys were made on longitudinal sections of the cylinders and the results 
correlated with the microrttrtiotui*os and with observations of the limits of strain due to 
impact. 


iNTRODirOTION 

A number of investigations on the deformation of metals at high speeds was 
carried out during the war on behalf of the Armour Piercing Projectiles Sub- 
Committee of the Ordnance Board under the Chairmanship of Dr C. Sykes, F.R.S., 
and in some cases inetallographic examination of the specimens gave interesting 
information on the nature of deformation at high speeds. This paper describes the 
results of the examination of some small cylinders of mild steel, duralumin and 
standard silver (composition 92*5% silver, 7-5% copper) and of some hardened 
steel balls, which had been fired with various striking velocities against st^l plates. 
The duralumin and standard silver cylinders were aged to the approximate hardness 
of the mild steel cylinders. 

Metallographioal examination showed that the response to impact occurred in 
different ways, depending on the nature of the material from which the cylinders 
had been made. The results obtained were correlated with hardness measurements 
and threw considerable light on the mechanism by which deformation under impact 
at high velocities can occur. 

ExPBKlMBNTAn 

The relevant data regarding the specimens examined are given in table 1. The 
mild steel cylinders were cut from rolled plate and the duralumin and standard 
silver ones from rolled bar. Both sets of cylinders were out out of the rolled material 
so that the axis of the cylinder was parallel to the direction of rolling. The duralumin 
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cylinders were subsequently solution heat-treated and a>ged at room temperature 
and the standard silver cylinders, also solution heat-treated, were aged to about the 
same hardness by ageing for 10 min. at 240° C. 

Tablb 1 


specimen 


condition 

diameter 

(in.) 

mild steel 

no. 13 

as rolled 

0-350 

mild steel 

Ox 

as rolled 

0-500 

mild steel 

0 , 

as rolled 

0-500 

mild steel 

0 . 

as rolled 

0-500 

duralumin 

Da 

aged room 

0-360 

duralumin 

D, 

temperature 
aged room 

0-246 

duralumin 

Dn 

temperature 
aged room 

0-311 

duralumin 

D, 

temperature 
aged room 

0-311 

standard silver 

B, 

temperature 
aged 10 min. 

0-358 

steel ball 

no. 25 

at 240° C 
Hoffmann 

0*125 

steel ball 

no. 20 

Hoffmann 

0*125 


unstrained 
striking length (in.) 
length V.D.P.H.* velocity - 


(in.) 

(HD/10) 

(ft./sec.) R.R.L.t N.P.L.t 

0*600 

130 

510 

0*23 

0*18 

1*006 

130 

1110 

0*24 

0*27 

1*002 

130 

1260 

0*18 

0-21 

0*999 

130 

2140 

0*07 

— 

0*600 

126 

600 

0*24 

0*24 

1*021 

125 

640 

0-45 

0*6 

1*007 

125 

1146 

0-46 

0*45 

1*000 

125 

2160 

— 

— 

0*500 

142 

300 

0-216 

— 


1075 

3830 


* V.D.P.H.« Vickers diamond pyramid hardness. The values in this column were those obtained 
from the Vickers pyramid hardness testing machine using a load of 10 kg, for 15 sec. on a diamond 
p 3 rrainid indenter of angle 136°. 

t Measured by determining point at which diameter increased by 0*001 in. 

J Measured by determining the point at which Neumann lamellae or compression bands first 
appeared. 


The size of cylinders fired with striking velocities of (i) 600 ft./sec. or less, was 
0*35 in. diameter, length 0*5 in., and (ii) above 600 ft./sec., 0*31 in. diameter, 
length 1*0 in. 

Hoffmann steel ball-bearings, J in. diameter, were also fired. 

Longitudinal and medial sections of the cylinders were polished and suitably 
etched, after which macro- and micro-examinations were carried out. Vickers 
diamond hardness impressions were subsequently made over the specimens after 
niicro-examination. 


( 1 ) Mild steel cylinders 

Figures 1 , 2 and 3, plate 1 , show the maorostructure of mild steel cylinders flr^ 
with striking velocities of 1110, 1250 and 2140 ft./sec., under magnifications of 
5 diameters, The structures were developed by Fry's reagent (Berglund 1931 ), i.e. 
a strongly acid solution of copper chloride. It is clear that plastic flow had taken 
place in the head of the cylinder, the degree depending on the striking velocity, and 
tliat tensional forces must have come into play along the flanges of the head 
(figure 3). 

The ittiorostructure developed by re-polishing and etching with 5 % picric acid 
and i % nitric acid in alcohol, differed from that of mild steel deformed at a more 



Flat-ended projectiles for determining dynamic yield stress. Ill 326 

ordinary speed, principally in the large number of Neumann lamellae observed. 
They were formed in scattered grains in which no visible plastic deformation was 
detected, i.e. in the region near the limit of strain, as shown in figure 4, plate 2; 
and, as the deformed head of the cylinder was approached, the Neumann lamellae 
increased in number and became increasingly deformed. The deformation of the 
lamellae was similar to that shown in figure 29, plate 7. 



Figuek 6 . Mild steel cylinder. Striking 
velocity 510 ft./sec. Magn. x 3. 



Figure 7, Mild steel cylinder. Striking velocity 
1110 ft./sec. Magn. x 3. 
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Fioubb 8 . Mild ateel cylinder. Striking velocity 1260 ft./eeo. Magn. x 3. (N.B. t'igureaOtoS 

are plana of V.D.P.H. impreasiona.) 


These facts show that Neumann lamellae most have been formed on impact 
before plastic deformation occurred. 

It is of interest to note that a narrow layer of material occurred immediately 
below the centre of the head of the cylinder, which was less heavily deformed than 
material at a greater depth (figure 5, plate 2). 

As would be expected, maximum hardening occurred whwe deformation was 
greatest, as shown in figures 6, 7 and 8, which are diagrams of cylinders fired with 
striking velocities of 510, 1110 and 1250 ft./sec., respectively. The broken line in 
each diagram represents the limit of strain above which, and up to the head of the 
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cylinder, Neumann lamellae appear, first in very small numbers, i.e. one or two in 
isolated crystals and then, in increasing numbers, in an increasing number of 
crystal grains as the head is reached. It is of interest to note the cone-shaped 
region of unstrained material which penetrates into the deformed portion of the 
cylinder, as shown in figures 6 , 7 and 8 . The extent of penetration appears to depend 
upon the striking velocity. 

( 2 ) Steel halls 

Figures 9 and 10 , plates 2 and 3, show the etched sections of two hardened steel 
balls (Hoffmann) fired with striking velocities of 1975 and 3830 ft./sec., respectively, 
against mild steel plate of Vickers diamond hardness value about 140. The former 
specimen shows the presence of cracks and no plastic deformation; the latter has 
been considerably plastically deformed, as well as cracked. It is significant that 
(i) cracks alone have been formed on impact in the ball fired with the lower striking 
velocity and (ii) the direction of the cracks in the second ball have been changed 
owing to subsequent plastic defonnation. This behaviour indicates that the first 
result of impact at high velocity is the formation of cracks (of. figures 9 and 10). 

The white ‘lines’ shown in figures 10 and 11 , plate 3, are probably due to 
regions of maximum shearing stress, where the heat generated locally has, most 
probably, raised the temperature of the material to the neighbourhood of the 
melting-point. 

(3) Duralumin cylinders 

A different type of deformation structure occurred in the duralumin cylinders 
fired at high striking velocities. 

On etching with Keller’s reagent (Keller 1935 ), what have been termed ‘ compres¬ 
sion bands’ were revealed. Figures 12 and 13, plate 3, show these bands in the 
heads of cylinders fired with striking velocities of 500 and 640 ft./sec., respectively. 
Some of the orjnstal grains in the matrix are free from such bands, as shown in figure 
12 and figure 14, plates 3 and 4. Plastic deformation, to a greater or less degree 
depending on the striking velocity, also occurs in the heads of the cylinders, os 
shown in figure 15, plate 4, in the case of the cylinder fired with a striking velocity 
of 2160ft./8eo. In this particular specimen the heat generated on impact at the 
extreme head of the cylinder had been so great, that a local rise in temperature had 
occurred which resulted in a complete change in miorostruoture, os shown in 
figure 16, plate 4. This structure merges into that shown in figure 15, i.e. deformed 
‘ compression ’ bands; the latter deformation decreasing as the unstrained region is 
approached. The heat generated at the extreme head of the cylinder has caused 
a change in miorostruoture similar to that associated with the accelerated ageing 
of duralumin duo to cold-working and subsequent ageing at a high temperature. 
It is, therefore, deduced that the maximum temperature attained in the head of 
the cylinder must have been at least 200 ° C and very probably higher. Hardness 
measurements revealed that hardening had occurred to an extent comparable with 
the maximum it is possible to attain with cold-worked, heat-treated duralumin, 
i.e. 160 to 160 V.D.P,H.* (see figures 21 to 23), 

♦ V.D.P.H.s: Vickers diamond pyramid hardness; see table 1. 
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Reference must now be made to the nature of the 'compression bands’. These 
are not' twin formations ’ since they do not differ in orientation from the surrounding 
matrix when examined under dark-gro\md illumination. They ore also not ‘slip 
bandis’ since with similar oblique illumination from opposite sides, both edges of 
the bands become illuminated, as shown in figures 18 and 19, plate 5. If these two 
photomicrographs ore examined, it will be seen that the edges of bands (white) in 
one photomicrograph differ in position from those in the identical area in the other; 
a pair thus indicating the width of the 'compression band’. This fact also shows 
that 'compression bands’ must have been selectively attacked by the etching 
reagent in comparison with the matrix, as shown diagrammatioaUy in figure 20. 



Fioubb 20. Diagram showing oroas-seotion 
of compression bands, examined under 
oblique light. 



Fioukb 21 . V.D.P. hardness survey of 
duralumin cylinder. Striking velocity 
500 ft./sec. Magn. x 3. 



limit o f 
compression 
bands 


Fxoubje 22* V.D.F. hardness survey of 
duralumin cylinder. Striking velocity 
e40ft./seo. Magu«x2; 



Fiqube 23. V.D.P. hardness survey of 
duralumin cylinder. Striking velocity 
lUSft./seo. Magn. X 3* 


‘ Compression bands ’ are considered to be wedges of material wbioh have moved 
in a dilution relatively parallel to each othw in individual grajns (figures 12 to 14). 
The individoal crystal has more or less crumpled up undw impact, like a concertina 
(figures 12 to 14); tiie axis of each crystal remaining unchanged with reapeot to 
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thcNse of its neighbours. The non-appearanoe of ^oompression bands’ in oertain 
crystals is probably due to the relative orientation of the grain with respect to the 
axis of compression. The plane of polish of these particular grains is probably 
parallel, or nearly so, to the direction of slip, i.e. ( 110 ) planes. 

Barrett & Levenson ( 1940 ) observed what they also have termed ‘compression 
bands* in aluminium under static compression. These, in contrast with the above, 
are on a macroscopic scale and of the same order of size as Liider’s lines. These 
authors, however, found by X-ray analysis that the bands were not twin formatior^. 

In order to determine whether the formation of ‘compression bands* was 
accompanied by any distortion between the area of contact and the surrounding 
material, the duralumin cylinder fired with a striking velocity of 640ft./sec. 
(figure 22 ) was heat-treated for 1 hr. at 500® C. Reorystallization occurred through¬ 
out the strained area with absence of any exaggerated grain growth. The grains in 
the very heavily worked area at the extreme head of the cylinder were finer than 
those immediately below, which were generally uniform in size. Similarly, the 
duralumin cylinder fired with a striking velocity of 2160 ft./sec. (figures 15 and 16) 
was annealed at 500® C but for the longer period of 1 day. Figure 24, plat© 5 shows 
the microstructure revealed by etching. The grain size was more or less uniform in 
the area in which reorystallization had occurred, i.e. in the strained area. Again, 
no region of exaggerated grain growth was found; a clear line of demarcation 
existing l>etween the recrj'stallized grains and the original unstrained material 
(figure 24). 

These results show that w^here no visible plastic deformation was observed, the 
residual strain caused by the formation of ‘compression bands*, between the latter 
and the surrounding material, must have been below the critical amount which 
would have given rise to excessive grain growth (Carpenter & Elam 1920 ). This^ 
residual strain may, however, be responsible for the differential etching effect 
between a ‘compression band* and adjacent material (figure 20 ). 

As in the case of the formation of Neumann lamellae, ‘ compression bands * appear 
to be formed before plastic deformation takes place. Figure 17 shows an area in the 
head of the cylinder fired with the striking velocity of 1145 ft./sec. The stepped 
edges of the bands and the lines across them, revealed by differential etching owing 
to the presence of areas of worked material, are evidence that ‘slip* occurred after 
the ‘ compression bands * had been formed. Figure 16 shows general distortion of 
the ‘ compression bands * in the head of a cylinder fired with a striking velocity of 
2160 ft./sec. 

The results of hardness measurements made on cylinders fired with striking 
velocities of 500, 640 and 1146 ft./sec. are shown diagrammaticaUy in figures 21 to 
23. The limit of ‘compression bands* is found to be approximately coincident with 
the limit of strain as determined by hardness measurements. 

(4) Cylinders of standard silver {composition 92'5 % silver^ 7-5 % copper) 

These silver cylinders were aged to a slightly higher hardness value than that of 
mild steel. The j^ished sections were etched by the reagent used by Norbury ( 1928 ) 
and the presence of another type of deformation figure wa« ol»ierved. Cylinders 
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fired with striking velocities of 300 to 800 ft./sec, and over, were characterized by 
the appearance of narrow ‘bands*, with pointed ends, of differing lengths and 
thickness in many of the crystals, see figure 25, plate 6. These were most numerous 
in grains in the extreme head of the cylinders but, even there, some grains were 
devoid of,these ‘bands* (probably for the same reason as mentioned in regard to 
absence of ‘compression bands’ in duralumin cylinders). 

It is of interest to note the course of these ‘ bands ’ when a twin is present in the 
crystal grain. Figure 26, plate 6, shows such a gi*ain (right-hand side); the ‘ bands * 
extend from the crystal boundary to one side of the twin and then re-appear on 
the opposite side of the twin. Examination of these ‘ bands * under oblique illumina¬ 
tion leads to the conclusion that they are probably twinned regions and not 
‘compt'ession bands*. 

Slip, however, is superimposed on these * bands ’ in certain regions, particularly 
in those in the extreme head of the deformed cylinder. Figures 27 and 28, plate 6, 
are photomicrographs of two such areas. Similarly, the curvature of the ‘ bands ’ in 
figure 25 may also be due to slight plastic deformation. 

It was not possible at the time to check by X-ray analysis whether these ‘ bands * 
were twinned areas, even if it were possible on such fine-grained material. Apart 
from the evidence above, it is highly probably that twins have been formed, since 
standard silver twins readily. Further evidence was', however, obtained micro¬ 
scopically. Figure 28 show^s a grain boundary (top) which is serrated in a manner 
associated with twinning and not that associated with slii). Hence, the parallel 
lines shown below the boundary (figure 28) are the edges of twins which are due to 
‘ block-movement ’ of comparatively large portions of the grain. 

(5) Examirujition of ‘ bhck-rtiovemerU * in mild steel cylinders 

In order to determine whether ‘block-movement* in the mild steel cylinders 
takes place without leaving any significant residual distortion, the following 
experiments were carried out: 

(i) A piece of mild steel was selected, in which a hole had been made by an 
explosive charge. In the neighbourhood of the hole, numerous deformed Neumann 
lamellae were present in plastically deformed grains, as shown in figures 29 and 30, 
plate 7, under magnifications of 200 and 600 diameters, respectively. A specimen 
cut from this area, i.e. figure 30, was heated for J hr. at 650'^ C, and then lightly 
repoUshed and etched. As shown in figure 31, plate 7, which is the same area as 
figure 30, complete recrystallization has occurred and the Neumann lamellae have 
disappeared. This fact is due to recrystallization of the plastically deformed crystal 
grains and distorted Neumann lamellae, followed by grain growth. 

(ii) Further away from the hole in the same piece of mild steel, a region existed 
in which no visible plastic deformation could be detected but only comparatively 
few Neumann lamellae, as shown in figure 32, plate 8. A specimen was out IBrom 
the portion and heat-treated for 6 min. at 150^ C in vacuo. The microstracture of a 
marked plaoe before and after heat-treatment is shown in %UFes 33 and 34, 
plate 8, respectively, under magnifications of 600 diameters. Apart from the 
disappearance of the pearlite and diminution in size of the Neumann lamellae, due, 
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]pzob»bly, both to the repolishing process and to absorption as a resnlt of beat* 
treatment, no change in miorostracture was observed, ie. no recrjrstsJliaiatkNa. 
Hence, no significant residual distortion can have existed between the Neumann 
lamellae and the adjacent material else recrystaUkation would have ooouned. 

Hence, it is deduced that in areas where no visible plastic deformation of Neumann 
lamellae is observed, the latter have been formed with no significant reskhial 
distortion. 


DisdussiON 

The facts described above show that, under impact at high velocity, relief of 
stress takes place by two processes, the first foUowed by the second; i.e. by the 
formation of either twins, compression bands or cracks, according to the nature of 
the material in question; and (ii) by subsequent plastic deformation. In brief, 
when the grain can no longer adapt itself to relieve the applied stress by one of the 
above processes, i.e. by tbe formation of twins or compression bands, resistance to 
slip breaks down and plastic deformation sets in. This initial resistance to slip takes 
place in individual grains by a ^ block ’ movement of material within the grains, i.e. 
a wedge (or wedges) of material moves relatively to the rest of the grain, thereby 
relieving the stress. 

When twinning results from this ‘ block ’ movement no residual distortion occurs; 
but when ‘ compression bands ’ are formed, it is probable that the shifting of wedges 
of material may cause slight residual distortion. This ‘block’ movement is, there¬ 
fore, a local movement in individual grains, which occurs initially in relief of stress 
applied with high velocities. In contrast, plastic deformation, or slip, is the general 
relief of stress by all the grains concerned. This takes place afttr the ‘block’ 
movement of individual grains has occurred. 

' The occurrence of ‘ block movement ’ prior to the general plastic deformation may 
be associated with the higher yield point observed when metals ore stressed under 
dynamic conditions (Brown &; Vmcent 1941 ). 

The work described above was carried out in the Metallurgy Division of the 
National Physical Laboratory on behalf of the Director General of Sdentifio 
Eesearch (Defence), by whose permission this paper is published. 
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DasoBimoir os' Pla.tbs 1 to 8 

PlJlXB 1 

FtotrEK 1. Mild Bteel oylinder. Striking velocity 1110 ffc./sec. Fry’s micro etch. Magn. x 4, 

Figure 2, Mild steel cylinder. Striking velocity 1260 ft./sec. Fry’s micro etch. Magn. x 4. 

Figure 3. Mild steel cylinder. Striking velocity 2140 ft./sec. Fry’s micro etch. Magn* x 4. 

Plate 2 

Figure 4. Mild steel cylinder. Striking velocity 610 ft./sec. Etched. Magn. x 200. 

Figure 6 , Head of mild steel cylinder. Striking velocity 1260 ft./sec. Etched. Magn. x 120. 
FiauBE 9. Steel ball no. 26. Striking velocity 1976 ft./sec. Magn. x 24. 

Plate 3 

Figures 10 and 11 . Steel ball no. 20. Striking velocity 3830 fb./seo. Etch — 4 % nitric acid in 
alcohol. Magn. (10) x 24» ( 11 ) x 80. 

Figure 12, Head of duralumin cylinder. Striking velocity 600 ft./sec. Keller’s etch. Magn. 

xl20. 

Figure 13. Head of duralumin cylinder. Striking velocity 640 ft./sec. Keller’s etch. Magn. 
x80. 

Plate 4 

Figure 14. Heed of duredumin cylinder. Striking velocity 640 ft./sec. Magn. x 240, 

Figure 16. Head of duralumin cylinder. Striking velocity 2160 ft./sec. Magn. x 400. 

Figure 16. Another area in head of duralumin cylinder shown in figure 15. Magn. x 1600. 

Figure 17, Heed of duralumin cylinder. Striking velocity 1146 ft./sec. Magn. x 800. (Figures 
14 to 17 all speoimons etched in Keller’s reagent.) 

Plate 6 

Figures 18 and 19. Duralumin cylinder. Striking velocity 2160 ft./sec. Appearance of 
compression bands in head under oblique lighting from opposite directions. Magn. x 720. 

Figure 24. Diiraiumin cylinder. Striking velocity 2160 ft./sec. AnnoaIe<l 1 day at 500° C. 
Etched in Keller’s reagent. Magn. x 20. 

, Plate 6 . 

Figures 26 to 28. Standard silver cylinder. Striking velocity 300 ft./sec, Norbury’s etching 
reagent. Magn. (25 and 26) x 120, (27 and 28) x 1600. 

Plate 7 

Figure 29. Mild steel plate. C = 0‘I6%. Magn. x 160. 

Figure 30. Area in figure 29. Magn. x 400. 

Figure 31. Area in figure 80 after annealing for 16 min. at 660° C. Magn. x 400. 

Plate 8 

Figure 32. Mild steel plate, T,B, as received, Magn. x 120. 

Figure 33. Area in figure 32. Magn, x 400. 

Figure 34. Area in figure 33 after annealing for 6 min, at 760° C, Magn. x 400. (Figures 29 
to 34 etched in equal parte of i % nitric acid and 5 % picric acid in alcohol.) 
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Two methods uro doBcribed for calculating the distribution of masB at a given depth that 
will produce a speohied gravitational held. In one the obaen'^ed hold is extrapolated down¬ 
wards by a finite difference procedure; in the other a solution is obtained in the form of an 
integral which can be evaluated numerically. Tables of the quantities necessary for the 
practical use of the method are provided^ and real and artificial examples are given. The 
limit to the possible depth of the masses producing an anomaly is also discussed. 


1. Statement of the problem 

A gravity survey yields values of the gravitational field over the surface of the earth. 
By the Bouguer reduction allowance may be made for the varying heights of the 
points of observation, for the attraction of the eUipsoid to which the earth approxi¬ 
mates and for the attraction of topographic irregularities. The residue, the Bouguer 
anomaly, represents the attraction of excesses and defects of density within the 
earth. The ‘geological interpretation of gravity anomalies* consists largely of 
estimating the magnitudes and positions of these masses, and determining their 
relation to the structure of the area. 

The usual procedure is to guess a suitable mass distribution and then to calculate 
the gravitational field it produces and to compare this with the observations. It is 
then possible to adjust the masses by a process of trial and error until a good fit is 
obtained. Much labour and ingenuity has been expended on the construction of 
tables and diagrams to facilitate such computations (Ceissinis, Dore & Ballarin 
1937 ; Meinesz 1934 ; Numerov 1927 ; Jung 1927 ). In comparison, curiously little 
attention has been given to the direct calculation of the masses from the anomalies. 
In this paper we develop methods for this purpose and apply them to certain ex¬ 
amples. We deal throughout with the gravitational problem, but closely analogous 
methods could be used in other branches of potential theory. 

2. iNDBTBRlUINAOy OF THE PROBLEM 

The problem is: given, over a plane, the normal oomponent g of a field derivable 
from a potential, to find the mass distribution producing the field. In practice the 
field g is usually the Bouguer anomaly and the plane over which it is known is 
horizontal; for verbal convenience we assume this to be so throughout. 

The problem is clearly indeterminate, for, by a theorem due to Green, any mass 
can be replaced by a suitable distribution at any shallower depth without affecting 
the field at the surface. The problem may be rendered more nearly determinate by 
seeking a distribution at a specified depth. A family of such solutions for different 

[ 332 ] 
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depths gives a good view of the whole set of possible solutions. By forming linear 
combinations of its members, further distributions may be obtained though these 
do not include all those possible. 

The problem is still not completely determinate, for it is always possible to add 
to any solution a simple harmonic mass distribution of arbitrarily great amplitude, 
provided that the wave-length of the added distribution is sufficiently short. If 
A Binpx is the added mass distribution at a depth z, where :r is a co-ordinate measured 
horizontally, then the field it produces at the surface is 

2nkA c“^* 8 inpa:, 

where k is the constant of gravitation. This can be kept less than any quantity, 
however small, if p is made large enough. Thus with any finite accuracy of observa¬ 
tion the problem is still indeterminate. It is probably this difficulty that has pre¬ 
vented the development of satisfactory methods hitherto. 

In practice the observations can give no information about changes of density 
occurring in a horizontal distance small compared with the depth, and the solution 
required is one that does not contain such variations. Thus a smoothed solution is 
sought, the degree of smoothing depending on the accuracy with which it is required 
to reproduce the observed surface field. 

We consider two methods of performing this smoothing, one by the introduction 
of a smoothing function, the other by a finite difference approximation to Laplace’s 
equation. The processes of computation employed with the two methods are 
different, and the choice between them depends partly on the facilities available. 
As explained in § 6 , we have found a combination of the two methods to be the most 
economical. 

The analytical method using a smoothing function was devized by G. Kreisel of 
Trinity College. We originally intended that the present paper should be a joint one 
with him; it was found, however, that his methods had applications wider than the 
present problem, and that the mathematical apparatus required for an adequate 
discussion was best separated from the particular application to gravity anomalies. 
His work therefore appears as a separate paper (Kreisel 1948 ). 

In § 3 of the present paper a derivation of his expi’essions is outlined from a point 
of view that may be more familiar to the physicist than his rigorous discussion. 
The authors ore indebted to him for allowing them to use his work and for his advice 
and assistance. 


3. Analytical method 

(a) Two dimensions, A simple harmonic gravity variation 

gQ^ A coBpx 

can be produced by a distribution of mass of surface density if at a depth z, where, 

27rkM s= A oo&px, ( 1 ) 

Thus, if gravity at the surface is expressible as a Fourier series, each term can be 
extrapolated downwards by the use of ( 1 ). If the resulting series converges it gives 
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a mass distribution capable of producing the field at the surface. Tsuboi has applied 
this method to some practical examples (Tsuboi 1937 , 1939 ; Tsuboi & Fuchida 
1937 , 1938 ; Tsuboi, Kaneko, Miyamura & Yabosi 1939 ). It seems unlikely, 
however, that in this form it can find wide application, as the arithmetic involved 
in treating a complicated gravity field is altogether prohibitive. What is required is 
a method analogous to the celebrated deduction by Stokes ( 1849 ) of the form of the 
geoid from the gravity anomalies. The problem is more complicated than Stokes’s 
in that it is necessary to introduce the smoothing discussed in § 2 . 

Suppose first that the field is constant in a horizontal direction parallel to OF 
and let a? be a co-ordinate measured horizontally in the direction OX in which the 
field varies, and z a co-ordinate measured vertically downwards. Then 

= f 9f){i)f^coHp(i-x)didp ( 2 ) 

^Jo J-OO 

is a solution of Laplace’s equation which vanishes when 2 :“>“ 00 . At 2 ; = 0 it is the 
Fourier integral for yo(^)- If the expression ( 2 ) exists, it will represent {jro{a;) at 2 : = 0 
and will give a relation between the field at the surface, and the field at depth 2 . 
For the reasons stated in § 2 , the integration with respect to ^ in ( 2 ) diverges at the 
upper limit unless g^ is a sufficiently smooth function of x. 

To avoid this difficulty a smoothed function may be substituted for in (2). 
A suitable function is 

Mi) = yf 

where constant which determines the severity of the smoothing. 

Let the field at a depth z corresponding to this smoothed be g^. Then 

?*(*) = J !7o(a:^i)c-^<'t-f>‘e»*co8p(g-x)dxidgdp. 


If the order of integration may be changed, and that with respect to ^ performed 
first, then 


j ^00 Too 

g^(Xi)e-p*i*fiev*cosp(x^-x)dXidp. 

« J 0 J - 00 

(3) 

Taking the p integration next, 


J,^(xj)\'(xi-x)dx^, 

(f) 

1 c°° 

where A'(a;, — *) = -j e~»’’/*^e>'*co 8 p(xi—a 5 )<ip. 

(5) 

A'(xi - ic) is a function of —x),z and fi which can be tabulated. When this has been 
done (4) gives §t{x). The surface density required at any depth is then §Jipe)l2nk. 

The inversions of the order of integration are easily justified if 

« 

’OO 

1 fl'si*!) 1 dxi 

— 00 


exists and it may be shown that the theorem is true without this restriction provided 
Po(*i) is bounded. 
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Results identical with (4) and ( 6 ) are obtained if, instead of smoothing we seek , 
a smoothed version of The necessary changes in the order of the integrations are, 
however, then more difficult to justify. Kreisers ( 1948 ) paper provides a rigorous 
treatment from this point of view. 

( 6 ) Three dimensions. The generalization of this argument to three dimensions is 
straightforward. Take oylindrioal co-ordinates r, r, where z is measured vertically 
downwards and the origin is in the surface. In place of ( 1 ) consider the expression, 

eP*JJ,{jur)co8n^. (6) 

If n is an integer this is a solution of Laplace’s equation which is finite, tends to zero 
as 2 — 00 and is single valued. 

By analogy with ( 2 ) we express g^(r) as a Eessel-Fourier integral 

j n**-® r<x> r2n ^oo 

= S go(ri,(f>j)eP’J^(prj)J„(i)r)ooan{^i-^)pridrid4>idp. (7) 

—aoJoJO Jo 

The result is considerably simplified if is calculated at a point below the origin 
of co-ordinates. This involves no loss of generality as the origin can be placed 
anywhere. Some simplification is also achieved in the proof by smoothing instead 
of gfp; though it is then not easy to justify the changes in the order of integration. 
The smoothed value of g^ is taken as 

= f (J,{p,^i)e-yp'pdpd^t, 

7Tjo Jo 

where y is a smoothing parameter analogous to Substituting in (7) and inte¬ 
grating with respect to 962 removes all terms except those with n = 0 . The integra¬ 
tion averages g^ round a circle and 

jf^(0) = 2yr r f go(ri)eP‘Ja{pri)Jo{pp)e-rP*ppr^dridi)dp, 

Jo Jo Jo 

1 

where g^ir^) “ 


The p integration can now be performed giving, 




( 8 ) 

where 

A'(rj) = rjJ eP^e~P*i*yjQ(prj)pdp. 

(9) 


Here A' is a function of r, z, y, which is closely analogous to A' in (5). 

(c) Solution for a sphere. The solution can be obtained for a spherical surface by 
a closely similar argument starting from 

( P \p-h% 

■^1 P^(coB $) COS m^, 

instead of (1) or (6), where d and are spherical polar co-ordinates relative to an 
axis through the point at which the mass is to be found; p and m are integers, R is 
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the radius of the sphere over which is measured and is that of the sphere over 
which the mass distribution is sought. The smoothed value of g* is taken as 

where y i« a suitable smoothing parameter. The result found is then 

where is the average value of go{d,^) round a circle of angular radius 0j, and 


Ai 


_ V(7ry) sin 0^ 


2sinh(2rf,?o^'^'''^ 


U) ' 


J^(coB(9d4+i(2y). 


The corresponding mass distribution is no longer gJ2nk, but is given by 


where 


A*(6'x) 


^,(0) = J'fl'o(^i)A*((9,)d6>i. 

Vysingi “ 

8V7^A:8inh(2y)p^o If^i/ ^ 


(cos^i)4^.j(2y). 


is the Bessel function of imaginary argument and half integer order. and Ag 
may be shown to reduce to (9) when is zero, except over an area whose dimensions 
are small compared with the radius of the sphere. 


4. Tabulation of A and A 

Before tabulating A' and A' it is convenient to render them non-dimensional. 
The depth z at which (5) or (9) is evaluated forms the natural unit of length in terms 
of which the other quantities may be expressed. For a reasonable degree of 
smoothing z and z ^jy will be numbers of the order of unity; call these ^cr and ^t. 

If X and Xi are expressed in units of z, (4) and (8) will still hold if, 

1 r*® 

A(a:i - *) = - e»‘c-P*'*'co8®(a:, —a:)dp, (10) 

njo 

and A(ri) = TjJ e^e~^>*''J^{pr{)pdp (11) 

are substitued for A' and A'; the depth now no longer occurs explicitly. 

The function A can be connected with one tabulated by Bom (1933, p. 486), by 
Mitchell & Zemansky (1934, p. 329), and by Hjerting (1938), in investigations of 
optical absorption. Bom tabulates 



which is connected with A by 

k(x) = 2 y/icrln )cos 2<ra?exp[o'( 1 — x*)] — (Ijn)^(x, I j^<r). 
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Professor Bom informs us that only the first two figures of hia values of ^ are reliable. 
We have therefore only used this expression for a preliminary study of the funotidn A. 
The values for <r = 1 , which are those used for the practical application of the 
method, have been calculated ab initio by expansion in powers of x and Ijx and by 
numerical integration. The results'" are given in table 1 and figure 1 . 



The function A has been computed for r => 1 by numerical integration and by 
expansion in powers of r and Ijr. The results are given in table 1 and figure 1 . 

Beyond the limits of table 1 the following expressions will give results accurate 
to four places of decimals: 

nA(x) - 1 /a;®— (3/2cr - 1 )/x*, 

rrj A(a:i)daJi~|jr +l/a; + (3/2flr—l)/3x®, 

A(r) ~ - 1 /r* - 3(3/2t - 1 )/ 2 r®, 

J’jA(ri) dTi ~ 1 +1 /r + (3/2 t -1 )/2f». 

The columns headed jif' in table 1 give modified second differences (Comrie 1936 , 
p. 928) with the aid of which the table may be interpolated. As third differences are 

* The computation of most of the results in table 1 lias been carried out by Mies Mumford 
and Miw Mimne of the Hathematical Laboratory, to whom our thanks are due. Mr Jones 
kindly confuted the coefficients of the aeoending series for A(r) up to the term in 

2Z 
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Table 1 


X or 

A ( a ?) 


rx 

1 ) dX \ 

J 0 


A (*) 

Mr ) 


J ^ A ( ri ) dr ^ 


r 

0*=! 


or =5 1 


II 

rss 1 

Jfef * 

1 


0-0 

2*8260 

-1848 

0*0000 

0 

122*925 

0*0000 

0 

0*0( K >0 

2006 

0 1 

2*7368 

-1728 

0*2796 

-181 

82*191 

1*9277 

-2866 

0*0976 

1860 

0-2 

2*4766 

-1402 

0*5416 

-338 

- 3*349 

3-6789 

-6190 

0-3763 

1449 

0*3 

2*0801 

- 917 

0*7703 

-466 

-63*665 

4*7289 

-6660 

0-7965 

875 

0*4 

1*6932 

- 361 

0*9646 

-520 

-65*125 

5*2452 

-6765 

1*3008 

177 

0*5 

1*0699 

180 

1*0877 

-628 

-29*882 

6*1062 

-6866 

1-8236 

- 469 

0*6 

0*6629 

631 

M 690 

-487 

- 3*065 

4*3958 

-4151 

2*3029 

- 968 

0*7 

0*1162 

930 

1-2023 

-408 

13*240 

3*2778 

-2030 

2*6891 

-1274 

0*8 

--0*2404 

1073 

M 953 

-306 

9*269 

1*9665 

76 

2*9517 

-1366 

0*9 

« 0*4926 

1067 

^ 1*1578 

-2( K ) 

2*762 

0*6355 

1786 

3*0805 

-1275 

1-0 

-0*6413 

921 

' 1*1002 

- 98 

- 0*496 

-0-5182 

2890 

3*0844 

-1034 

M 

-0*6992 

715 

1*0323 

- 10 

- 0*942 

-1*3953 

3320 

2*9862 

- 723 

1*2 

-0*6861 

482 

0*9628 

41 

- 0*620 

-1*9511 

3170 

2*8161 

- 388 

1-3 

- 0*6246 

260 

0*8969 

81 

- 0*206 

-2*1977 

2595 

2*6063 

- 102 

1*4 

- 0*6304 

78 

0*8387 

97 

- 0*104 

-2*1886 

1817 

2*3851 

123 

1*5 

-0*4395 

- 53 

0*7899 

98 

- 0*091 

-1*9983 

1011 

2* 1746 

261 

1*6 

-0*3469 

-128 

0*7507 

80 

- 0*091 

-1*7047 

326 

1*9889 

326 

1*7 

-0*2663 

-161 

0*720] 

76 

- 0*087 

-1*3750 

-168 

1*8348 

335 

1-8 

-0*2012 

-160 

0*0969 

67 

- 0*080 

- 1*0386 

-474 

1*7134 

300 

1*9 

-0*1517 

-138 

0*6794 

41 

- 0*073 

-0*7862 

-692 

1*6216 

246 

2*0 

-0*1159 

-112 

0*6661 

29 

- 0*008 

-0*5706 

-678 

1*5543 

185 

2*1 

-0*0912 

- 82 

0*6558 

21 

- 0*062 

-0*4116 

-499 

1*6066 

133 

2-2 

-0*0746 

- 66 

0*6476 

12 

- 0*057 

-0*3018 

-381 

1*4703 

88 

2*8 

-0*0636 

- 36 

0*6407 

9 

- 0*053 

-0*2302 

-271 

1*4440 

55 

2*4 

-0*0663 

- 22 

0*6347 

7 

- 0*050 

-0*1869 

-171 

1*4234 

32 

2*6 

-0*0612 

- 13 

0*6294 

4 

- 0*046 

-0-1693 

-103 

1*4062 

22 

2*6 

-0*0474 

- 5 

0-6245 

— 

- 0*043 

-0*1434 

- 53 

1*3912 

11 

2*7 

-0*0442 

- 4 

0*6199 

— 

- 0*040 

-0-1332 

- 24 

1*3774 

7 

2 *a 

-0*0414 

— 

0*6156 

— 

- 0*037 

-0*1257 

- 10 

1*3644 

8 

2-9 

-0*0389 

— 

0*6116 

— 

- 0*035 

-0*1193 

- 1 

1*3522 

•6 

3*0 

-0*0365 

— 

0*6078 


- 0*033 

-0*1132 


1*3406 

5 

3-1 

-0-0343 

— 

0*6043 

— 

- 0*031 

-0*1072 

— 

1*3295 

7 

3*2 

-0*0322 

— 

0*6010 

— 

- 0*029 

-0*1014 

— 

1*3101 

6 

3*3 

-0*0303 

— 

0-5978 

— 

- 0*028 

-0-0959 

— 

1*3092 

6 

3*4 

-0*0286 

— 

0*5949 

— 

- 0*026 

-0*0906 

— 

1*2999 

5 

3*5 

-0*0269 


0*5921 

— 

- 0*026 

-0*0856 

-- 

1*2911 

5 

3*6 

-0*0254 

— 

0*5896 

— 

- 0*024 

-0*0809 

— 

1*2828 

4 

3*7 

-0*0240 

— 

0*5870 

— 

- 0*022 

-0*0765 

— 

1*2749 

6 

3*8 

-0*0228 

— 

0*6847 

— 

- 0*021 

-0-0724 

— 

1-2675 

3 

3*1) 

-0*0216 

— 

0*6826 

— 

- 0*020 

-0*0686 

— 

1*2604 . 

4 

4*0 

-0*0206 

— 

0*6804 

— 

- 0*019 

-0*0651 

—. 

1*2637 

4 

4*1 

-0*0196 

— 

0*5784 

— 

- 0*018 

-0*0619 

— 

1*2474 

— 

4*2 

-0*0186 

— 

0*5766 

— 

- 0*017 

-0*0589 

— 

1*2413 

— 

4*3 

-0*0177 

— ' 

0*6747 

— 

- 0*017 

-0*0661 

— 

1*2366 

— 

4-4 

-0*0168 

— 

0*5730 

— 

- 0*016 

-0-0536 

— 

1*2301 

— 

4*6 

-0*0161 

— 

0-6713 

— 

- 0*015 

-0*0511 

__ 

1*2249 

— 

4*6 

-0*0154 

— 

0*6697 

— 

- 0*016 

-0*0488 

— 

1*2199 

' — 

4*7 

-0*0147 


0*5082 


- 0*014 

-0*0467 

— 

1-2151 

— 

4*8 

-0*0141 

— 

0*6668 

— 

- 0*013 

-0*0447 

—. ‘ 

1*2106 


4*9 

-0-0135 


0*6664 

— 

- 0*013 

-0*0429 


1*2062 

— 

6*0 

-0*0130 

— 

0*6641 

—* 

- 0*012 

-0*0411 

— 

1*2020 

— 
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not negligible Everett’s formula should be used. The column giving A{x) for /r — 4 
cannot be interpolated. 

Table 1 shows that for large values of o’, that is for slight smoothing, A has a large 
maximum for small values of x followed by a deep minimum; A behaves in a similar 
way. Thus an irregularity in that is of extent small compared with the depth will 
yield a large positive mass surrounded by large negative masses. This is a mild 
manifestation of the indeterminacy discussed in § 2. It is found to be impracticable 
to use a value of o* or r much greater than 1, and the most convenient method of 
computation is to proceed downward in steps using o' or r = 1 for each step. If at 
any stage of the calculation some feature of the field becomes improbably prominent 
it can be left at a shallow depth and the rest of the field carried dovmward. The 
appearance of large neighbouring anomalies of opposite sign is an indication that 
an attempt is being made to find a solution at too great a depth. In nature a field 
of anomalies will usually be due to both shallow and deep masses, and the stepwise 
procedure is necessary in order that the shallow parts may be left at their proper 
depths. The process is necessarily to some extent arbitrary, for a shallow limit can 
never be set to the depth at which the masses lie from a study of gravity alone. 

The integrals ( 4 ) and (8) may most readily be evaluated by breaking them up into 
short ranges over which may be put equal to its mean value over the range or to 
its value at the centre of the range, 

Mxy)dx^ or A(ri)dri. 

J X, J ft 

j A(a;i) dxi and J A(ri) dr^ are given in table 1 and a suitable set of intervals for 

the first integral in table 2. For three-dimensional problems it is convenient to 
arrange the intervals of the integration so that the integrals take simple fractional 


values. Suitable limits are given in table 3 . The field 

may 

then be calculated by 



Table 2 





i 




rxt 



A ( a ;) dx 



1 A ( a ?) dx 


J 

Xi 



J Xt 

0*0 

0'25 

0*601 

3 

4 

-0*026 

0-26 

0*5 

0*427 

4 

5 

-0*016 

0-5 

1*0 

0*012 

5 

10 

-0*032 

1*0 

1*5 

-0*310 

10 

20 

-0*018 

1*6 

2*0 

-0*124 

20 

00 

-0*016 

2 

3 

-0*058 






Tablb 3 




n 

1 

I * A ( r ) dr 



rA ( r ) dr 


J 




J rt 

000 

0*23 

0*6 

1*36 

1*59 

-0*5 

0*23 

0*34 

0*5 

1*59 

2*12 

-0*5 

0*34 

0*44 

0*5 

2*12 

2*54 

-0*1 

0*44 

0*54 

0*6 

2*54 

3*40 

-0*1 

0-54 

0*65 

0*5 

3*40 

5*05 

-0*1 

0*63 

0*63 

0-5 

5*05 

10*02 

-0*1 

0*83 

1*36 

-0-5 

10*02 

00 

-0*1 


2^.2 
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making a template showing the limits given in table 3 and superposing this on a map 
of the anomalies. The mean anomalies in the successive zones ore then estimated, 
multiplied by the factors from table 3 and added. 

To obtain the corresponding masses in feet or metres of rook of density B the values 
of are multiplied by 24 /i)m./milligal or 78 / 2 )ft./milligaL 

5. Finite difference method 

(a) Two dimensions. An alternative method of solving the problem is to use a 
finite difference approximation to Laplace^s equation and to integrate downward 
by a numerical process. 


. 9-1 




9 o 0 -^ 
9 > 



92 • 


• • • • 


FiatTRK 2 


Suppose the vertical field j7o(x) given at a set of points spaced at equal intervals 
a along a horizontal line OX (figure 2). Let the field be constant in a horizontal 
direction at right angles to this line. The field g^i(xi) at a point on a line at a distance 
a above OX, is 






ag„(x)dx » 


( 12 ) 


If o is chosen small enough, will differ little between neighbouring points and may 
be assumed constant and equal to g^{na) over the range (n ± ^)a. Then 




1 

It 


n-00 


S (/o(”®){tan”^(n-« + J)-tan-^ (n-a-i)}. 


( 13 ) 


The field is now known on two lines of points forming part of a square grid. Let 
(Ji be the field at the points on the line .8 of this grid next below OX. If the masses 
producing the field lie below this line, the field can be extrapolated downward by 
using a finite difference approximation to Laplaoe’s equation. The simplest is to 
take g at each point to be the mean of the values at its four nearest neighbours in 
the lattice (Southwell 1946), 

gi( 6 a)mig^{m)-go(m-a)-gf(aa+a)-g_i{«a). , ( 14 ) 


The smfaoe density along the line AB that will produce the observed fidd along OX 
is then gi[ 2 nk. 
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The values of g on the second and lower lines of the lattice can be found by a 
repetition of this process, giving a series of mass distributions at depths a, 2a, 
each capable of producing the observed field. 

It is evident that in this method ho variations in the gravity field occurring within 
a distance of less than a mesh-length can affect the calculated mass-distributions. 
In this way very rapid variations in are prevented as effectively as in the analytical 
method. 

In ( 14 ) is multiplied by a factor 4 , and this occurs again at each step in the down¬ 
ward integration. This leads to a rapid magnification of small irregularities in the 
initial data and to an instability similar to that discussed in § 4 . The process may be 
kept in control by choosing a so that only 3 or 4 steps are needed to reach the required 
depth and by smoothing at each step. The smoothing is best carried out by a process 
not involving judgement; forming a running mean of three successive values, or 
substracting ^ of the fourth differences (Jeffreys 1934; Comrie & Jeffreys 1932), 
are suitable processes and two successive applications of them at each depth are 
usually sufficient. As with the analytical method it is often necessary to leave certain 
features at shallow depths. 

The downward steps by the use of ( 14 ) are much more rapid than the corresponding 
steps in the analytical method using ( 4 ). The first upward step by ( 13 ) is, however, 
as tedious as one downward step by ( 4 ). There is thus some economy in time by 
using the analytical method to make one downward step and then proceeding 
downwards by the finite difference method. This is the method that we have used 
in practical applications. 

(6) Three dimensions. The extension of the method to three dimensions is simple 
in principle. All that is necessary is to substitute a surface integral for (12) and to 
make each g equal to the mean of the values at the six neighbouring points. We have 
not used this method in practice. 

6. Maximum dkfth for masses 

There is a limit to the depth that can be assumed for the material which produces 
a disturbance of gravity. This enables a limit to be set to the depth at which the 
disturbing masses can lie. Consider, for example, a horizontal sheet of small thick¬ 
ness h lying at a depth z and having a density p cospx which varies in a horizontal 
direction. The disturbance of gravity at the surface is then g cospx, where 

g *= 2 nkphe^*^. 

If p^ is the maximum value that can plausibly be ascribed to p then 

z<f^Ho%27rhp^hlg, 

If the value of gravity at the surface does not vary simple harmonically an analogous 
inequality will apply to the components into which the field can be analyzed by 
forming the Fourier transform. A discussion from this point of view is given by 
Kreisel (1948, theorem B). The rigorous application of his result is complicated, but 
for {uraotical purposes it usually suffices to choose the greatest gravity gradient for 
which we wish to account. Suppose that between the maximum and the minimum 
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lying on each side of this maximum gradient the anomaly changes by in a distance 
x„. Then the Fourier analysis of the field will contain terms wiHi wave-lengths at 
least as short as 2a;„ (i.e. p = The amplitude in the neighbourhood of this 

wave-length will be about The upper limit to the depth, therefore, becomes 

z<7T~^x„log4nkp^hjg„. 

If, instead of a sheet of thickness h, wo assume a body of indefinitely great thick¬ 
ness with its upper surface at a depth z, then a similar argument gives 

z<TT~^x^log4kp^xJg„. 

This expression is applied in § 8. 

7. ABTIjPICIAL EXAMFLICS 

The behaviour of the methods can be illustrated by applying them to artificial 
examples in which pp is assumed to be the field produced by some simple distribution 
of mass. The values of g^ are then compared with the true field calculated from the 
mass distribution. 



Fioubb 3. Comparison of the results obtained by the analytioal and finite differenoe methods 

with the calculated field due to a horizontal line mass at a depth of four units.-exact 

result, + analytioal method, 0 finite difference method. 

Figures 3 and 4 show the results for a line mass. The left-hand sides of the figures 
show the results obtained by the finite differenoe method, using a mesh with a side 
equal to a quarter of the depth of the mass. The right-hand sides show those from the 
analytioal method with equal to the depth of the mass. The results of the two 
methods are closely similar; and gj are good approximations to the field at depths 
of and i that of the mass, their maximum errors being 1*2 and fi % for the finite 
differenoe method and 6 and 9 % for the analytioal method. For g, the maximum 
errors are 25 %; as the minimum distance from the line mass is now only equal to 
the length of the side of the mesh used in the finite diffetenoe method a large error 
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iB to be expected. To illustrate the behaviour of the solution at depths equal to» and 
greater than, that of the line mass, the calculations have been continued to give 
and (figure 4 ). The former shows a single peak that may be regarded as obtained 
by smoothing the line mass. The latter shows a large peak below the line mass 
bordered by narrow negative strips on each side. If the calculation were continued 
to greater depths it would show still more violent oscillations. This example suggests 
that the occurrence of alternating positive and negative signs in the calculated field 
is a sensitive indication of the maximum possible depth for the masses producing 
a given anomaly. 



FioxmB 4. Kesulte obtained by the analytical and finite difference methods from the field 
produced by a line mass at a depth of four units, showing a large oscillation in g,. 4- analytical 
method, © finite difference method. 

A line mass is an unfavourable example for the method and is also not a type of 
field that oocutb in practice. It is therefore of interest to consider an example in 
which the mass is less concentrated. For this we take a semi-infinite sheet with its 
edge at a depth of four times the length of the side of the square mesh used in the 
finite difference method. The calculation has been made exactly as in the real 
examples of § S: that is the analytical method with <r » 2 has been used for one step 
and the finite difference method for the remaining steps. The resxilts for | and f 
of the depth of the mass (figure 5 ) are excellent approximations to the calculated 
curves, except in the immediate neighbourhood of the edge of the mass, The oal- 
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culated mass distribution at the depth of the sheets smooths out the sudden 
transition near the edge, but gives good agreement at all distances beyond two mesh 
lengths from the edge. The calculated points show some scatter due to the accentua¬ 
tion of rounding off errors in the calculation. 


X 



Figurb 5, Comparison of the results obtained with the oaloulated field due to a horizontal 
aemi-infinite slab, o calculated by the analytical method from g^; *f =sg^, oaloulated 
by the finite difierenoe method from and g^; # «oaloulated by the finite difference 
method from gi and g ^; x calculated by the finite difference method from and 

8. Application to thk Alps 

As an example of the application of the method to a real problem, we have studied 
a cross-section of the Alps from Lugano to the Black Forest (figures 6 and 7). The 
lines of equal anomaly are taken from a paper by Niethammer (1921),* and the 
section prepared from them. The section is at right angles both to the strike of the 
iriain Alpine structures and to the lines of equal anomaly. Except at its south-eastern 
end it may, to a good approximation, be regarded as providing a two-dimensional 
problem. The topogi*aphic section shown in figure 7 is constructed from the map of 
average heights in 8km. squares given by Niethammer & Lalive (19^5). 

As a first step in the downward integration the analytical method was used with 
or rx 1 to find the field at a depth of 20km. The result, which is shown in figure 7 , is 
similar to the original curve but steeper and has a pronounced peak in the neighbour¬ 
hood of Lugano. Examination of figure 6 shows that the small hump in the surface 
field in this region is at the north-east end of a positive atrip becoming more oon- 
spioious to the south-west, A section taken farther to the south-weet would have 
shown an even greater accentuation of the bulge in the 20 km. curve: there is, there¬ 
fore, little doubt that this feature is of shallow origin. 

* 10 milligals has been subtracted firom all the anolamias to allow for the error in the base 
station used by Kiethammer (see Heiskanen 1939 ) and a fwrihof 14 miliigals to convert to 
the iniematiotiai gravity formula. 
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A second step from 20 to 40 km. was taken by the finite difference method and 
gave the second curve shown. The hump near Lugano now extends to about 
4-150 milligals and the neighbouring trough to — 350 milligals, a change of 500 milli- 
gals in 45 km. The maximum density difference that can plausibly be assumed to 
account for the anomalies is about 0*3g./om.®. With this difference a change of 
500 milligals would require 40 km. of rock. Farther to the south-west the require¬ 
ments would be still more extreme. On the north side of the Gotthard also, the curve 
has become improbably steep. 

The method of § 6 may be used to set a limit to the depth of the masses causing the 
rapid change of anomaly near the south-east end of the line. In the 60 km. between 
the minimum near the Gotthard to the maximum near Locarno the Bouguer anomaly 
changes by 110milligals. If the maximum density difference is 0*3g./cm.® the 
maximum depth given by ( 12 ) is 28 km. 

A comparatively shallow origin for the anomalies agrees with recent gravitational 
studies in other areas and with the seismologioal evidence on the thickness of the 
crustal layers. The gravity field and the mass distributions calculated from it show 
a well-marked asymmetry with steep gradients on the south-east and a gradual rise 
on the north-west. The negative anomalies are displaced to the north of the central 
axis of the mountains and extend under the Swiss plain. The south-east margin of 
the mountains appears to be affected by an excess of mass lying near the ‘ zone of 
roots * of the Pennine nappes. Such an asymmetrical arrangement is accordant with 
the known structure of the mountains, and suggests that the northward thrusts by 
which they are known to have been formed have brought dense basic rocks near the 
surface to the south-east, and that the weight of the overthrust mountains has bowed 
down the crust to the north-west causing the isostatic compensation to extend 
beyond them and leaving a basin for the deposition of the molasse.'*' The mass 
excess to the south-east may be compared to that occurring on the inside of the 
East Indian arc, and perhaps to the positive anomalies associated with the Troodos 
mountains of Cyprus. 

It is not possible in this paper to enter into a more detailed discussion of the 
relation of the gravity field of Switzerland to Alpine structure, though it would seem 
well worthy of fresh consideration. The existing discussions (Lehner 1929 ) are 
somewhat severely geodetic. 


9, Conclusions 

The investigations described in §§ 7 and 8 , and others that we hope to publish 
elsewhere, suggest that the methods developed in the present paper ore practicable 
and may frequently be useful. It may be desirable, however, to emphasize that they 
do not always repay the considerable arithmetical work involved. If a gravity 
anomaly is due to masses that ore shallow, relative to the least horizontal distance 
in which the anomaly changes by a large lEracrion of its whole amplitude, then a mass 
distribution gj2nk is an excellent and simple approximation. At the other extreme, 

Some of the negative enamaly under the plain may be due to the lightness of the molasse 
which has an average density of about 2-5. 
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a depth large oompared with the horizonta! distance in which the anomaly changes 
appreciably leads to an impossible distribution of masses. The examination of 
specific fields of anomalies by the methods of this paper shows that the gap between 
these two extremes is usually a narrow one and that the main use of the method is in 
setting a limit to the possible depth of the masses. 
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derived from the resonant frequencies of 
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\ 

(Communicated by Sir Charles Darwin, F.B,S,—Received 4 December 1947) 


The frequency of resonance of an evacuated cavity resonator in the form of a right circular 
cylinder is given by the formula 

in which is the free*space velocity of electromagnetic waves, D and L are the internal 
diameter and length respectively of the cylinder, r is a constant for a particular mode of 
resonance, n is the number of half-wave-lengths in the resonator and Q is the quiality factor. 
Assuming the validity of this equation the value of Vq can be obtained from measured values 
of/. D, L and <?. 

A copper cylinder of diameter approximately 7*4 cm. and length 8*5 cm. was constructed 
with the greatest uniformity of diameter and squareness of end-faces and its dimensions were 
measured. The resonant frequencies for a number of differeiiit modes were measured an<l 
experiments were made to show that the effects on frequency of the coupling probes to the 
oscillator and detector were negligibly small. It was concluded from these measurements that 
the most favourable experimental conditions can be obtained for the i?oio *“^<1 ^ou modes. 
Final measurements on these gave 

Vq ** 289,702 km./sec* 

The estimate<l maximum error of the result is 9 km./sec. (8 parts in 10*), This is the error of 
a single measurement and, since most of the errors are not necessarily random, little is gained 
by making a large number of measurements. The value is 16 km./sec. greater than the recently 
determined values of the velocity of light, although the results are not in disagreement when 
tlie combined limits of acciiracy are taken into account. 


1. iNTBODirCTION 

The velocity of propagation of electromagnetic waves is, in Maxwell’s theory, given 
by n being the permeability and e the permittivity of the medium in 

rationalized practical units. The value for a vacuum, 1 /V(Ao^o)> ^ constant of 

fundamental importance, being theoretically identical with the velocity of light, 
and appearing in a great number of electrical calculations. During recent years its 
value has also become of significance in the field of radio engineering, since it is 
required for the calculation of the resonant frequendes of electrical circuits, such 
as cavity resonators, and also for methods of navigation depending on radio waves. 
The measurement of this constant has attracted many research workers, and pos¬ 
sibly more effort has been devoted to it than to the determination of any other general 
constant. In most of the experiments that have been performed the velodty of light 
has been determined directly by the measurement of the time occupied in its travel 
over a certain distance. In aU oases the time interval is produced by a revolving or 
alternating mechanism so that the quantities actually measured are frequency and 

C 3*8 ] 
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distance. Both of these can be measured with a high accuracy—better than 1 part 
in 10 *^—and the main experimental difficulty appears to be the adjustment of the 
variable frequency or length to correspond to the fixed length or frequency as the 
case may be. In order to eliminate as far as possible the random observational errors 
a great number of determinations are necessary. Even so it was found in the two 
most recent experiments (Michelson, Pease & Pearson 1935 ; Anderson 1941 ) that 
the means of groups of a considerable number of measurements diifered by amounts 
greater than would be expected if the errors were entirely random. Michelson et aL 
found differences of llkm./sec. between the means of groups consisting of about 
500 measurements and a maximum difference of 93 km./sec. between the means of 
groups of about six measurements. Anderson does not give the individual results, 
but he obtained a difference of 67 km./sec. between the means of groups of about 
200 measurements. The close agreement between their final results of 299,774 ±11 
and 299,776 ± 14 km./sec. may therefore be misleading. 

The constant has also been determined by a comparison between the calculated 
and measured values of the capacitance of a capacitor of suitable shape (Rosa & 
Dorsey 1907 ). The value calculated from electromagnetic theory involves the per¬ 
mittivity of the medium and the dimensions of the capacitor. The measured value, 
obtained by balancing a bridge network of which the capacitor forms one arm, is 
expressed in terms of the international ohm. The experiment consists in the measure¬ 
ment of the dimensions of the capacitor, and of a resistance, a resistance ratio, and 
a frequency, and the result can be interpreted as the measured value of the per¬ 
mittivity of free space. From this the velocity can be calculated, the value of 
permeability being known by definition. Both the calculations and experiments 
are beset with difficulties, but the result obtained Iby Rosa & Dorsey was probably 
the most reliable up to that time. The final value given is 299,710 km./sec., which 
is the mean of about 900 individual determinations, the average deviation is 
22 km./sec. and the estimated maximum error is 30 km./sec., apart from uncer¬ 
tainties in the value taken for the international ohm. This latter constant is now 


known with an accuracy of about 2 parts in 10 ®, and Birge ( 1941 ) has applied a 
correction to their results to obtain a value of 299,784 km./sec. Using all the 
reliable data existing at the time Birge gives the most probable value for the 


constant as 


c » 299,776 ± 4 km./sec. 


In recent years a number of experimenters have measured the speed of travel of 
electric waves of frequencies of the order of a few Mcyc./seo., but the accuracy 
achieved was in general inferior to 1 % (Smith-Rose 1943 ), so that these measure¬ 
ments cannot yet be taken into account in discussions on the value of the constant.* 
The experiment described in this paper presents fewer technical difficulties than 
any method faeviously described. It consists in the measurement of the frequency 
of electrical resonanoe of a hollow copper cylinder, and the calculation of the 
frequency from electromagnetic theory. It is similar in principle, therefore, to 
the experiment of Roea & Dorsey but also has some points in common with the 


* The accuracy has been greatly increased in works published since this was written and the 
probable error is now of the order of 1 part in 10* (Jones 1947 ; Smith, FranklinA Whiting 1947 ). 
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velocity of light experiments in that the only quantities measured are the dimen¬ 
sions of the apparatus and a frequency. The frequency measured is, however, that 
of the electromagnetic wave itself and not that of a modulation imposed on the 
wave. Moreover, the frequency of the oscillations is of the order of 3 x 10 ® oyc./sec. 
compared with ^ x 10^*cyc./sec. for light vibrations. The dimensions and the 
frequency can be alined by setting to resonance with a precision of a few parts in 
10 ® so that the accuracy of observation is of the same order as that of the measure¬ 
ment of the dimensions and frequency. Little is gained, therefore, by making a large 
number of determinations, and the authors feel justified in claiming a rather higher 
accuracy for a single measurement than is claimed by previous workers for their 
averaged results. The result obtained is 299,792 kra./sec. This value is Ikm./seo. 
lower than that which has already appeared in Essen ( 1947 )* but the difference 
arises only from the fact that as the work proceeded the calculations were made to 
more significant figures than appeared to be warranted at first. 

The experiment arose out of work on cavity resonator wave-meters, and some 
deductions concerning the velocity of propagation were made in a previous pai>er 
(Essen 1946 ). The work has been done concurrently with an already full programme, 
and except for the cavity resonator itself existing equipment has been used. As the 
experiment progressed it became clear that further work with different modes of 
resonance and with cavities of different types would be of interest, particularly as 
the final result obtained is 16 km./sec. higher than the previously accepted value of 
299,776 km./seo. Such work would provide further experimental evidence oonoeming 
the extent of the different sources of possible error. 

Plans have been made to continue the work as the opportunity arises, but in the 
meantime it is thought that the ifieasurements already mode are of sufficient interest 
to merit publication. 


2. Theory of the method 


The resonant frequency of a right circular hollow cylinder closed at both ends is 
given by Sarbacher & Edson ( 1943 ) as 

in which is the frequency in cyc./sec. of the mode designated by the suffix, 

V is the velocity of propagation in cm./sec. in the medium (w = l/^(/<€)), D is the 
diameter and L the length of the cylinder in cm., n is a whole number having the 
same value as the third suffix in the mode designation and r is the mth root of the ‘ 
Bessel equations Ji(x) 0 for E modes and of Jt(x) ^ 0 for H modes. If the cavity 
is evacuated fi = /t^ and e «= Co and the velocity is that for free space. We have then 






( 2 ) 


The modes of resonance which were finally used in the experimmit were the 
and JSqii and for both of these modes the value of r is 2*404825, n being 0 and 1 
respectively. 
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The above formula is derived on the assumption that the walls of the cavity are 
perfectly conducting. In practice, owing to the finite conductivity of the walls, the 
magnetic field penetrates them to some depth, and the field configuration therefore 
differs from that assumed in the case of a perfect resonator. No complete solution 
has yet been obtained for this case, but analogy with electrical circuits resonating 
at low frequencies suggests that the effective inductance of the system is increased 
as a result of the field inside the walls and that the resonant frequency is therefore 
reduced. Api>roximate expressions have been derived for the effect on the resonant 
frequency. Bernier ( 1946 ), for example, has shown that if the propagation constant 
in the lossless guide is /? (= 27r/A = ^nfjv, where A is the wave-length in the guide), 
then the propagation constant in a guide of finite conductivity is 



where .4 is a function of the field and e is the skin depth which depends on the con¬ 
ductivity in accordance with the well-known skin-effect formulae. The imaginary 
part of this expression corresponds to the attenuation, but the real part corresponds 
to a reduction in frequency. Putting the expression in terms of frequency we have 


/■-/[ 




(4) 


and the frequency measured will be the real part of this expression, /^1 ~ 2 ^)’ 


This can be expressed in terms of the Q of the resonator which can be measured 
experimentally, because 

real/?' ^ l-{fieA(2^2) 

2imag./9' /te ^/^2 ’ 




(5) 


and therefore 






(6) 


{/ieAI2^2) being a very small quantity, higher powers of which have been neglected. 
For Vo we must therefore use in place of ( 2 ) 




/tonll + W) 
7i(»’W+(n/2L)*]’ 


(7) 


being the measured frequency and Q the measured quality factor. 

The measured Q’s were rather lower than the calculated values, which is a general 
experience with cavity resonators. The redaction is probably due to either meohanioal 
imperfections of the surface or an increased resistivity of the skin due to the meoh¬ 
anioal treatment it receives. In any case it seems likely that the effect causing higher 
resistivity mus^ idito give'a greater frequency correction and that the measured 
value shoukl 'be used. 

The resaeator is coupled to the source of oscillations and to a detector by small 
probes thiough holes in one of the end-walls of the cylinder, and it is important to 
consider the effects of this coupling on frequency. The theoietioal treatment would 
present considerable difficulties, but previous experimental results had indicated 
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that the degree of coupling could be reduced until the effect on frequency was 
negligible* It was decided, therefore, to treat this as an experimental problem 
and to establish that the effect was negligible within prescribed limits of accuracy. 

3. Description of the apparatus 
3* 1. General arrangement 

The apparatus is shown diagrammatically in figure 1. The cavity resonator is 
coupled to an oscillator and a receiver by means of the probes A and B connected 
to coaxial lines. The frequency of the oscillator is varied, and when it reaches a value 
corresponding to one of the resonant frequencies of the cavity there is a sharp increase 
in the amplitude of the signal, indicated on a meter in the receiver. The frequency is 
set to give a maximum indication and its value is then measured by means of a 
heterodyne wave-meter. The resonator was enclosed under a bell-jar which could be 
evacuated, a free air path being left in the plug and socket fittings at A and B. 



Fioubf 1 . Schematic representation of the experiment, 

3*2. The cavity resonator 

A number of factors were considered in the choice of the material, shape and size 
of the resonator. In order to obtain a suflBoiently sharp resonance the inner surface, 
to a depth equal to the penetration of the field, must be highly conducting, but 
unfortunately highly conducting metals such as copper and silver are also soft 
and have a high temperature ooeffioient of expansion. They cannot therefore be 
worked with the highest precision, and the measurement of the dimensions of a 
resonator made from such materials presents some difficulty. The alternatives of 
plating a hard metal or fused quartz were considered, but it was thought that the 
plating could not be effected with the necessary precision and that the soft metal 
stirfaoe would still require to be worked. Most of the advantages would therefore be 
annulled, and the remaining one of low-temperature coefficient was not believed to 
be of paramount importance as temperature was unlikely to be a limiting fftoior in 
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the accuracy of measurement. It was decided, therefore, to use solid copper as the 
material at le^t for the first experiments. 

The frequencies of resonance can be calculated readily by existing theoretical 
methods for only simple shapes of resonator, such as the right circular hollow 
cylinder, the sphere and the rectangular parallelepiped. 

Of these the last has some advantages, since it can be built from optically flat 
plates and its dimensions measured by interferometer methods, but it would be 
more difficult to make than the cylinder, and the large number of sharp edges and 
joints is a disadvantage. The sphere has the advantage of freedom from sharp edges 
but is not easy to make with the required precision. It was decided, therefore, to 
use the cylindrical form for the first experiments. There is considerable latitude in 
the choice of the dimensions of the resonator and the resonant frequency. Oscillators 
areavoilable foranyfrequency up to 10,000Moyo./sec. and the skin-effect correction 
decreases with increase of frequency. On the other hand, the power and frequency 
stability of the oscillators both decrease with increase of frequency, particularly at 
values much higher than 3000Moyc./sec. The optimum size of the cylinder from the 
point of view of precision construction, with existing honing equipment, was of the 
order of 8 cm. both in diameter and length. Such a cylinder gives low-order reson¬ 
ances in the region of SOOOMcyc./sec., and it appeared therefore that this was the 
best frequency to use. The exact diameter and length were then chosen so that several 
low-order modes of resonance could be obtained in this region of frequency but 
spaced sufficiently to be regarded as single resonances in the theoretical treatment. 

Details of the resonator are shown in figure 2. The cylinder is turned from the 
solid and then honed to be as uniform in dimensions as possible, the exact size not 
being important. The end-faces are ground square and parallel. The end-plates are 
ground flat and fixed to the cylinder by eight screws, an ample clearance being 
allowed in the holes in the plates. The coupling probes A, B pass through holes in 
one of the end-platos, the depth of insertion being adjustable. In the final condition 
no. 38 s.w.g. wire (diameter 0*0060in. a 0-0152 cm.) was used through holes of 
0*03 cm. diameter. Probe A is connected to a socket in which is plugged the coaxial 
lead to the oscillator. If the superheterodyne receiver is used probe B is terminated 
in a similar socket, but if the detecting system is a crystal detector and galvano¬ 
meter the crystal is connected between the probe and the socket as shown at C in 
the diagram. The metal piece D acts as a radio-frequency by-pass condenser and 
the galvanometer is plugged into the socket E, The circuit requires a direct current 
return lead which is provided by a wire F, the position of which can be altered to 
tune the crystal circuit. The insulating material 0 and the sockets are drilled to 
permit the free passage of air during the evacuation of the system. 

3*3. The receiver 

The oxystal detector used in the early experiments was a standard cartridge 
mounted rilican crystal with a tungstim wire {type no. CV 11 3 ), and its direct oturrent 
output was observed on a Tinsley type 4600 A (60 ohms) galvanometer. For the finid 
mdasuremeuts it was dedded to use instead a superheterodyne receiver which was 
available and which proved to be slightly more smsitive. This is a special form of 
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instrument (known as a spectrum analyzer or spectrometer) developed for observing 
the spectral distribution of energy in the output of transmitting valves. Its useful 
feature in the present application is that its sensitivity remains almost oonstant, 
without adjustment of any controls, over a small band of firequemoies. The tuning 
controls of the receiver are set so that the resonant frequency of the cavity is near 
the middle of this band. Then as the oscillator frequency is varied through the 
resonant value a peak deflexion is observed without any retuning of the receiver. 



Fiotnus 2. Details of the resonator. 


3’4. Thi hU&rodyne v?ave-nuier 

This instrument and its method of use have already been described by the authors 
( 1945 ). With careful operation it enables frequencies in the region concerned to be 
measured with an accuracy of ± 2 parts in 10 *. 

3-6. The oadUator 

The oscillator valves were chosen from those used as local oscillators in receivers, ' 
the type CV 36 being suitable for the £ 0^0 mode and the CV 234 for the E^n mode. 
The former was operated from a stabilized mains supply unit and the latter from 
batteries. The tuning mechanisms supplied with the valves were found to give a 
sufficiently smooth frequency variation, although it was sometunes peoesrtxy to 
choose a good portion of the range of the tuning mechanism by the appropriate 
adjustment of subsidiary tuners. 
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4. MBABtrRBMENT OF BSSONAKT FRBQtTBKOlES AND QUALITY FACTORS 

The assembly of resonator and bell*jar was well lagged to ensure that any tem¬ 
perature changes occurring were very slow, and that the value recorded on a thermo¬ 
meter in good thermal contact with the resonator represented its actual temperature 
within 0* 1° C. The system was evacuated at least 12 hr. before the electrical measure¬ 
ments were made. The electrical equipment was also switched on some hours before 
it was required for use in order that the various oscillators would reach a steady 
temperature and the measurements could be made under the most favourable 
conditions. 

As explained in § 3* 1 the measurement consisted in the adjustment of the oscillator 
to the resonant frequency of the cavity and then in the measurement of this frequency 
in terms of the standard. It was carried out by two observers to eliminate any 
appreciable time interval between the two operations. Precautions were taken to 
ensure that the maximum deflexion in the receiver did in fact correspond to the 
resonant condition of the cavity. 

It was established that there was no appreciable change in the output of the 
oscillator as the tuning was varied in the region of resonance. There are in the 
circuit several short lengths of cable and connecting plugs and sockets. The 
impedance of these and therefore the power available at the probes changes with 
frequency, but owing to the resistance of the cable such tuning effects were 
of a different order of sharpness from the cavity resonance. It was easy to 
arrange that for the small frequency change involved in passing through resonance 
there was no appreciable amplitude change due to these effects. An overall check 
was obtained, in preliminary experiments, by increasing the insertion of the probes 
in order to give a convenient deflexion on the oscilloscope of the receiver by direct 
coupling between them when the cavity was not in resonance. The frequency was 
varied a few megacycles on both sides of the resonant value, and it was verified that 
the amplitude of the osoilloscope deflexion remains constant as it moves along the 
time base on both sides of the cavity resonance. 

The voltage supplies to the oscillator were set so that frequency variations due 
to any residual fluctuations in them were reduced to a minimum. Under good 
conditions the frequency band over which an audible beat note could be obtained 
in the heterodyne wave-meter was less than 1 part in 10® of the frequency, and the 
setting to the mid-point of the band was made with a precision of ± 2 parts in 10*. 

The Q of the resonator was measured by observing the change in frequency from 
the resonant value required to reduce the detected current to 1/^J2 of its peak value. 
If this change is ^then the Q iafl2^. The value was checked by measurements made 
with the crystal detector and galvanometer under conditions for which the detector 
was known to give a square law within close limits. 

5. Mrasttrbmekt of dimbksions 

The dimensicms of the resonator were meaeured in the Metrology Division of the 
National Physical Laboratory^ 


* 3 - 3 ' 
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5’1. Interned diameter 

The measurements were made in a temperature-oontroUed room with a horizontal 
comparator arranged for internal measuremente through steel contact tips of roundetd 
form (about 0-4 cm. radius) operating under a measuring force equivalent to 0*34kg. 
weight. A suitably wrung combination of slip-gauges and end-pieces served as the 
reference basis for internal comparison. Differences between this and any particular 
diameter of the tube were indicated on the optical scale of the comparator which 
could be read directly to l*3/t and by estimation to 0*3/t (0*00001 in.). The measure¬ 
ments were made over eight symmetrically disposed diameters at seven positions 
along the axis of the cylinder. 

The accuracy of determination of the mean measured diameter was estimated at 
±1*3// for the preliminary measurements which were carried out as normal routine 
tests. To improve tliis for the final measurement the followii^ modifications were 
made in the technique of measurement: 

(а) The comparator was screened by means of a glass panel so that temperature 
effects due to the presence of the observer were minimized as much as possible. 

(б) An improved form of reference standard was used. This was of the ‘box’ 
type and consisted of a firmly wrung combination of two piles of high-quality slip- 
gauges not differing in length by more than about 0*03/«, between two lapped end- 
pieces, thus constituting a rigid ‘box’, or frame for which the reference dimension 
was well established. Each slip-gauge employed in the combination had previously 
been calibrated by interferometer measurements in tenns of wave-lengths of light 
to an accuracy equivalent to 0*03/*. 

■(c) Two diameters at the centre of the copper cylinder and in directions at right 
angles to one another were accurately measured in terms of the reference standard. 

(d) The temperatures of the copper cylinder and the hardened steel standard were 
observed and the results of the intercomparison were reduced to 20° C, using thermal 
coefficients of expansion of 12 x 10~^ and 17 x 10~* for hardened steel and copper 
respectively. 

(e) Having established two basic diameters all other diameters of the cylinder 
were compared with first one and then the other of the basic diameters. The effect 
of any temperature variations on the results obtained during each of these long 
series of comparisons was thereby eliminated provided any changes in temperature 
were reasonably the same for all parts of the cylinder. The mean measured ^meter 
derived from each of the two series agreed to 0*5/t. 

(/) Theoretical and experimental investigations were made of the different 
effects of the compressive force exerted by the steel measuring tips of the comparator 
on hardened steel and copper surfaces. The results obtained by caloulation and 
experiment agreed to 0*03/t and showed that the difference could be compensated 
by reducing the observed value of internal diameter of the cylinder as derived from 
the standard by 0*27/<. 

5*2. Length 

Length measurements were made by means of a vertical comparator having a 
rounded contact measuring tip and an optical scale similar to that of the horizcmtai 
comparator. One end of the cylinder was placed in contact with the horizontal platan 
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of the compaiutOT under the contact tip, and the height of the other end of the 
cylinder woa measured at various positions by comparison with a wrung combina¬ 
tion of reference standard slip-gauges. Under these conditions of measurement it 
was considered that the compressive effect of the single contact tip was negligible 
in relation to the general accuracy of the length determination. 

The overall length of the tube was thus measured at eight positions symmetrically 
spaced around the cylinder, and at each of these positions three measurements were 
made, one near the bore, one at the mid-point of the wall thickness and one near the 
outside of the tube. The measurements are considered to he reliable to ± 0 * 8 /<. 

Some tests were made to show whether the diameter and length were affected by 
screwing on the end-plates, but within the accuracy of these measurements (+ 0 ' 8 /i) 
there was no evidence of deformation. 

6. ExpERIMEKTAL RE8m.TS ^ 

6 *1. Preliminary measurements 

The method of coupling used favours the excitation of the modes but the 
and modes can be excited if the probes are bent round to form small loops 
orientated so as to give a linkage with the field associated with the particular mode. 
To gain experience of the most suitable experimental conditions preliminary 
measurements were therefore made of the resonant frequencies of a number of 
different modes. 

From the frequencies the values for velocity were calculated and the results are 
included in table I, but they are not considered to be more accurate than 6 parts in 
10 * for the following reasons; 

(o) The metrological examination of the cylinder revealed larger variations of 
diameter than anticipated, and the measurements themselves were not made with 
the maximum possible accuracy, the uncertainties being given at the head of table 1 . 
The end-faces were not ground flat and the length measurement is therefore averaged 
to allow for this, the deviations being of the order of ± 5/t. 

( 6 ) The conditions for the frequency measurement were not ideal. For the 
and Hm modes the coupling probes were inserted about 1 or 2 mm,, and in the 
ca«e of the two latter modes were formed into small loops. The size of the coupling 
holes was 0*16 cm. 

Table 1. (Peelimikary meastoements.) Resokant frequencies of 

raE COPPER CYLINDER AND CALCUI^TED VALUES OF VELOCITY 

Mean diameter of resonator 7*39769 ± 0*00012 cm. Variation ± 0*00045 cm. 

Length of resonator 8*66844 ± 0*0003 cm. 


mode of 

correction factor 

constant 

frequency fi 

Wo 

resonance 


r 

(Moyo./sec.) 

(km./see.) 


L000028 

2*404826 

3102*12 

299,797 

Em 

1*000035 

2*404826 

3602*38 

299,798 

Eoit 

1*000030 

2404826 

4678*81 

299,786 

tim 

1*000016 

3-831700 

6243*90 

299,799 


1*000031 

1*841184 

2960*78 

299,777 



resonant frequency (Mcyc./ 
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(c) As a result of these mea49urem6nts it wm decided to oonoentrate on the 
and mod^» which could be detected readily with the probes flush with the wall 
of the cavity. The size of coupling hole was reduced. It was at the same time decided 
to regrind the cylinder to improve its uniformity of diameter and length. 

6 *2. Effect of size of coupling hole and the penetration of the probes 

It was necessary to establish experimentally the effect on frequency of the presence 
of the coupling holes and probes. First measurements were made with three sizes 
c^f coupling hole, the probes being in each case as nearly flush as possible to give an 
adequate indication. The results are given in table 2 . It was concluded from these 
results that any residual effect on frequency was less than 0*01 Moyc./sec., i.e. less 
than 3 parts in 10*. 

Table 2 

Bize of insertion of 

coupling hole probe (cm.) resonant frequency 

mode (cm.) (estimated by eye) (Mcyc./see.) 

iPoio 0*03 <0*01 3101-246 

0-07 flush 3101-261 

0-16 flush 3101-242 

Jffou 0-03 <0-01 3668-7»8 

0-07 flush 3663*787 

0*16 flush 3668-71 



Fxgvbb 3. mode (in air). Fiottbs 4. E^x mode (in air). 


Fxotrans 8 and 4. Effects of probe intrusion. Diam. of holes 0*03 cm. 
Diam. of probes 0-016 cm. 
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The effect of probe ioBertion ie shown in figures 3 and 4, and from these results it 
is concluded that the residual effect of the probes is again less than 0*01 Mcyo./seo* 
The Q of the resonator for the two modes had already reached its maximum value 
with the coupling considerably closer than that finally used. The values are 18,000 
and 14,000 respectively for the h^oii modes as compared with the theoretical 

values of 21,000 and 17,600. The ratios of experimental to theoretical values are as 
great as those usually obtained for cavity resonators. 


6*3. Final measurements 

The final results for the velocity are based on a series of metrological measurements 
made between two series of electrical measurements. The detailed dimensions are 
given in tables 3 and 4. The cylinder is seen to be slightly oval in shape, the diflt'erence 
between the maximum and minimum diameters being 2/i (3 parts in 10 ®). Since the 
field for the modes employed is symmetrical about the axis, the effective diameter 
was taken as the mean value. The length at the inner edge of the cylinder was 
slightly greater than that at the outer edge and varied smoothly round the oiroum- 
ferenoe by a total of 2*2/i, The effective length was therefore taken as the mean value 
at the inner edge. 


Table 3. Diametee op the ebsonatoe expressed as the dippbebnoe 
PROM THE MEAN VALUE OP 7*39957 CM. UnIT 0*00001 CM. (0*l/t) 


axial pomt-ion 
of measurement 
from one end 
(cm.) 


measured diameter at 20“ C in difTerent diametrical planes 

- _ ... . 


J 

2 

3 

4 

5 

6 

-- 

7 

8 

0'13 

-15 

- 6 

+ 1 

+ 1 

+ 7 

+ 3 

0 

-10 

1-3 

-20 

-11 

- 4 

- 2 

+ 1 

+ 2 

- 4 

-16 

2-S 

-20 

-13 

-17 

- 2 

+ 9 

+ 7 

- 4 

-20 

4-3 

-15 

- 9 

- 6 

+ 3 

+ 8 

+ 10 

- 3 

-14 

5-8 

- 2 

+ 6 

+ 13 

+ 13 

+ 27 

+ 24 

+ 13 

0 

7*3 

- 3 

- 3 

+ 6 

+ 10 

+ 14 

+ 9 

+ 7 

0 

8 -i 

+ 7 

- 1 

+ 5 

+ 8 

+ 10 

+ 8 

+ 2 

+ 0 


Table 4. Length op the resonator expressed as the difference prom 
8*53637 CM. (mean op inner edge values). Unit 0*00001 cm. (0*1/4) 

mean overall length at 20 “ C 

position of ^^-^ 


mflasurement 

near inner edge 

centre 

near outer edge 

1 

- 8 

-13 

-16 

2 

+ 5 

+ 2 

- 8 

3 

+ 9 

+ 6 

+ 1 

4 

+ 9 

+ 9 

+ 3 

5 

+ 7 

+ 2 

- 3 

6 

^ 2 

- 5 

-12 

7 

-13 

-14 

-17 

a 

- 9 

-13 

-17 
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The measured values of resonant frequency and the values of velocity calculated 
from the resonant frequencies and dimensions are given in table 5, The frequencies 
were measured using the minimum coupling conditions as follows: 

Size of coupling holes 0-03 cm. * 

Diameter of probes 0*015 cm. 

Insertion of probes < 0*01 cm. 

Resonance was detected on the spectrum analj^zer as described in § 3-3. 

Tablk 6. Final values you besonant ebequencies of the and 

MODES AND THE DEDUCED VALUES OF THE VELOCITY OF PROPAGATION 


Length of resonator 8*53037 ± 0*00008 cm. Diameter of resonator 7*39967 ± 0*00003 cm. 




correction 


measured 



modf? of 

factor 

constant 

frequency/,L 


date 

resonanoo 

(1 + 1/2Q) 

r 

(Mcyc./seo.) 

(km./sec.) 

2. X. 46 

-^010 

1 000028 

2*404825 

3101*26 

299,793 

2. X. 46 

^ou 

1 000035 

2*404825 

3563*80 

299,791 

25. X. 46 

Eou 

1 000028 

2*404825 

3101*28 

299,796 

26, X. 46 

^«u 

1 000035 

2*404825 

3563*77 

299,789 


moan value of velocity 299J92km./s(K:. 


The estimated maximum errors due to various causes are listed below: 
( 1 ) Setting of the frequency to resonance and measurement of the 


frequency 0*4 x 10“*^ 

( 2 ) Uncertainty of temperature of the resonator 0*2 x 10 “® 

(3) Dimensional measurements 0*3x10*“^ 

(4) Residual effects of coupling holes and probes 0*6 x 10"*^ 

(5) Non-Uniformity of the resonator 1*0 x 10“® 

( 6 ) Uncertainty of Q 0*5 x 10^* 

Estimated maximum error 3 x 10 ""^ 


The uncertainties due to the first three causes can be established from the accuracy 
of repetition and a knowledge of the band-width of the receiver and frequency 
stability of the oscillator. The errors due to the other causes cannot be estimated 
with such certainty. That due to the coupling is estimated from the results given 
in § 5*2. As regards the non-uniformity of the resonator it will be seen from tables 3 
and 4 that^the maximum deviations of the dimensions from the mean are + 2*7 and 
- 2 * 0 /^, and that the variations occur in a smooth manner. It is estimated therefore, 
that the average dimensions are known to 0*5/i. Previous results (Essen 1946 ) 
obtained with much less uniform resonators support the assumption that an average 
value can be taken, although it cannot be assumed that the non-uniformity of 
dimensions affects different modes of resonance in the same way. An overall error of 
1 X 10 “® has therefore been allowed for these uncertainties. 

The total value of the correction due to the finite resistance of the walls of the 
resonator is approximately 3 x 10 “^. An imoertointy is introduced because of the 
imperfections in the surface of the resonator and a lack of knowledge of the precise 
path of the current. It is thought that these effects are to some extent taken account 
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of by uaing the measured value of Q in the calculations. The value of ^ is accurate 
to about 5 %, and the overall error has been estimated at 0-6 x 10"*. 

The results obtained before and after the metrological measurements do not give 
quite such good agreement m was usually obtained during the preliminary measure¬ 
ments on dismantling and reassembling the resonator. However, in view of the 
importance of associating the frequency measurements closely in time with the 
measurement of dimensions, the values were accepted and their mean taken as 
giving the final restilt. The difference between the values of velocity obtained for 
the two modes is also rather larger than expected. The uncertainty in the dimensions 
could contribute to this, since the length and diameter affect the resonant frequencies 
to different extents, and the residual errors due to coupling and non-uniformity 
could also have different effects on the two modes. 

The work described above was started m the Radio Division of the National 
Physical Laboratory as part of the programme of the Radio Research Board and 
completed in the Electricity Division as part of the research programme of the 
National Physical Laboratory. This paper is published by permission of the Depart¬ 
ment of Scientific and Industrial Research. 

The authors wish to acknowledge the assistance of Mr H. Barrell of the Metrology 
Division who was responsible for the measurement of the dimensions of the resonator, 
and of Mr J. W. Simmons of that Division who was responsible for its construction. 
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The constitution of the aluminium-rich aluminium-cobalt- 
iron alloys, with reference to the role of transitional 
elements in alloy formation 
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[PUITK 9 ] 


The behaviour of transitional metals in aluininium-rioh alloys is of th(K>retioal interest. 
From a knowledge of the system aUuninium-iron-nickel (Raynor & Pfoil 1946-7 a) it has 
provo<l possible to predict the general form of the equilibrium diagram for the aluminium- 
rich aluminivim-cobalt-nickel alloys (Raynor & Pfeil 1946-7 6). 8imilar predictions may be 
made for the aluminiura-iron-cobalt alloys. The present paper describes the results of an 
examination of these alloys undertaken to test the prediotions. Using micrographio and 
X-ray methods, isothermal sections have been established at 640 , 600 and 560 ^ 0 . Only the 
two iatermetaUic phases CO|Al« and FeAl| have been recognized. Vertical sections across the 
aluminium-rich corner of the ternary model have been established by thermal analysis, and 
the fields of primary separation have been determined. Analysis of extracted primary crystals 
has shown that Co|Alt dissolves appreciable amounts of iron, while FeAl, dissolves a similar 
amount of cobalt. In each case the solution proceeds by atomic replacement. The results are 
discussed in their relation to the theomtioal considerations involved, and it is shown that 
close analogies exist between the alloys of alumiiiiutn with iron and nickel, with iron cmd 
cobalt, and with cobalt and mokel. 


l. Introduction 

The present work forms part of a researoh programme on aluminium-rich allo}rB 
containing iron, cobalt and nickel, undertaken in order to study the role of 
transitional metal solutes in this class of alloy. The constitutions of the component 
binary systems, and of the ternary system aluminium-iron-nickel, are well estab¬ 
lished, and Bradley & Taylor (1940) have demonstrated the isomorphism of the 
compound CoaAl, with FeNiAl,. They also suggest that there may be a plane 
in the model of tin system aluminium-iron-nickel in which conditions are analogous 
to those in the binary aluminium-cobalt system, which implies that two atoms of 
cobalt are approximately equivalent to one atom of iron plus one atom of nickel in 
the ternary alloys. 

In recent papers (Ba3mor & Pfeil 1946-70,6; Raynor 1944; Raynor & Little 1945 
and Raynor 1945), oontributions have been made towards a theory of the role of 
transitional metal solutes in aluminium-rich aIl<^yB. According to this tbeoiy, 
transitional metal atoms, when alloyed with aluminium, absorb fircnn the struotare 
as a whole a number of electrons per atom oonesponding to the total available 
vaoanoies in their atomic orbitals. If the theories of Pauling (1938) are accepted, 
then the available vacancies for chromium, manganese, iron, cobalt and nickel 
are respectively 4*66, 3*66, 2*66, 1*71 and 0*61 per atom. The application of this 
principle enables several analogies to be established between different aluminium- 
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rioh binary and ternary alloy systems containing transitional metals, in partioniar 
the isomorphism of Co^Al^ and FeNiAl^ may be attributed largely to the close 
similarity between the niunber of vacancies in the atomic orbitals for two atoms 
of cobalt and for one atom of iron plus one atom of nickel. 

Raynor & Pfeil (1946*70) re-examined the equilibrium relations and other 
features in the aluminium-iron-niokel system, and further suggested that it was 
possible to regard the constitutional model as built up from the aluminium-cobalt- 
iron and aluminium-oobalt-nickel diagrams placed side by side. This suggestion 
was partially confirmed by Raynor & Pfeil (1946-76), who showed that there is a 
very close analogy between the aluminium-cobalt-nickel system, and the aluminium- 
iron-nickel alloys which contain nickel in excess of the equiatomio ratio Fe: Ni = 1:1. 

This paper described the results of a corresponding examination of the system 
aluipinium-iron-oobalt. Predictions of the general constitutional features expected 
are summarized below: 

(а) In the aluminium-iron-nickel alloys in which the ratio of iron to nickel atoms 
is greater than 1:1, equilibrium in the aJuminium-rich comer involves only the 
primary solid solution, FeAl^* and FeNiAl^. No ternary compound would therefore 
be expected to enter into equilibrium with the primary solid solution in the 
aluminium-iron-cobalt alloys, but only the phases FeAl3 and CogAl^. 

(б) In the compound FeNiAlg, nickel is replaced by iron, atom for atom, to 
a limiting composition of 17*13 weight % iron and 14*88 weight % nickel, which 
is a little nearer to the aluminium-iron axis of the ternary diagram than the 
theoretical composition FeNiAl^. According to our theory of the role of transitional 
metals when alloyed with aluminium the electron; atom ratios corresponding to 
this limiting composition and to CojAl^ «^re almost the same. It would therefore 
be expected that the solubility of iron in C02AI9 would be limited. 

(c) Since the solubility of nickel in FeAlg is appreciable, it would be expected 
that an appreciable solubility of cobalt in FeAlg would also be observed, the 
replacement occurring in such a way that one atom of cobalt replaced one atom 
of iron. 


2. The binary systems 

The aluminium-rich portions of the equilibrium diagrams of the systems 
aluminium-oobalt and'aluminium-iron have been previously described (Raynor 
k Pfeil i946“7a, 6), and are reproduced in figures 1 and 2 of this paper. The 
important features are: 

(а) Aluminium-oobalt. The maximum solubility of cobalt in aluminium is less 
than 0*02 %, At 1 % cobalt and 667*^ C, the aluminium-rich solid solution and the 
compotmd usually denoted CogAlg separate from the melt as a eutectic mixture. 

(б) Aluminium-iron. The maximum solubility of iron in aluminium is less than 
0*02 %, while at 1*7 % iron and approximately 665® C the compound FeAlg and the 
aluminium-rich solid solution separate as a eutectic mixture. At some temperature 

^ Bradley azul his colleagues have shown that FeAlg decomposes into FegAl^ FegAlg on 
slow cooling to room twnperature. For consistency in nomenclature, however, the term FeAl, 
is in geneml retained in this paper. 
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below 600 ° C, however, FeAIg decomposes to form the compounds and 


Fe^Alj (Bradley & Taylor 1938), from 
micrographioally. 



FiotmE 1. Kcjuilibrium diagram for ahuninium- 
cobalt system. 


which it is virtually indistinguishable 



aluminium-iron system. 


3 . G£NKBAL EXPBRIMENTAli FBOCEDURK 

(a) Materiah used 

Alloys for all experiments were prepared from super-pure aluminiiun and the 
binary master alloys listed in table 1. The alloy of highest cobalt content was kindly 
presented by the Mond Nickel Company, Ltd., while for the remaining alloys 
grateful acknowledgement is due to the British Aluminium Company Ltd. Alloy 1 
in table 1 was reserved for the preparation of specimens for annealing work in view 
of its superior quality. 

Tabud 1 


olemant 


aluminitim^oobalt alloys 


ahiminium-iron 

alloy 

4 

(wt. %) 

1 

2 

3 

Co 

2-50 

4‘65 

ll-O 

— 

Fe 

O'OOS 

0*020 

0*05 

6*72 

Si 

000S5 

0*020 

0*06 

0*0035 

Cu 

A1 

O-OOl 

remaiuder 

0*025 

remainder 

romainder 

0*0036 

retcmndm 
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(6) Experimented methods 

Alloys were prepared in alumina-lined oruoibleB, cast into chill moulds, and 
annealed in evacuated hard-glass tubes. Reaction between specimens and the glass 
was prevented by enclosing the former in alumina sheaths. Annealing treatments 
were carried out at temperatures controlled automatically to within ± 1*5"^ C. of 
those desired. On the completion of annealing treatments, aU alloys were rapidly 
quenched in water. 

For thermal analysis experiments, alloys were cooled at an automatically con¬ 
trolled rate of 1’5° C per min., in a furnace from which incidental temperature 
fluctuations were eliminated by the use of a heavy copper lining. Continuous 
stirring was employed throughout to minimize super-cooling. Arrest temperatures 
were measured with a calibrated platinum/pIatinum-13 %-rhodium thermocouple, 
used in conjunction with a deflexion potentiometer. 

Alloys intended for the extraction of primary crystals of the intermetallic com¬ 
pounds were cooled at a similar rate to that employed in the thermal analysis, but 
were not stirred. The solid ingots were examined microscopically, and primary 
crystals were extracted by anodic solution of the matrix in hydrochloric acid 
solution. Samples of clean, good quality crystals were picked out by hand from the 
residue, and submitted to Messrs Johnson Matthey and Company, Ltd, for analysis. 

Microscopical examination of annealed alloys was carried out by standard 
techniques; the clearest distinction between CogA^ and FeAlg was given by im¬ 
mersion for 45 sec. in 10 % caustic soda solution, used cold, after standing for at 
least 24 hr. before use. The microstructure of an alloy containing CogAlg (dark), 
FeAlg (light) and chilled liquid is shown in figure 8 , plate 9 (see §5). 

Standard techniques were also employed for the X-ray examination of certain 
samples of extracted primary crystals. 

In the text of this paper, individual alloys are denoted by reference to the 
amounts of cobalt and iron present, expressed as percentages by weight. Thus, 
alloy 0'60/2*00 contained 0*60 % cobalt and 2-00 % iron. 

4. CoNSTirtmoK in the solid state 

The constitution of the system up to a cobalt content of 11 weight % 
iron content of 6-7 weight % was determined using 29 alloys. Specimens were 
annealed at 640, 600 and 660° C, They were examined at suitable stages in the 
course of their heat-treatment, and annealing was continued until no further change 
in miorostructure occurred. The disposition of the phase fields obtained thus 
represents true equilibrium conditions. Critical micro-sections of alloys used to 
establish the 600° C isothermal were analyzed; the nominal compositions of the 
remaining alloys were used in fixing the phase boundaries at 640° C. 

(а) The 640° C isothermal. The structures of the alloys annealed for 14 days at 
640° C are summarized in figure 3. No evidence of any ternary com{Kmnd was 
obtained. 

( б ) The 600° C isothermal. The structures of the alloys onneaded at 600° C are 
given in figure 4. All idloys which determine phase-boundaries received a minimum 
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a.ymA» .lm g time of 86 days, although no structural change was detected on re¬ 
annealing any alkijf^ Which had received 17 days treatment. The two-phase (a + FeAI^) 
and (a-t-CojAl,) m>lds are narrower than at 640° C, while the three phaee-triangle 
has widened. 



Fiou&b 3. Constitution at 640° C. 



Fiottbb 4. Constitution at 600” C. 


Key to figures 8 and 4. 0,« + FeAl,. A. «+Co»Al,-tFeAlg. A, alloys with trace of third 
pliase. □, a+CogAlg. • A A’Bi analyzed alloys. 

(c) The 660° C isothermal. Alloys annealed for a period of 8 weeks at 660° C 
showed no change in miorostruotuxe after the fifth week. The isothermal diagram 
for this temperature differs from that at 600° C only by a slight narrowing of the 
(a + CoiAl,) field. A diagram of the constitution at 660° C is not induded, in view 
of the very small differences from the 600° C isothermal (figure 4). 
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6. Thermal ANALYSIS 

Figures 5, 6 and 7 show vertical sections through the ternary model at 98*76, 
98*6 and 97*6 % of aluminium respectively. 

The binary aluminium-cobalt eutectic temperature was determined as 667*1*^ C, 
in good agreement with the value of 667° C reported by Fink & Fieche ( 1932 ). For 
the aluminium-iron eutectic temperature, arrests were observed at 664*6 and 
666 * 1 ° C, again in substantial agreement with previous work (Archer & Fink 1928 ; 
Dix 1925 ). 

Well-developed ternary eutectic arrests were obtained with liine alloys. The most 
probable value for the ternary eutectic temperature is 663*9 ± 0*3°C. 

The other important features of the cooling curve work may be summarized as 
follows: 

(а) The vertical section at 98*76 % aluminium (figure 6 ). The position of the 
eutectic valley between the solid solution and CojAl^ lies at 0*72 % cobalt and 
0*53% iron, within ±0*06% of either element. Alloy 0*625/0*626, examined 
micrographioally, showed primary crystals of the aluminium-rich solid solution. 
A similar examination of alloy 0*76/0*60 revealed no evidence of primary separation 
of either constituent; in alloy 0*876/0*376, however, small crystals of primary 
CojAl^ were detected. 

( б ) The vertical section at 98*6 % aluminium (figure 6 ), The eutectic valley 
between the primary solid solution and Co^Al^ liquidus surfaces now occurs at 
0*65 % cobalt and 0*95 % iron. 

(c) The vertical section at 97*6 % aluminium (figure 7). This section extends 
from the field in which Coj^Alg is primary to that of primary FeAla, without crossing 
any region in which the aluminium-rich solid solution separates as primary crystals, 
liooation of the point B on thermal evidence only was rendered uncertain owing 
to the weak character of the arrests in this region. Further information was there¬ 
fore obtained micrographioally at temperatures between the liquidus and the 
eutectic horizontal. A typical area containing COjAlg and FeAlg in a matrix of 
chilled liquid, as seen etched, is shown in figure 8 , plate 9. The miorostructures of 
six alloys, after annealing for four hours, are included in figure 7, and support the 
interpretation of the thermal arrests. The boundary between the two primary 
fields occurs at 0*76 % cobalt and 1*76 % iron. 

(d) The surfaces of primary separation. Interpolation of the cooling curve data 
permits an estimate to be made of the composition of the ternary eutectic, and of 
the disposition of the surfaces of primary separation. The eutectic valley between 
the primary solid solution and primary Co^^ is located by the composition of the 
binary eutectic itself, and by the intersections of the liquidus curves in figures 6 
and 6 . The boundary between the primary FeAlj and CogAl, fields is fixed at one point 
by the intersection of the liquidus curves in figure 7, and at a point more remote 
from the aluminium-rich comer of the diagram by evidence obtained firom slowlyu 
cooled alloys (see | 6 ). Over such a small composition range, it is unlikely that there 
is any marked curvature of this boundary, which may therefore be represented 
approximately by a straight line through these two points. This line intersects the 
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Figukk 5. Vertical aeotion through temai^ model at 98-76 % aluminium. 
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at »8'd % aluminium, at »7*5 % aluminium. 
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a/CO|A4 euteotio valley at 0-35 % cobalt and 1'65 % iron. These figures give the 
most probable composition of the ternary euteotio point, within extreme estimated 
limits of ±0*1 % cobalt and ± 0'2 % iron. Figure 9 shows the projection of the 
fields of primary separation on to the base of the ternary model; the broken lines 
represent isothermal contours obtained by graphical interpolation of the ooolii^ 
curve results. 



cobalt (wt. per cent) 

Fiqube 0. Surfaces of primary separation. 


6. AltALYTIOAL BBSULTS FOB THB BXTBACTBD BBSIDtmS 

Six alloys, with compositions lying on a line stretching from 2*5 % cobalt to 
6*7 % iron, were slowly cooled, and samples of primary crystals were extracted as 
described. The crystals from alloys containing 0*67, 1*14 and 1*71 % iron were 
prismatic in habit, as shown in figure 10, plate 9. Microscopical examination of 
the parent ingots showed that these or 3 r 8 ta ]8 possessed the etching characteristics 
of GO|Alf. The microstructure of alloy 1*50/2*29 showed that primary crystals of 
FeAlg were present, in addition to those of primuy Co^,; an area of this alloy 
is shown in figure 11, plate 9. The occurrence of two kinds of primary crystals in 
thesame slowly cooled alloy has been observed previously (Raynor A; Pfeil 1946 - 7 a, 6 ), 
in alloys which lie on, or very close to, a eutectic valley. This alloy therefore lies 
very close to the euteotio valley between the FeAl, and Co,Al, fields, and use has 
been made of this fact in constructing figure 9. The extracted residue from alloy 
1*50/2*29 confirmed the microscopical observation; the Co,Al, crystals were easily 
distinguishable fiK>m the FeAlg crystals which, in this series of alloys, possessed 
a plate-like habit (figure 12, plate 9). 

The remaining two alloys (1*26/2*86 and 1*00/3*45) gave |nimuy crystals of 
FeAl,. 


V<d. 194 . A. 
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The analytical results are summarized in table 2 and plotted in figure 13, Since 
alloy l-50/2*29 dei> 08 it 6 d both types of crystal, the composition of the CojAl^ 
crystals will represent the limiting solubility of iron in CojAlg under the cooling 
conditions employed, while the cc^jmposition of the FeAlg crystals will similarly 
represent the limiting solubility of cobalt in FeAlg. 



Figurk 13. Analyses of extracted primary crystals. 


Table 2 

composition, wt. % 


alloys 

type of extract 

cobalt 

iron 

2-25/0-57 

prisms, CojAl^ 

29*01 

4*62 

2*00/M4 

prisms, CojAl, 

26*35 

7*65 

1*73/1*71 

prisms. Co^Al,, 

22*17 

10*79 

1*00/2*29 

prisms, ('o^Alp 

20*18 

12*47 


plates, FoAlg 

12*40 

25*92 

1 •25/2*86 

plates, FeAlj 

1101 

28*13 

1*00/3*45 

plates, FeAlg 

8*70 

29*49 


Although the X-ray investigations of Parker ( 1945 ) show clearly that the binary 
aluminium-cobalt compound is based on a ratio of 2 cobalt atoms to 9 aluminium 
atoms, the composition, as determined by analysis of good quality extracted 
crystals, indicates a 6 obalt content ( 33’2 wt. % cobalt) slightly greater than would 
correspond to Co,Al, (Raynor & Pfeil ig^6-jb). This composition has been used in 
figure 13. The line AB represents the replacement of cobalt by iron, atom for atom, 
in the binary compound of experimentally determined composition. The analyzed 
compositions of the crystals from ternary alloys lie very dose to this line, and 
establish the mode of replacement. The line OP of figure 13 is the extrapolation 
of the (a -f Ck>,Al,)/(a -f- Co,Al, -f FeAIg) phase boundary of the 640° C isothermal. 
The point at which it outs the atomic replacement line represents the limiting 
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solubility of iron in CO|A4 at 640° C; this is in good agreement with the work on 
slowly cooled alloys. 

The composition plotted for FeAls on the aluminium-iron axis of figure 13 is 
that determined by Raynor & Pfeil ( 1946-7 a), and the lino CD represents atomic 
replacement of iron by cobalt in this compoimd. The analytical results for crystals 
extracted from the ternary alloys are in good agreement with this line. The limiting 
composition, given by the extract from alloy 1-50/2 29, is richer in cobalt than that 
indicated by the examination of solid alloys annealed at 640° C, as deduced from 
the intersection of the (a + Co^ 9 -HreAla)/(a + FeAl 3 ) boundary (OS) with the 
atomic replacement line. 


7. X-RAY EXPERIMENTS 

As a final test of the correct identification of the primary crystals extracted from 
the alloys, X-ray diffraction patterns were obtained from both types of crystal 
in alloy l*50/2'29. These corresponded very closely with the diffraction patterns of 
FeAlj and Co^Al^, and no evidence was obtained of other diffraction patterns which 
might be associated with a third, ternary, pliase in equilibrium with the aluminium- 
rich solid solution. 


8. Discussion 

The theory of the role of transitional metal solutes in aluminium-rich alloys 
assumes that, when alloyed with aluminium, transitional metal atoms absorb from 
the stnicture as a whole a number of electrons per atom corresponding to the 
available vacancies in their atomic orbitals, which for chromium, manganese, iron, 
cobalt and nickel are respectively 4-66, 3*66, 2*66, 1*71 and 0*61 per atom. 

In discussing the constitution of aluminium-iron-nickel alloys from this point 
of view, it was suggested (Raynor & Pfeil i 946 - 7 a) that this system could be 
regarded as built up from the systems aluminium-iron-cobalt and aluminium- 
oobalt-nickel, placed side by side. This implies that, from a knowledge of the 
aluminium-nickel-iron system, it is possible to predict the general forms of the 
other two ternary diagrams. It has been shown that, as regards the aluminium- 
cobalt-nickel alloys, the predictions are remarkably well satisfied (Raynor & Pfeil 
1946 - 76 ). It is now of interest to compare the results of the present work with the 
predictions made in connexion with the aluminium-iron-cobalt system. 

In the first place, it is clear from all the experimental evidence that, as suggested, 
no ternary compound exists in equilibrium with the primary solid solution. Just 
as equilibrium in the alummium-iron-nickel alloys which contain an excess of iron 
over that required for an Fe:Ni ratio of 1:1 involves only the solid solution, 
FeAlg and FeNiAl®, so in the present system only the solid solution, FeAl 3 and 
come into equilibrium with each other. 

Secondly, in agreement with expectations, the compound FeAlj will dissolve 
appreciable amounts of cobalt. The compound CogAl^t however, which was expected, 
by comparison with FeNiAlg, to dissolve only limited amounts of iron, proves to 
have a relatively large solubility for this element. 


« 4-3 
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With the exception of the solubility of iron in Co^t, to which further reference 
is made below, the general form of the constitutional dicygram is in good agreement 
with the theoretical expectations. 

The results obtained for the previously unknown 8378temB aluminium-iron-cobalt 
and aluminium-cobalt-nickel make it possible to show how closely the original 
suggestion, that the aluminium-iron-nickel diagram may be regarded as built up 
from those for the other two systems, is in agreement with the frets. In figure 14, 
we have plotted the 600° C data from the two simpler 83 rBtem 8 in such a manner that 
each diagram occupies a triangle with angles of 90, 60 and 30°; atomic percentages 
have been used. Thus, the triangle ABC represents the 600° C isothermal of the 
aluminium-iron-cobalt alloys, while the triangle ACD represents the corresponding 
diagram for the aluminium-cobalt-nickel allo 3 r 8 . The two triangles placed together, 
with the aluminium-cobalt axes coincident, make up the usual equilateral triangle 
employed for plotting ternary systems. Figure 15 shows the corresponding 
isothermal for the aluminium-iron-nickel alloys, and the general correspondence 
between figures 14 and 15 is at once apparent. 

It will be appreciated that this method of plotting is equivalent to plotting the 
two figures on the same scale of electron: atom ratios; the variations of the 
electron: atom ratio along any line of constant al uminiu m content is practically 
linear between the same terminal values in each case. 

It is particularly to be noted that the correspondence of the aluminium-cobalt- 
nickel triangle in figure 15 with the relevant portion of the aluminium-iron-nickel 
diagram is almost exact, while, at this temperature, the solubilities of cobalt and 
of nickel in FeAlg along the (a -I- FeAls}/(FeAls) boundary proceed to closely similar 
electron: atom ratios. 

Several further points of interest arise from this work. The compounds Co,AI, 
and FeNiAly are isomorphous, and it has been previously shown that nickel will 
replace cobalt in the former and iron in the latter in such a manner that the 
replacement proceeds atom for atom (Ra 3 mor tc Pfeil 1946 - 76 ). Further, the 
replacement continues until, in each case, an electron: atom ratio of 2’286 is reached, 
calculated on the basis of the theory referred to above. It is probable, therefore, 
that the Brillouin zone for the CoaA 4 type of structure can tolerate this number of 
electrons per atom before becoming unstable with regard to possible alternative 
structures. In the same way, FeAl, dissolves cobalt and nickel respectively to 
closely similar electron: atom ratios. This suggests that structures of this type are 
to be regarded as essentially based on the electron; atom ratio. 

According to the present work (§ 6 ), COfAl, (electron: atom ratio 2*14) will dissolve 
iron in such a manner that cobalt atoms are replaced by iron atoms untU an 
electron; atom ratio of 2*07 is reached. The deficit, 0*07 electron per atom, is less 
than half the surplus which can be accommodated when nickel is dissolved in this 
structure. Similar indications are given by a consideration of solid solution forma¬ 
tion in other binary compounds of aluminium with transitional elements. MhA]« 
will dissolve a large amount of iron, the reidacement occurring atom for atom until 
approximately half the manganese is replaced, whereas only a limited solubility 
ai chromium exists. Similarly, FeAla dissolves appreciable quantitiee of cobalt, but 
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little manganese^ the xeplacement again being atom for atom in each case. NiAl^, 
however, does not dissolve any of the transitional elements preceding nickel in the 
periodic table to any appreciable extent. There is thus a greater tendency to solid 
solution formation on increasing the number of electrons per atom than on decreasing 
tliis value. These facts may be understood in terms of the ability of the Brillouin 
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zones for these compounds to accommodate extra electrons^ and the inability of 
the structure to hold together when too few electrons are present. 

Although the Co ^9 structure can tolerate a certain deficit of electrons, FeNiAlj 
cannot tolerate a corresponding deficit, and dissolves very little iron. Though the 
effects of increasing the number of electrons per atom depend upon the Brillouin 
zone characteristics, the behaviour on decreasing the number of electrons per atom 
probably depends on the details of the atomic arrangement in the structure itself. In 
this connexion, it should be noted that, whereas CojAl^ is stable up to a temperature 
of 943° C, FeNiAl^ is formed, in aluminium-iron-nickel alloys, by reaction between 
FeAlg and NiAlg at the considerably lower temperature of 809° C. This indicates 
that the structure in which half the transitional metal atom sites are occupied by 
iron, and half by nickel, is less stable than that in which cobalt atoms occupy all 
the relevant sites. The stability of FeNiAl^ might therefore be expected to be more 
sensitive than that of CogAl^ towards a reduction in the number of valency electrons 
per atom, which in general tends to reduce the cohesive forces in a metallic structure; 
this may be responsible for the ability of iron to dissolve in CogAlg, but not to any 
appreciable extent in FeNiAIg. 

This research was carried out in the Metallurgy Department of the University 
of Birmingham, under the general supervision of Professor D. Hanson, D.So., to 
whom the authors’ thanks are due for his interest and support. The authors must 
also acknowledge the valuable assistance of Mr G. Welsh in the experimental work, 
and the analytical work of Mr P. Wingrove. 

The authors express their gratitude to the Department of Scientific and Industrial 
Research, The Royal Society, the Chemical Society, and Imperial Chemical 
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A comparative X-ray study of foetal and adult 
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By J. C. Kenbbbw and M. F. Pekittz 
Cavendiah Laboratory and MoUeno Institute, University of Cambridge 
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[Plate 10] 


Haomoglobinfl from adult sheep and from foetuses of different ages were crystallizodt using 
a standard procedure. The optical properties, cell dimensions and space-groups of the wot 
and, where possible, of the air-dried crystals were determined, and surveys were made of the 
lower order diffi'aotion patterns in each of the principal crystal zones. 

The results obtained provide adtlitional evidence for the non-identity of the foetal and 
adult li€fcemoglobins and load to certain conclusions relevant to the general problem 
haemoglobin structure. 

Methaemoglobin from foetuHOs aged than 120 days was found to crystallize in either 
of two forms, each of which was different frc»m methaemoglobin crystals of adult sheep pn^- 
pared by the same method. Haemoglobin from later foetuses is difficult to crystallize, and its 
properties resemble those of artificial miictares of adult and early foetal haetnoglobins. 

No general picture of the structural differences between adult and foetal hoenioglobin lias 
emerged from this study, mainly because these were obscured by differences in molecular 
packing. Indications were foimd of a difference in molecular symmetry between these two 
proteins, and this co\4ld be correlated with different splitting preperties in solution, I’here is 
also evidence of a pronounced intramolecular layering in foetal haemoglobin. 

A new method of controlled shrinkage of protein crystals at constant hiunidity w'lis 
developed and applied to foetal haemoglobin crystals, which were sViowii to pass through 
a series of at least four well-defined lattices. 

The densities of wet adult and foetal haemoglobin crystals w^ere measured and used for the 
estimation of ’ bound water'. The amounts of' bound water* were of the same order as those 
obtained from haemoglobin crystals of other species. 


Z. INTKODUCTION 

The relation between the haemoglobins obtained from adults and foetuses of the 
same animal species has been a subject of interest to physiologists for many years, 
and many physical and chemical techniques have been applied to its investigation. 
Interest in the subject began with the observation that foetal and adult bloods 
differed in their most characteristic physiological property, namely, the oxygen 
dissociation curve. Generally, the foetal curve lies to the left of the adult one when 
plotted aooording to the usual convention; that is to say at any given oxygen 
pressure foetal haemoglobin is oxygenated to a greater extent than adult. In 
addition, the two curves differ in shape; in adults the curve is pronouncedly sig¬ 
moid while in foetuses it approaches a rectangular h 3 ^rbola. There are numerous 
complications—e.g. the effects of concentration and of pH, and the differences in 
behaviour between liaemoglobin in the corpuscle cmd in solution—^nevertheless, it 
seems clear enough that the dissociation curves are intrinsically different in all 
the species examined. These differences have been studied by many workers over 
a long period; the present position has been summarized by Barcroft ( 1946 ). 

[ 376 ] 
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These observations stimulated a great many attempts to find other physical 
differences between adult and foetal haemoglobins, attempts which were generally 
successful. A brief enumeration of the more important of the differences reported 
will sufficiently indicate their variety; rate of alkaline denaturation (man: von 
Krilger 1925 ; von Kruger & Bischoff 1925 ; von Krtiger, Bisohoff & Schulte 1926 ; 
Haurowitz 1930 ; Brinkman, Wildsohut & Wittermans 1934 ; Brinkman & Jonxis 
193 s), rate of spreading in monolayers at the isoelectric point (man, goat, cow: 
Brinkman & Jonxis 1935 , 1936 ), crystalline form (man: Niooletti 1930 , 1932 : 
Perrier & Jannelli 1931 ; Haurowitz 1935 ), immunological specificity (man; Harrow, 
Nowakowsky & Austin 1940 ), solubility (cow: Wyman, Rafferty & Ingalls 1944 ), 
electrophoretic mobility (man: Andersch, Wilson & Menten 1944 ; sheep: Adair 
1939 ); number of terminal amino-acid residues (man: Porter & Sanger 1948 ). 

Fundamentally, the discussion of the problem of the non-identity of foetal and 
adult haemoglobin involves an acceptance of the idea that the term ‘chemical 
individual’ can properly be applied to proteins; granted this—and it would now 
seem to be established beyond all doubt —any difference in property between two 
proteins, when observed under identical environmental conditions, argues con¬ 
clusively a true ‘chemical* or structural difference between them. 

Hence the unanimous verdict of so diverse a series of physico-chemical tests 
leaves little room for doubt that adult and foetal haemoglobins from the same 
species do in fact possess different molecular structures. Nevertheless, it was 
thought by the present authors that the methods of X-ray crystallography could 
usefully be applied to the problem, because potentially they are capable not only 
of establishing whether two proteins are struotiirally dissimilar, but also of revealing 
the nature of some of the structural differences between them. The techniques of 
crystallography and X-ray analysis are particularly applicable to the present 
investigation, since the haemoglobins readily form crystals of unusual perfection. 
Fortunately, too, identical methods of crystallization and examination can be 
used, thus satisfying the above-mentioned criterion of identical environments, 
which is, of course, crucial and which the peculiar characteristics of proteins 
sometimes make it difficult to satisfy. 

Scope of ihe preBent reaejirch 

Recently a detailed investigation has been carried out by one of us, with various 
collaborators, into the crystal stuoture of horse methaemoglobin (Boyes-Watson, 
Davidson & Perutz 1947 ), and, in addition, an X-ray study has been made of human 
haemoglobin (Perutz & Weisz 1947 ). The techniques developed in these studies 
are suitable for crystalline proteins in general, and have been used in the present 
researches on foetal and adult haemoglobin. The species chosen was the sheep 
because of the ready availability of samples of foetal and adult sheep blood, 
provided by the generosity of the late Sir Joseph Baroroft, at whose suggestion 
the research was carried out. 

The study described in this paper was begun with two objects in mind* First, 
it was hoped to add yet another type of evidence to those enumerated above 
concerning the differences between adult and foetal haemoglobin and, if possible, 
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to discover the nature of at least some of the structural differences between them. 
Secondly, the choice of sheep as a species enabled us to extend the comparative 
studies of the haemoglobins, the species specificity of which has been well known 
since the claasical morphological studies made by Reichert & Brown ( 1909 ) on 
haemoglobins crystallized from numerous animal species. This species specificity, 
which occuns in many types of protein, must have a basis in differences of molecular 
structure, but the nature of these differences has yet to be found. 

Unfortunately, the complete realization of these objects is beset by certain 
difficulties which are inherent in the X-ray analysis of substances as complex as 
the crystalline xuoteins. In the first instance it must be admitted that nothing 
short of a complete structure analysis can, except in favourable circumstances, 
provide incontrovertible evidence of a definite molecular difference between two 
substances so closely related as foetal and adult haemoblobin seem likely to be. 
Of course the application of X-ray methods makes it possible to dispose with 
certainty of the case where two apparently dissimilar crystals are different only in 
habit but identical in internal structure, containing the same molecules arranged 
in tlie same way in the same unit cell and space-group, and therefore produce 
identical diffraction patterns. But quite apart from this the frequently occurring 
phenomenon of ])olymorphism makes it possible for the same molecular species 
to form two or more types of crystal which are different not only morphologically 
but also in respect of the X-ray patterns they produce, the mode of packing of 
the molecules into a crystal lattice being different in the different cases. For 
instance, we were able to prepare two distinct crystalline materials from foetal 
haemoglobin. These crystals belong to different space-groups, have different cell 
dimensions—one cell containing four molecules and the other two—and yield 
diffraction patterns dissimilar in every respect. Yet, as will be shown in the secjuel, 
there is little doubt of the identity of the proteins in the two materials. This 
example underlines the danger of drawing positive conclusions from X-ray evidence 
in the absence of a complete structure determination and illustrates the point that 
differences of diffraction pattern can only establish a prima facie case for molecular 
differences, a cose which must be supj;)orted by other evidence which is in general 
not fully conclusive. 

As to our second object, possibilities of discovering the structural basis of species 
specificity will depend, at the present stage of X-ray technique, on the nature of 
the structural differences involved. They may be on a gross scale, involving changes 
in the size of the asymmetric unit,* in the relative positions of subunits and in the 
arrangement of the polypeptide chains, within them, or, alternatively, there may 
only be changes in the detailed composition, amino-acid sequence, and stereo¬ 
chemical Qonfiguration within the chains, the general arrangement remaining 

♦ The ‘as 3 munetrio umt* is a term frequently used in X-ray onalyem to define the amalleet 
unit of pattern in the structure. If V is the unit cell volume, d the crystal density, « the 
number of general (asymmetric) positions in the unit cell as determined by the space-group 
symmetry, and N Avogodro’s number, then the molecular weight of the asymmetric unit 
VNdl$. If the molecular weight M of the substance is known, M/Af« may be an 
integer (ph in which caee the molecule consists of at least p chemically and structurally 
identical subunits. 
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unaltered. Experience gained in the X-ray analysiB of horse haemoglobin suggests 
that the former type of specificity should be detectable, while the latter probably 
lies beyond the powers of resolution of our present methods even if the analysis 
were pushed to the limit. Not even gross structural characteristics (apart from 
the size of the asymmetric unit) can at present be elucidated, however, without 
a very detailed and lengthy analysis to which different types of crystal do not lend 
themselves equally readily. Through accidents of habit and molecular packing 
some forms of protein crystal are capable of yielding much more information than 
others, and until the more superficial comparative studies have surveyed the field 
it is not possible to determine where a more intensive attack would be most 
profitable. As will be indicated below, none of the crystals of foetal or adult sheep 
haemoglobin proved to be particularly suitable for detailed analysis; the present 
study, therefore, was more concerned with a general survey of the types of crystal 
structure which occur in the foetal-adult haemoglobin system of sheep, than with 
a far-reaching examination of any one of them, and it represents no more than a 
beginning in the field of comparative studies of the crystalline proteins. 

An account is first given of the techniques employed, both preparative and 
X-ray; and this is followed by a description of the morphological and optical 
properties of the crystals obtained, and of the results bearing on the foetal-adult 
haemoglobin problem which were obtained by study of their X-ray diffraction 
patterns. Finally, we enumerate a number of findings, relevant to general questions 
of protein structure, which emerged in the course of the research. 

2 . EXPERIMENTAL TECHNIQUES 
Crystallization of haemoglobins 

The methods used were essentially those described by Keilin & Hartree ( 1935 ), 
as modified by Perutz (see Boyes-Watson et ah 1947 ). In all cases the haemoglobin 
was oxidized to methaemoglobin prior to crystallization, since methaemoglobins 
can be stored without special precautions; it transpired that crystals of methaemo¬ 
globin could be kept in their mother liquor for periods up to 6 months at room 
temperature without apparent change. Recent work on horse haemoglobin has 
shown that there is no essential difference between the structures of the oxy-, 
carboxy- and met- forms of the same haemoglobin, the crystals of all three being 
isomorphous (in contrast to reduced haemoglobin which possesses an entirely 
different cr^^stal structure). 

In brief, the method was to remove the serum from whole blood by repeated 
washing with isotonic saline, followed by haemolysis of the corpuscles by simple 
freezing at - 20 ® C. Stromata were then removed by filtering through oelite. The 
haemoglobin was oxidized by adding saturated potassium ferricyonide. Potassium 
ferrocyanide and excess ferricyanide with other impurities were then removed by 
dialysis against water. Finally, crystallization was effected by salting out with 
ammonium sulphate, the more insoluble proteins being removed by a preliminary 
half-saturation. Simple dialysis cells with cellophane membranes were employed, 
and in this way it was possible to carry out slow crystallization over periods of 
about a week, with production of large crystals. In general, it was necessary to 



X-ray study of foetal haemoglobin 379 

control the pH of the solution by means of phosphate buffers, a aeries of dialyais 
cells at different pH's being set up for each protein in order to find the optimum. 
In practice a relatively small change of the order of 1 io 2 pH units is sufficient to 
alter completely the habit and size of the crystals formed. 

In the case of adult sheep methaemoglobin it was found that precipitation began 
at about 70 % saturation with ammonium sulphate, and that the most satisfactory 
crystals were obtained at pH's between 5 and 6 , unbuffered ammonium sulphate 
being suitable in this instance. 

The sample of foetal sheep’s blood used for the main part of the present researches 
was supplied by Sir Joseph Barcroft, being derived from a foetus aged ai>proxi- 
mately 95 days (sheep number 685*); it may be noted that sheep are normally 
bom on the 147th day of pregnancy. The foetal haemoglobin was found to be 
precipitated at between 60 and 65 % saturation with ammonium sulphate; careful 
parallel tests with blood samples from the mother of the foetus, worked up under 
identical conditions, showed that the difference in solubility was quite real. 
A similar difference nas been noted by Karvonen ( 1947 ). Optimum conditions for 
crystallization of foetal haemoglobin were found to be at a pH of 6-5, and as will 
be indicated later, on one occasion a mixture of two forms was obtained in these 
circumstances, though in all other cases only one type of crystal was formed. 

Technique of X-ray analysis 

The methods adopted in mounting wet crystals and in photographing their 
X-ray diffraction patterns were in general closely similar to those employed in the 
work on horse haemoglobin (Boyes-Watson et al, 1947 ) and will not be further 
described here. All photographs were taken with Cu Ka-radiation on flat i)late8, 
the specimen-plate distance being 6 or 10 cm. 

One change in teclinique was the use of a "hanging backstop’ to reduce air- 
scattering in the central regions of the photographs, j Instead of the conventional 
method of moimting the bai^kstop immediately in front of the film, a lead disk 
was suspended by means of a glass fibre from a head fitted with translation 
movements, the disk being about 1 cm, in front of the plate. Adjustment was 
carried out optically. By this simple method photographs were obtained which, 
while not so free from air-scattering as those taken with a vacuum camera, were 
quite adequate in most cases. The distance of 1 cm. between backstop and plate 
was arrived at by trial as a compromise; at larger distances the scattering is 
reduced even further, but as the distance increases the backstop cuts off progres¬ 
sively more of the lower angle reflexions. 

3. OPTICAL AND X-RAY EXAMINATION OF CRYSTALLINE 
ADULT AND FOETAL SHEEP MBTHAEMOGLOBINS 

We now proceed to an account of the morphological and optical properties of 
the crystals of adult haemoglobin and of two forms of foetal haemoglobin, and of their 
X-ray analysis in so far as it is relevant to the foetal-adult haemoglobin problem. 

♦ Sheep numbers mentioned in this paper are those allocated by Barcroft and referred to 
in his publications. 

t This technique was also used by Crowfoot ( 1938 ) in her studies of crystalline insulin. 
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We do not propose to discuss the general properties of haemoglobin crystals 
(e.g. shrinkage on drying) which dictate the use of special techniques of analysis, 
since these properties and techniques have been fully described elsewhere. All the 
haemoglobin crystals examined here, both adult and foetal, give the type of 
diffraction photograph which has now become familiar for protein crystals. In 
the wet state sharp reflexions extend to spacings of about 2»5 A; on drying the 
crystals this pattern disappears to a greater or lesser extent, and only compara¬ 
tively few reflexions around the centre of the photograph remain. 

The best value for the molecular weight of adult sheep haemoglobin is 68,000 
(Adair 1928 ). The same figure is taken for foetal sheep haemoglobin in accordance 
with the findings of McCarthy Sc Popj&k ( 1943 ), who state that there is no signi¬ 
ficant difference between the values for foetal and adult sheep haemoglobins, as 
determined by osmotic pressure measurements. Determinations of iron content 
indicate that four haem groups are present per molecule in each case. 

For convenience a comparative table of the cell dimensions of all forms of sheep 
haemoglobin investigated has been drawn up in table 1 . 


Table 1. Unit cell dimensions, etc., of adult and 

FOETAL SHEEP MBTHAEMOOLOBINS 




orthorhombic foetal 

monocUtiic foetal 


adult 



% con- 



% con- 


wet 

wet 

dry 

traction 

wet 

dry 

trootiun 

space-group 

(72 





pi 


number of mol./cell .. 

4 


4 



2 


a 

164 A 

112A 

78 A 

30 

b A 

48 A 

13^ 

b 

70 A 

108 A 

99 A 

8 

83 A 

71 A 

14 

c 

66 A 

56 A 

64 A 

4 

64 A 

68 A 

9 

A 

94’5“ 

— 

— 

— 

102 '* 

lor 

— 

cell volume 

766,000 A® 

677,000 A® 

417,000 A® 

38 

286,000 A® 

194,000 A* 

32 


(i) AdUIjT SHEEP METHAEMOOLOBIN 
Morphological and optical properties 

Adult haemoglobin was foimd to crystallize in only one form, and this is shown 
in figures 1 and 2 , plate 10 , to consist characteristically of triangular plate-like 
crystals. The plates were found to be monoolinic with the a and h axes lying in 
the plane of the plate and the a axis usually being parallel to one of the long edges. 
The faces around the edges of the plate are bevelled and correspond to the faces 
of a distorted rhombohedron (figure 2 ). Determination of the direction of the three 
optic axes was not practicable, since the crystals were generally too thin for cutting 
sections normal to the ( 001 ) face. 

The crystals are strongly pleochroic when viewed with the light incident normal 
to ( 001 ), the direction of greatest absorption being parallel to [ 010 ], as in mono¬ 
olinic horse haemoglobin. It may be supposed that the strong pleochroic absorp¬ 
tion is due to the conjugated ring systems of the haem groups in the molecule, all 
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four haem groups being more or less parallel and reinforcing one another optically. 
On this hypothesis the 6 axis lies in the plane of the haem groups, which would 
approximately normal to ( 001 ), 

Cell dimensions and space group 

Oscillation photographs of the wet crystals, taken abotit the three principal 
crystal axes, gave the xmit cell dimensions a = 164A, b 70A, c = 60A, and 

Reflexions are absent for odd; no other systematic absences 

were observed. Hence the possible space-groups are (72, Ow and (72/711. Of these 
the two latter are excluded, since crystals containing only one stereoisomer of an 
optically active compound cannot belong to any of the non-enantiomorphous 
space-groups. The space-group must therefore be C 2 , which has four general 
positions in the unit cell; the number of molecules per cell must be a multiple or 
submultiple of this number. 

The density of the wet crystals suspended in 3-25 M-ammonium sulphate solution 
was measured by the method of McMeekin & Warner ( 1942 ), as described by 
Perutz ( 1946 ), and found to be 1*225. The crystals shrink visibly on drying, in¬ 
dicating that when wet they contain a considerable proportion of liquid of crystal¬ 
lization. Unfortunately the diffraction pattern obtained from the dry crystals 
was so poor that it was not even possible to measure their cell dimensions. Hence 
the number of haemoglobin molecules per unit cell, which is normally derived from 
the cell volume, density and water content of the dried crystals has in this case 
to be calculated from the experimental data for the wet crystals. This can be done 
in several ways, each of which involves the introduction of an arbitrary but 
plausible assumption. 

For example, from the density and from the wet-cell volume we may calculate 
the cell weight as 561,000 in molecular weight units, i.e. just over 8 times the 
molecular weight of 68 , 000 . The degree of shrinkage observed on drying makes it 
highly unlikely that the number of molecules per cell is as great as 8 (which would 
leave room for only 3 % of water). The far more likely number is 4—i.e. the same 
as the number of general positions—an assumption which leads to a value of 55 % 
for the percentage of liquid of crystallization in the wet cell, corresponding closely 
to the figure of 52 % for horse haemoglobin. Smaller numbers of molecules per 
cell (2 or 1 ) would give much higher percentages of Uquid of crystallization than 
have been observed in any other protein. 

The number of molecules per unit cell can also be found by making the alter¬ 
native assumption that, as in the case of horse haemoglobin, the concentration of 
ammonium sulphate in the liquid of crystallization is about two-thirds that in the 
suspension medium. This gives a value for the specific volume of the liquid of 
crystallization; the specific volume of the protein is known (Adair & Adair 1936 ), 
From these figures we may calculate the weight fraction of protein in the system, 
and hence deduce the number of molecules in the unit cell. This calculation leads 
to the value 3-9. 

We may therefore take it as veiy probable that the number of molecules per 
xmit cell is 4, i.e. the same as tlie number of general positions. This means that no 
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intrinsic symmetry elements can be deduced for the molecule, though there is 
equally no evidence for the absence of such elements. There are no striking absences 
or powerful reflexions among the low orders of AGO, OJfcO, or OOi, so it is not possible 
to draw any immediate deductions about the packing of the molecules in the cell. 


(ii) Foetal sheep mbthabmoglobik 

Mention has already been made of the fact that foetal haemoglobin can crystal¬ 
lize in two forms.. One of these, the needle-shaped or orthorhombic type, is in¬ 
variably obtained on salting out with ammonium sulphate under suitable con¬ 
ditions; the other, known as the monoclinic type, was obtained on one single 
occasion only in admixture with the orthorhombic type, and is presumably less 
stable; The two forms will be described in turn. 

(a) Orthorhombic form: morphological and optical properties 

This, the common form of foetal sheep haemoglobin, appears as thin needles as 
shown in figure 3, plate 10. The needles sometimes show terminal dome faces, 
and another characteristic phenomenon is that of a re-entrant angle at one 
end of the needle—due presumably to twinning. In some preparations there 
is a tendency for the needles to flatten out into long laths of extreme thinness 
(as in-the photograph). 

The crystals exhibit straight extinction, the slow ray coinciding with the needle 
axis. They are strongly pleochroic, the direction of the electric vector for maximum 
absorption also coinciding with the needle axis, which was chosen as 6 by analogy 
with the adult crystals. As in the latter case the deduction may be made that the 
haem groups are parallel within each molecule, and that the molecules are so dis¬ 
posed in the crystal that the haem groups are parallel throughout the crystal, in 
planes containing the needle axis and roughly normal to the flat face of the needle. 

X-ray examination 

The study of these crystals presented considerable difficulties on account of 
their unfavourable habit. To obtain even a feeble diffraction pattern long exposures 
of 12 to 24 hr. were required, and it was also necessary to use crystals which were 
unusually large in two dimensions, in order to compensate for their excessive 
thinness in the third, and this meant that spots adjacent in the pattern tended to 
fuse together, making indexing difficult. This trouble was aggravated by the fact 
that two of the crystallographic axes turned out to be very long (over 100 A). 

The unit-cell dimensions of the wet crystals are awll2 A, 108 A and c =« 56 A; 

the orientation of the three axes can be seen from the drawing in figure 4, plate 10. 
It will be noted that a and b are nearly equal and that c is roughly half of each of 
them, relations which probably explain the occurrence of various types of twin. 
Absences are hkl when (A-f 1) ia odd and OAO when k is odd, EuHng out non- 
enantiomorphous space-groups for the reason explained above, 822^2 is the only 
one compatible with the X-ray data. This has eight general positions in the 
unit celL 
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On drying in air the crystals shrink considerably and break up very badly. 
6 ® osoillation photographs of the dried crystals showed only two or three spots 
even when long exposure times were used, and to interpret them it was necessary 
to assume that the space-group had remained the same during shrinkage (an 
assumption found to be justified in the cases of all protein crystals hitherto ex¬ 
amined). On this basis the dry-cell dimensions are a = 7B A, 6 = 99 A and c = 64 A; 
it may be seen from table I that the a dimension has shrunk to a very much 
greater extent than the other two. 

The crystals had to be drie<i from ammonium sulphate solution which always 
left a certain amount of salt included within the crystals, and hence their density 
could not be measured. Assuming a value of 1*27 for the dry density, by analogy 
with horse methaemoglobin and other protein crystals, the cell weight is 324,000 
in molecular weight units which clearly sets an upper limit of four for the number of 
molecules of weight 68,000 per unit cell. Since there are eight general positions^per 
unit cell, this means that each molecule must lie in a special position on a diad 
axis, and must therefore consist of two structurally identical halves. 

(6) Monoclinic form: morphologic^ and optical properties 

These crystals form parallelogram-shaped plates, far thicker than the ortho¬ 
rhombic needles described above, and with edges bevelled in the manner of a dis¬ 
torted rhombohedron. For light passing through the crystal normal to the largest 
face pleochroism could not be detected; for light parallel to the flat face only slight 
pleochroism was observed. Extinction was oblique, the slow ray being parallel to 
the short diagonal of the principal crystal face. It is clear that in this type of 
crystal the haem groups do not all He in parallel planes throughout the structure; 
in fact they must be disposed so that their optical anisotropies practically cancel 
one another in all directions. Unfortunately, the few crystals available were used 
up before their morphology and optics had been fully detc^rmined, 

UniUceXl dimensions and space^group 

The cell dimensions of the wet crystals are a = 65 A, 5 = 83 A, c = 64A and 

= 102^. The only systematic absences are OW for k odd. Excluding once again 
non-enantiomorphous space-groups, P2^ is the only one compatible with the X-ray 
data. This contains two general positiom in the unit cell. 

On drying in air the crystals retain as high a degiee of order as do orthorhombic 
horse methaemoglobin or insulin; faint spots can still be seen in the diffraction 
pattern at positions corresponding to spacings of 7 or 8 A. This small degree of 
disordering may perhaps be correlated with the low liquid content of the crystals 
in the wet state—only 41 % by volume* as compared with 65 % for adult sheep 
haemoglobin and 62*4 % for monoolinic horse haemoglobin. 

Measurement of the density of the dry crystals was again impracticable, since 
the crystals had been dried from ammonium sulphate solution. However, assuming 
as before that the density of the dried crystals is 1*27, the weight of the dry unit 
cell is 148,600 in molecular weight units, which is incompatible with any number 
other than two molecules of weight 68,000 per cell. It should perhaps be pointed 
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out that the assumption about the density of the dry crystals is not so arbitrary as 
it may seem, since all proteins have practically identical partial specific volumes 
in solution, and the density of air-dried crystals generally seems to vary only 
between about 1*26 and 1*29 in accordance with individual diflFerences in molecular 
packing and water content. 

The space-group of the dried crystals is the same as that of the wet, viz. 

The dry dimensions are given in column 7 of table 1, It will be seen that the 
shrinkage effects are quite different from those of horse methaemoglobin, which 
also possesses a monoclinic unit cell. In the latter case a remained constant until 
the last stage of dr 3 dng, while 6 and c remained almost constant throughout; on 
the other hand, P changed from 111 to 137*5'^, In other words, in horse haemo¬ 
globin shrinkage takes place almost entirely by a shearing of the whole cell, the 
value of c sin P altering from 61*4 to 36*6 A; and this has been interpreted as due 
to a layered arrangement of the molecules in the lattice, the layers approaching 
one another more closely as water is removed from between them. By contrast, 
in foetal sheep haemoglobin we find that p remains practically constant while 
the three ceU dimensions all shrink. The final percentage contraction in the ccdl 
volume is the same, viz. 32 %, but we may deduce that the disposition of the 
molecules and of the liquid of crystallization must be entirely unlike that in horse 
haemoglobin. 


4. ON THE NON .IDENTITY OF FOETAL AND 
ADULT SHEEP HAEMOGLOBINS 

The foregoing section has shown that in point of crystal structure, adult sheep 
haemoglobin differs entirely from both the forms of foetal haemoglobin which were 
examined. The differences extend to all characteristics of the structure—space- 
group, cell dimensions, water content, mode of shrinkage and the details of the 
diffraction patterns. But it will also have been noted that the differences between 
the two types of crystal obtained from foetal haemoglobin solutions are quite as 
great as those between adult crystals and either form of foetal crystal. Further 
evidence must therefore be adduced m support of any contention that adult and 
foetal haemoglobins are distinct molecular species, since the crystallographic 
evidence alone for such a distinction could be paralleled by equally good evidence 
that monoolinio and orthorhombic foetal crystals contamed different molecular 
species. 

The identity of monoclinic and orthorhombic foetal haemoglobin 

The last possibility can readily be disposed of. In the preparation containing 
monoclinic foetal crystals there was, as already mentioned, a mixttire of this variety 
with the normal orthorhombic ones. It was, however, possible to isolate with a 
needle a number of monocUnio crystals, aud to dissolve these in distilled water. 
From the resulting haemoglobin solution a fresh crop of crystals was prepared by 
salting out, and examination showed this new crop to be identical with the needle- 
shaped, orthorhombic type. Although it was not possible to carry out the reverse 
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transformation (as already stated, the monoclinic type of crystal was only obtained 
on a single occasion), there seems to be no doubt that the two kinds of crystal are 
in fact modifications of the same protein. 

Recrystallization experiments with adult ami orthorhombic foetal haemoglobins 

A totally different behaviour on recrystallization was exhibited by specimens of 
adult haemoglobin and of orthorhombic foetal haemoglobin. In every experiment 
with either material the reorystallized product was morphologically, optically and 
(in the few cases tried) in regard to its X-ray diffraction pattern, identical with the 
parent preparation. That is to say, specimens of adult haemoglobin invariably 
recrystallized to monoclinic plates of the type described earlier in this paper, 
while foetal specimens formed characteristic needles of orthorhombic tyf>e. The 
recrystallized product appeared to contain one type of crystal only, and to be free 
from amorphoiis material. It should be emphasized that in these recrystallization 
experiments the conditions of pH, protein concentration, etc., were the same in 
parallel tests carried out on adult and foetal specimens, the only difference being 
that foetal haemoglobin was normally precipitated at 65 % and adult at 70 % 
saturation with ammonium sulphatt^. 


Behaviour of artificial mixtures of adult and foetal haemoglobin 

To test the possibility that adult and foetal haemoglobins might form mixed 
crystals—a possibility which, if found to occur, would gravely complicate the 
situation—a series of artificial mixtures of adult and foetal methaemoglobin 
solutions was prepared, and subjected to the normal technique for crystallization. 
The results obtained are summarized in table 2, whore A refers to the normal adult 
tjqje of crystal, and F to the orthorhombic foetal variety. 


Table 2. Ceystallization of AHTmciAL axixtltkes 

OF FOETAL AND ADULT SHEEP HAEMOGLOBIN 


approximate ratio 
(adult/foetal) 


form of precipitate 


pure adult 

5/1 

3/2 

1/1 

2/3 

piu^ foetal 


A crystals only, no amorphous 

mostly A crystals, some amorphous 

all amorphous, no crystals 

mostly amorphous, a few A and also a few F 

mostly amorphous, a few F 

F crystals only, no amorphous 


These results show that adult and foetal haemoglobin have no tendency, at any 
rate under these conditions, to form mixed crystals. They also provide support for 
the hypothesis that the proteins concerned are distinct, since if the proteins were 
identical and the distinction between ‘adult’ and ‘foetar crystals were merely 
a case of polymorphism, such distinction would be lost in solution and artificial 
mixtures would be expected to precipitate entirely as crystals of one type or 
the other. 


Vol, 194. A. 


25 
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Experiments on haemoglobins derived from, late foetuses 

If, indeed, foetal blood contains a haemoglobin different from that of the adult, 
then it is clear that at some stage in the development of the animal there must be 
a change-over from the foetal to the adult form, and the presumption is that such 
a change-over would be more or less gradual, and that an examination of the blood 
obtained from the animal at this stage would reveal the presence of a mixture of 
the two kinds of haemoglobin. Other workers had tentatively concluded that this 
change-over takes place during the last month or so of foetal life, i.o. after about 
the 120 th day of pregnancy. This view has been supported by the work of Karvonen 
(1947, personal communication), who plotted the solubility curves in ammonium 
sulphate solutions of foetal haemoglobins of various ages, using as test material 
samples of blood from the same sheep foetuses as were examined by us from the 
crystallographic point of view. Karvonen concludes from the shapes of these 
curves that there are in fact at least two distinct types of sheep haemoglobin, ancl 
that up to about the 120 th day foetal blood contains almost exclusively the foetal 
form, but that after this point the proportion of adult haemoglobin increases until 
at birth it is present to the extent of perhaps 30 or 50 He furthermore finds 
the phenomena occurring in very young lambs’ blood too complicated to be 
explained except on the assumption that there is at least one more distinct form 
of haemoglobin, making three in all (a possibility mentioned by Barcroft ( 1935 )). 

Although Karvonen worked with carboxyhaemoglobin instead of methaemo- 
globin, the broad outlines of his findings with young foetuses and with adult sheep 
corresponded closely, from the crystallographic point of view, with the results 
described in the earlier part of this paper, the crystalline forms of his precipitates 
of carboxyhaemoglobin being similar to those which we obtained with methae- 
moglobin. However, in the case of salted-out precipitates derived from the blood 
of foetuses in the last month of foetal life, new and complicated phenomena were 
observed. From a 144-day foetus, for example, both triangular plates and needle- 
shaped crystals were obtained on different occasions; from other samples he 
obtained a new type of crystal altogether, apparently of the same variety as those 
described by us below. In the case of young lambs crystalline aggregates of another 
new form were obtained, consisting of oval crystalline plates showing strong 
birefringence. In general, these haemoglobin solutions from late foetuses and 
young lambs were difficult to crystallize at all, much of the haemoglobin being 
precipitated in an amorphous form, behaviour in marked contrast to that of adult 
haemoglobin and of haemoglobin derived from younger fot^tuses, both of which 
crystallize completely and with great readiness. 

In ])arallel with these experiments, we have attempted to crystallize by dialysis 
a .number of methaemoglobin samples from late foetuses, with the following results. 

(a) Foetus a^ed 95 days {sheep no, 685) 

Samples from this foetus were used for all the work on foetal haemoglobin 
described earlier in this paper, and as already stated they yielded orthorhombic 
nmHlIe-vshafx?d crystals, crystallization being complete and the crystals i>eing all 
alike. 
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{b) Foetus aged 120 days {sheep no. 682) 

This foetus gave results exactly similar to those of (a), 

(c) Foetus aged 129 days {sheep no. 689) 

This time crystallization was very slow, but finally there appeared a small crop 
of needle-shaped crystals which turned out to be different from the normal ortho 
rhombic foetal crystals, the habit being rather different and the direction of 
maximum pleochroic absorption (and of the higher refractive index) now being 
perpendicular to the needle axis instead of along it. Unfortunately, the crystals 
were far too small for X-ray examination, and after allowing them to stand for 
some days in the mother liquor it was observed that foetal crystals of the normal 
type (with maximum absorption along the needle axis) began to appear, and in 
the end completely replaced the first metastable form. 

{d) F'oetus aged 144 days {sheep no. 697) 

The precipitate first obtained was apparently amorphous, and only after standing 
for 10 days did a few crystalline particles make their appearance; they were 
needle-like in form, but too small even to enable their optical characteristics to be 
determined. 

Thus there are definite signs that a mixture of haemoglobins is present in foetuses 
aged more than 120 days. 


Dismission 

If two apparently different crystals have identical space-groups, cell dimensions 
and diffraction patterns, it is certain that they are composed of the same molecules; 
but if two crystals give different diffraction patterns all that can be said is that the 
molecules of which they are composed may be different. In the present case, 
therefore, it has been necessary to invoke other and less direct evidence. We have 
the circumstance that haemoglobins crystallized from a number of adult sheep 
give homogeneous crops of crystals which are identical both morphologically and 
as revealed by X-ray examination; while from different foetuses (of ages less than 
120 days) we also obtained homogeneous crops of identical crystals, and these too 
maintained their identity on recrystallization. But the foetal crystal is always 
different from the adult type (in internal structure as well as in habit), and since 
the crystallizations of the two varieties were always carried out under exactly 
similar conditions, it seems reasonable to conclude that we are really dealing with 
two different proteins. The only doubtful point would appear to be the possibility 
of mixed crystal formation; but it is difficult to believe that mixed crystals could 
pass undetected after recrystallization, in view of the striking changes in behaviour 
observed when artificial mixtures were prepared. In any case even this hypothesis, 
which seems a most unlikely one, demands the presence of at least two proteins, 
in different proportions in the two cases. 

Our findings with blood samples from late foetuses also conform to the general 
picture. We suppose that the foetal type of haemoglobin which alone is present in 
the blood of foetuses aged less than 120 days gradually gives place after this date 
to the adult type; the blood of late foetuses should contain a mixture of hoemo- 


35-2 



388 


J. C. Kendrew and M. F. Perutz 


globins, and this is made very plausible by the similarity in behaviour on salting 
out between haemoglobins from late foetuses on the one hand, and artificial 
mixtures of adult and of early foetal specimens on the other* However, the time¬ 
table of the change-over remains unknown in detail. 

There is, then, strong circumstantial evidence that foetal and adult haemoglobins, 
in sheep at any rate, are distinct chemical individuals. It remains to find the 
nature of the structural differences between them. There seem to exist certain 
differenoes in molecular symmetry which will be discussed in the next section. 
Apart from these there are no structural features which could be unravelled without 
pursuing the X-ray analysis to much greater detail than was practicable in this 
investigation. The X-ray work did, however, lead to certain results which are 
relevant to the general problem of haemoglobin structure, and these will now be 
considered. 


6. FINDINGS RELEVANT TO GENERAL PROBLEMS 
OF HAEMOGLOBIN STRUCTURE 

In this section are discussed a number of points which emerged in the course of 
the X-ray examination of adult and foetal sheep haemoglobins and which, while 
not all bearing directly on the primary problem of this research, do throw some 
further light on structural questions. 

Th^e densities of foetal and adult haemoglobin crystals: 
calculations of ^hound water' 

One of us has discussed fully in two papers (Perutz 1946 ; Boyes-Watson et aL 
1947 ) the significance of the swelling and shrinkage properties of haemoglobin 
crystals, the distinction between ‘bound’ and ‘free* water, and the methods 
which may be used to evaluate the amount of the former. These methods were 
developed from those of Adair & Adair ( 1936 ) and of McMeekin & Warner ( 1942 ), 
modified to make use of the information provided by X-ray analysis. It has been 
shown that the amount of ‘bound water’ may be derived from a knowledge of the 
density of the wet crystal, of the partial specific volume of the anhydrous protein 
in solution, and of the dimensions of the unit cell. The density of the wet crystal 
may be determined by the method of McMeekin & Warner, while the partial 
specific volume has been shown by Adair & Adair ( 1936 ) to be nearly constant for 
a number of proteins, and to be the same no matter whether the protein is in 
solution or in the form of a crystalline suspension. The value for adult sheep 
haemoglobin is 0*7624 at 20 ^^ C. 

In the present case it was possible to determine the densities of wet crystals of 
adult sheep haemoglobin and of monoolinic foetal haemoglobin; but for the ortho¬ 
rhombic variety of foetal haemoglobin consistent results were impossible to obtain 
by the method of McMeekin & Warner owing to the excessive thinness of the 
crystals. The values obtained in the former two cases, and the calculated value 
of 'w, the weight of ‘bound water’ per gram of protein, are shown in table 3. For 
comparison the table also gives the corresponding quantities for horse haemoglobin 
and human haemoglobin. 
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It will be seen that in spite of a fairly wide variation in total percentage of liquid 
of crystallization, the vahies of w are the same within the limits of experimental 
error. This is one of the few points of close resemblance so far discovered between 
the crystal structures of different haemoglobins, and it perhaps gains in significance 
from the fact that in the case of horse haemoglobin, where the overall molecular 
dimensions are known with some degree of certainty, a calculation of w from these 
dimensions on the assumption that the bound wat<?r forms a monomolecular layer 
over the whole surface of the protein molecule, gives a value of 0*28 g./g. protein. 
Within the limits of error this is identical with the experimentally determined 
values for all four proteins. 


Table 3. OENsrnES of wkt haemoolobin crystals and 

WEIGHT OF BOUND WATER PER GRAM OF PROTEIN 


type of 


vol. % liq. 

w 

crystal 

medium 

in crystals 

(g-/8- protein) 

adult sheep 

2-9m-(NH4)*H04 

56 

0*29±00;i 

monoclinic 

2 * 6 M-{NH 4 )jfS 04 -f 002 m.(NH 4 ),HP 04 

41 

0*27 ±0-03 

foetal sheep 
horse 

2-5M-(NH4)jS()4-f 0*4 m.(NH4)jHPO4 

52 

0-30±(H)H 

human 

4 m-(NH 4 ),S 04 (neutralized) 

41 

0-26 ±0-03 


Evidence, for intramolecular layering in foetal haemoglobin 

The most striking feature of the diffraction pattern obtained from monoclinic 
foetal crystals is to be found in the OiO reflexions. Figure 5, plate 10, shows a 5'" 
oscillation photograph taken with the crystal rotating about c* and the beam 
parallel to a; the central region contains the Okl reflexions, and the equatorial 
spots in tliis region are the OAjO’s. It will be observed not only that the odd orders 
are absent as deraaiided by the space-group, but also that 080 is almost absent 
and 000 completely so, while 040 and 0,10,0 are extremely powerful. Other 
pictures show that 020 and 0,12,0 are weak. The strikingly powerful 040 and 
0 ,10,0 reflexions, and the relative weakness of other even orders, can only be due 
to a very marked layer structure running through the unit cell, the layers being 
normal to b and the projected electron density along this axis being essentially 
made up by Fourier summation of two components respectively one-fburth and 
one-tenth of the b axial length—i.e. 21 and 8-3A. The contributions of the other 
visible OkO reflexions would be very small, and a knowledge of the relative phases 
of 040 and 0,10,0 would make it possible to construct a fairly realistic one¬ 
dimensional projection of the electron density in the cell on to a line parallel to b ; 
it is unfortunate that in this space-group the phases of the OkO's are not neces¬ 
sarily 0 or TT, so that there is no possibility of applying the same methods of analysis 
as were used by one of us (M.F.P.) in the case of the real 00^8 of horse haemoglobin. 

Since, however, there are only two molecules in the unit cell it seems impossible 
that strongly marked periodicities of 21 and 8*3 A could be produced inter- 
molecularly; it seems reasonable to deduce that they are the expression of a well- 
developed iT^i^mmolecular layering. Furthermore, since the layering runs right 
through the cell, the layers in the two molecules must be parallel to one another. 
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It has been pointed out that the monoclinic type of crystal exhibits very slight 
pleochroism and high absorption in all directions—in other words, the haem groups 
in the two molecules of the cell cannot be parallel. That is to say, the haem groups 
must be disposed at an angle to the layering, for if they were parallel to the layers 
strong pleochroism also should be exhibited (since the layers are parallel in the 
two molecules). The properties of orthorhombic foetal crystals agree with this 
scheme, since it is apparent from their strongly ploochroic projK^rties that in them 
the haem groups are parallel throughout the cell, which means that the intra¬ 
molecular layers cannot be so; and indeed the diffraction pattern exhibits no 
special absences among the lower orders which might be anticipated if layering 
throughout the cell existed. 

It is interesting to see how the intensities of the OkO reflexions change on drying, 
B'igure 0 , plate 10 , is the dry crystal diffraction pattern corresponding with the 
wet picture of figure 5; it will be seen that 020 in now very powerful, 080 strong, 
and 040 fairly strong, while 000 is very weak. If the two original photographs are 
superimposed it can be seen that the wet 0 , 10,0 very nearly lies on top of the dry 
080. I’his observation suggests that the layering postulated for the wet crystal 
persists in the dry state, and lends colour to the belief that—as in the case of horse 
haemoglobin—the layering is intramolecular and little affected by drying, though 
of course these points could not be proved without a knowledge of the phases and 
the construction of one-dimensional Fourier projections for each state. 

The pronounced periodicity of H-3 A should be compared with the spacing of just 
under 9 A found in the case of the four layers in the molecule of horse haemoglobin 
(Boyes-Watson et aL 1947 ). 

Shrinkage experiments with monoclinic foetal haemoglobin 

In the case of horse haemoglobin the study of the drying of the crystals was 
extended by isolating intermediate shrinkage stages, the technique being to oj>en 
the capillary containing a mounted crystal for a certain time, and then to close it 
again and take an X-ray photograph; if the time was suitably chosen enough water 
had escaped for the crystal to shrink partially. Other shrinkage stages were 
obtained by opening the tube for further periods, until eventually the typical 
air-dried pictures were obtained. In this way two intermediate shrinkage stages 
were isolated. 

This method has the limitation that the shrinkage is difficult to control, being 
secured merely by allowing an indefinite quantity of water to esoai>e from the 
system. Furthermore, there is no means of determining at what vapour pressure 
the water escapes—for if, indeed, the water exists in the crystal in discrete layers, 
as the evidence indicates, each layer would be expected to come out at a character¬ 
istic vapour pressure. 

A new method, which will be fully described elsewhere, was therefore devised 
in order to allow the shrinkage process to be carried out under controlled conditions. 
Its essence is to keep the crystal in an atmosphere of constant and known aqueous 
vaj>our pressure until equilibrium has been attained, and then to measure its cell 
dimensions and so forth. For this purpose the crystal is mounted in a thin-walled 



391 


X^ray study of foetal haemoglobin 

quartz tube as usual, and the latter is then inserted into the mouth of a glass 
chamber (about 1 cm. cut from the bottom of a small test-tube is suitable) and 
fixed there with plasticine, the whole being made sufficiently gaeftight by covering 
the plasticine plug with vacuum grease. Into the glass chamber are placed a few 
drops of a solution of known vapour pressure, and the whole device is then mounted 
on the goniometer head of the X-ray camera in the normal way. The solution found 
to be most suitable for the purpose is aqueous calcium chloride, since the vapour 
pressure of the saturated solution (about 6 mm. Hg at 20^ C) is low enough to 
dry the crystal completely, so that by altering the calcium chloride concentration 
the entire needed range of vapour pressure can be covered. Furthermore, the 
crystal can be preserved over calcium chloride solutions for considerable periods 
without degeneration taking place. 

In the case of monoclinic foetal crystals two calcium chloritie concentrations 
were chosen, giving vapour pressures intermediate between those re(juired to 
maintain the crystal in the fully wet state and to dry it completely. Table 4 shows 
the cell dimensions measured from crystals kept above these solutions; the fully 
dry and fully wet dimensions are also given for comparison. 

Table 4. Shrinkage stages of monoolinic foetal, haemoglobin c rystals 

appr(jx. vapour 


% CaCl, 

presHiire 

a 

b 

c 


cell volume 

(by woiglit) 

(mm.) 

(A) 

(A) 

(A) 


(A») 

(fully wet crystal) 

55 

83 

64 

102" 

286,000 

23 

13'5 

49 

77 

59 

102" 

218,000 

30 

115 

48 

76 

58 

102" 

207,000 

(fully dry crystal) 

48 

71 

58 

lor 

194,000 


Although it is not possible in a case such as this (where high-order reflexions are 
no longer visible) to measure cell dimensions to the nearest Angstrom, owing to 
absorption effects and other errors, the small difference of 1A between some of the 
figures in the table are real, since the photographs when superimposed show im¬ 
mediately the difference between the axial lengths as the spots drift out of perfect 
alinement across the picture. The intensities of the reflexions alter on shrinkage, 
as well as the cell dimenions; in other words there are at least four quite distinct 
lattices. It will be seen that as drying proceeds the three cell axes do not shrink 
simultaneously or to the same extent; b has shrunk by only just over half the full 
amount at the stage when a and c have shrunk to completion. This is more clearly 
shown in figure 7, where axial lengths and cell volume are plotted against vapour 
pressure. Unfortunately, the supply of monoclinic crystals was too small to enable 
us to make a study of their shrinkage in more detail, or, in particular, to discover 
whether, as seems to be the cose for horse haemoglobin, the dimensions decrease 
in a series of jumps as the cell shrinks; on this hypothesis the curves of figure 7 
would show a series of steps if analyzed more closely. It may, however, be observed 
that the decreases in cell dimensions fall into two groups—those of 1A and those 
of 6 to 6 A. The latter correspond in magnitude to the stepwise changes in this 
thickness of the water layer of horse haemoglobin on shrinkage. 
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The diffraction pattern of orthorhombic foetal haemoglobin 

The general features of the X-ray pattern of these crystals have been described 
in (p. 382) above, and it has been shown that the cell contains four molecules 
of molecular weight 0 S,(K> 0 , lying in special iiositions on diad axes. The photographs 
show further that, at least over most of the central regions, reflexions OH are absent 
when k is odd, whereas according to the space-group only those with I odd should 
be absent. C^^lose examination shows that weak reflexions with k odd appear again 
further out in the diffraction pattern (e.g. 054, 074), and in one case among the 
low orders ( 012 ). The special absences among the low-order OkVB lead to certain 
interesting conelusionB which will now be considered. 



FiotmK 7. Shrinkage of cell dimensions of monoclinic foetal sheep 
met haemoglobin, as a function of water vapour pressure. 

Normally, absences of the type Okl with k odd would point to the presence of 
a glide plane. This solution would involve the turning of right-handed into left- 
handed molecules and can therefore be excluded in a protein crystal. It might 
be argued, however, that each asymmetric unit in the protein molecule may be 
treated os a mass of scattering matter within which the detailed stereochemical 
configuration does not matter so far as the low-order 1 ‘eflexions are concerned, and 
that these ‘diffuse’ masses of scattering matter may be related by ‘pseudo 
glide planes. The presence of such planes would give rise to a pseudo-doubling of 
the number of asymmetric units in the cell. These units could be identical in their 
coarse features but differ in stereochemical detail.* This is the explanation adopted 
by Crowfoot & Schmidt ( 1945 ) for similar features in the diffraction pattern of 
a crystal of tobacco necrosis virus. 

* There is the alternative possibility of placing molecules in special positions at ^ 0 

and but it can be shown that this does not lead to any useful results in the case of protein 
crystals. 
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In the present case an alternative procedure has been adopted, first because the 
concept of a pseudo-glide plane was thought to be unnecessarily complex, and 
secondly because it turns out that absences of the type Okl with k odd could well 
extend over the entire range of sin 0/A without necessitating the introduction of 
any symmetry elements requiring right-handed molecules to be turned into left- 
handed ones. Our argument runs as follows. 

In order to simplify our examination of the implications of the special absences 
we may suppose, in the first case, that they extend over the entire range of sin 0/A 
covered by the tiififraotion pattern. We may represent an asymmetric protein unit 
(of unknown size at this stage) by a (purely formal) asymmetric tetrahedron and 
place one such tetrahedron in a general position Xy ijy z and in general orientation 
in the unit cell, which is shown in projection along the a axis in figure 8 a and fc. 
If w© now allow the symmetry elements of the space group to operate on the tetra¬ 
hedron at Xy yy z, we obtain the set of eight tetrahedra shown in bold lines in 
figure 86 . Those eight tetrahedra, of course, give rise only to the space-group 
absences and not to the special absences of Okl with k odd. In order to account for 
the latter we must add a second set of eight tetrahedra (shown in faint lines in 
figure 86 ), such that for each tetrahedron at Xy y, z there is another with z unchanged, 
y changed to y + J and x changed by an arbitrary amount x-hx'. In effect another 
lattice is introduced which is related to the first by translations of and x-\-x\ 

The additional set of eight tetrahedra has not introduced any new symmetry 
element into the pattern or altered the size of the unit cell, yet it shows clearly that 
a minimum of sixteen identical protein units is required in order to produce the 
special absences among the Okl reflexions. Since the number of molecules per unit 
cell is only four, this means that each of them must be composed of four identical 
subunits. The fact that some reflexions wdth k odd are actually present in the 
higher orders may mean either that the two sets of eight units differ in fine structure 
or that their relative positions and orientation are nearly but not exactly determined 
by the translatiotis mentioned above. 

Summing up, we may conclude that each molecule of weight 68,000 consists of 
two exactly identical units of 34,000, and that each of these in turn is composed 
of two units of molecular weight 17,000. The latter may either be similar in their 
general structural features, but differ in their finer stereochemical details, or else 
they may be identical in all respects, but occupy positions slightly different from 
those dictated by the absent reflexions. In any case the molecule must consist of 
four subunits of at least approximately equal molecular weight of 17,000. The four 
subunits may lie at the corners of a square or rectangle (if x =» —x') or of a regular 
tetrahedron or at some intermediate position. Any such arrangement would be 
compatible with the symmetry elements, and so far the X-ray data offer no clue 
as to the exact arrangement of the subunits. 

The molecular symmetry of haemoglobins 

It has been known for some time that, like certain other proteins, a number of 
haemoglobins split into smaller subunits in dilute solution or on addition of urea. 
Thus Wu & Yang ( 1932 ) have shown by the osmotic pressure method that in urea 
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solution the haemoglobins of horse and ox dissociate into fragments of molecular 
weight about 34,000, while those of dog and (adult) sheep do not. In the case of 
horse this result was confirmed by Steinhardt ( 1938 ), who also showed the splitting 
to be reversible, re-assooiation taking place on removal of the urea by dialysis. 
Simple dilution may produce the same effect, as was shown by Pedersen { 1933 ) 


1 1 



Figure 8a, Symmetry elements in the spaco-gronp B22i2 projected on to the a plane. 
The Rymbols and conventions conform to those of the IrUernatioanl Tables ( 1935 ). 



Figure 86. Arrangement of asymmetric units in projection on the a plane. For the sake of 
clarity units at equivalent positions around throe of the comers of the unit cell have been 
omitted. 
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and by Tiselius & Gross {1934), who measured the sedimentation constant and 
diffusion constant respectively of horse haemoglobin at various dilutions. In 
both cases they found evidence of dissociation into subunits at concentrations less 
than about 0-5 %. Svedberg & Hedenius (1934) report an even more pronounced 
effect for cat haemoglobin. 

More recently, Gutfreund (1946) measured the sedimentation constant as a 
function of concentration for horse haemoglobin and foetal sheep haemoglobin afid 
found definite evidence of sj^litting in each case and particularly in the latter where 
it even seems likely that the dissociation may proceed beyond the stage of lialf- 
molecules of molecular weight 34,000 (there were, in fact, indications that in the 
most dilute solutions dissociation into quarter-molecules takes })lace); in the case 
of adult sheep haemoglobin, however (Gutfreund 1947), there was no evidence of 
splitting, in agreement with the results of Wu and Yang. Using another technique 
(osmotic pressure), McCarthy & Popj 4 k (1947) rej)ort similar results, that maternal 
sheep haemoglobin shows no tendency to dissociate at high dilution, but that 
haemoglobin from sheep foetuses of ages ranging from 80 to 112 days dissociates 
appreciably at concentrations below 2 %. 

Turning now to the results of X-ray analysis we wish to suggest a correlation 
between the highest symmetry displayed by the molecules in the crystal lattice, 
and their powers of dissociation in solution; in other words, that molecules which 
are situated on axes of symmetry in the crystal lattice and which are thus shown 
to consist of at least two stnicturally identical partes, ma^^ dissociate in solution; 
furthermore, the size of the dissociation products seems to be the same as the size 
of the smallest asymmetric unit in the crystal. This statement implies that these 
subunits cannot be joined together by pejitide or other covalent links (e.g. disul¬ 
phide or ester linkages), but must be joined by bonds which are capable of dis¬ 
sociation in the presence of water. So far no protein has been shown to dissociate 
into subunits smaller than the smallest asymmetric unit in the crystal; this might, 
however, bo a result of the very limited amount of work whicli has so far been done 
on this aspect of protein chemistry. 

It does not follow that the molecule always displays its full symmetry in the 
crystal. Thus in both horse and foetal sheep haemoglobins there are two forms, in 
one of which the molecule lies on a diad axis, while in the other it is in a general 
position. For the present discussion it is the highest symmetry exhibiUnl in any 
form which is relevant. 

The following three coses exemplify this suggested correlation: 

(1) Horse methaemoglobin 

This protein crystallized in the monoclinio space-group ( 72 , which has four 
general jwsitions, with only two molecules per cell; the molecule therefore exhibits 
diad symmetry. Dissociation occurs both on dilution and in the presence of urea. 
(The orthorhombic form has space-group P2j2i2j^ with four molecules in general 
positions, no special symmetry of the molecules being exhibited.) 

(2) Foetal sheep haemoglobin 

The orthorhombic form of crystal, with space-group JS22j2, has four molecules 
in a cell containing eight general positions; the molecule therefore exhibits diad 
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symmetry. Pronounced dissociation occurs on dilution. (The monoolinio form, 
with space-group has two molecules per cell in general positions, and reveals 
no molecular symmetry.) 

In addition, we have shown that in the crystal the molecule must consist of 
four similar or identical subunits of weight 17,000 each. At high dilutions the 
ultracentrifuge results suggest that splitting into four subunits may take place. 

( 3 ) Adult ^heep haemoglobin 

The only crystalline form of this protein which has been discovered has the space- 
group 02, with four molecules in a cell containing four general positions. The 
molecules therefore exhibit no intrinsic symmetry, and pending discovery of other 
modifications, may provisionally be held to possess none. There is no evidence of 
dissociation either on dilution or in presence of urea. 

The above results are suggestive, but clearly further evidence from other species 
and other proteins is required before the correlation can be regarded as established. 
In the latter connexion it is nott^worthy that the insulin molecule, w hich displays 
trigonal symmetry in the crystal, dissociates into three equal parts in dilute solution 
at appropriate pH (Gutfreund 1948). 

6. CONCLUSIONS 

1. Adult sheep methaemoglobin forms monoclinic plates belonging to the space- 
group G2. Under identical conditions of crystallization methaemoglobin prepared 
from foetuses aged less than 120 days is precipitated either as orthorhombic needles 
(space-group . 822 ^ 2 ) or as monoolinio plates belonging to the spaotj-group 
There is evidence that the two latter types of crystals are modifications of the 
same protein, and that this protein is different from the haemoglobin of the adult 
sheep. 

2. In artificial mixtures of foetal and adult haemoglobin crystallization is largely 
inhibited. Those crystals which do appear are either of the adult or of the ortho¬ 
rhombic foetal type, depending on which protein forms the major part of the 
mixture. A similar inhibition of crystallization is shown by haemoglobin of foetuses 
approaching term. Thus there is evidence of a mixture of proteins being present in 
late foetuses, but the details of the change-over from foetal to adult haemoglobin 
are still obscure. 

3 . No general picture of the structural differences between the adult and the 
foetal haemoglobin has emerged from this study, mainly because such differences 
were obscured by differences in molecular packing. There were, however, certain 
indications of differences in molecular symmetry which could be correlated with 
differences in the dissociation properties of the two proteins in solution. Adult 
haemoglobin forms an asymmetric unit of molecular weight 68,000 in the 
crystal and shows no sign of dissociating in dilute solution; foetal haemoglobin, 
on the other hand, is shown to consist of four identical or nearly identical subunits 
of molecular weight 17,000 which are symmetrically related in the crystal, and 
correspondingly it tends to split into quarter molecules in dilute solution. 
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Monoclinio foetal haemoglobin shows evidence of an intramolecular layering with 
a period which is made up of the sum of two Fourier components, one of 21 and 
the other of 8-3A spacing. The phase relation between these has still to be found. 

The four haem groups are probably parallel or nearly parallel in both the adult 
and the foetal haemoglobin molecule. 

4. A new method of controlled shrinkage at constant humidity has been 
developed and applied to monoclinic foetal haemoglobin. Shrinkage was shown to 
proceed by transition between diflFerent sets of unit-cell dimensions, each of them 
stable at a definite humidity. 

5. Both the adult and the foetal forms of sheep haemoglobin contain 'bound 
water’ amounting to about 0*3 g./g. protein, which is of the same order as in 
haemoglobin of horse and man. The amount of 'bound water’ does not depend on 
the total volume fraction of liquid present in the wet crystals. 

The authors wish to make grateful acknowledgements to Sir Lawrence Bragg, 
F.R.S. and to Professor D. Keilin, F.R.S., for their advice and encouragement 
throughout the work; and in particular they wish to record their great debt to the 
late Sir Joseph Baroroft, F.R.S., at whose suggestion this research was carried out 
and who maintained active interest in its progress up to the time of his death. 


Description of Plate 10 

Figure 1. Crystals of adult sheep inethaemoglobin. x 30 approx. 

Figure 2. Clinographic drawing of adult sheep methaemoglobin crystal. 

Figure 3. Crystals of ortliorhombio foetal sheep methaemoglobin. x 30 approx. 

Figure 4, Clinographic drawing of orthorhombic foetal sheep methaemoglobin. 

Figure 6 . X-ray diffraction picture of wet monoclinic foetal sheep methaemoglobin showing 
Okl reflexions near the centre. 5° os(!iiiation about c*, beam parallel to a, specimen-plate 
distance 6 cm., Cu Kol radiation. 

Figure 6 . X-ray diffraction picture of dry monoclinic foetal sheep methaemoglobin. Details 
as in figure 5. 
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Laboratory experiments on whirlpools 

By a. M. Binnie and G. A. Hookings 
Engineering Laboratory, University of Cambridge 

[Commimicated by Sir Geoffrey Taylor, F.R.S.—Received 24 January 1948) 


Two vertical pipes, plaowi on the ♦axis of an open circular tank and fitted witli trumpet 
entries of different Rim}>es, were used in turn as overflows. Water was led into the tank in such 
a way that the stream approaching the trumpet under test possessed tangential velocity, 
which caused a vortex to appear in and above the trumpet. The relations between head and 
discharge were determined under various conditions of tangential supply. The formation of 
a vortex greatly reduced the discharge, the decrease l>eing even more marked with the 
shallow than with the deep trumpet. At low heads, where the flow was controlled by the weir 
action of the trumpet crest, the discharge varied with the shape of the crest as well as with 
the irrotational constant c and the head, therefore (as with purely ra<iial supply) it must be 
determined by experiment. At high heads with the trumpet flooded, the throat dontroUed 
the flow; within certain limits, the discharge was dependent chiefly upon c and the head 
measured with the throat as datum, and an approximate theory which ignores fHction was 
verified. Two types of instability, ‘surging’ at low heads and ‘spluttering’ at high heads, 
were exammeni. Both were duo to the collapse and subsequent re-formation of feeble vortices, 
which caused the discharge to vary with time in a periodic manner. 


1 . Introduction 

The behaviour of whirlpools set up in the water at the submerged entrance to a pipe 
has long been regarded as obscure. Of recent years the problem has become important 
because of the increasing use of trumpet-shaped circular weirs for removing surplus 
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water from reservoirs. Published information on the subject is scanty, and what 
little exists deals principally with the coefficients of discharge of trumpets having 
various shapes and sizes and with methods of suppressing the vortex at entry. 
G. M. Binnie (1938), who was concerned with the design of trumpets for the Jubilee 
Reservoir, Hong-Kong, used numerous models, most of which were very large judged 
by laboratory standards. But the arrangement of the lake constructed for the pur¬ 
pose, in which the models were placed, precluded control of the tangential velocity 
(or ‘swirP) of the water approaching the trumpet, therefore no correlation was 
established between the swirl and the discharge through the trumpet. In the 
following pages an account is given of an attempt to elucidate this point and to 
determine the general characteristics of flow in the presence of vortices. The scale 
adopted was small, and it is not to be expected that the actual numerical results 
can serve as a highly accurate guide to the performance of a large installation. 

The trumpet under test was placed in the centre of a circular open tank to which 
water could be supplied (i) radially, or (ii) through pipes set tangentially, or (iii) by 
means of a combination of (i) and (ii). Thus some measure of control over the swirl 
was possible, and the reduction in the discharge due to vortex formation could be 
determined. Experiments were made over a wide range of heads corresponding to 
the action of a reservoir trumpet under both normal and catastrophic conditions; 
the range was sufficiently great to cover also the case of a trumpet used as an over¬ 
flow in a tank, its crest being placed considerably below the top of the tank. For 
purposes of comparison tests were carried out also on a pipe of uniform diameter. 
No attempt was made to suj>press the vortex by any method such as the insertion 
of radial piers on the crest of the trumpet, thus the results may perhaps be regarded 
as purely cautionary—demonstrating the types of instability caused by feeble 
vortices, and also the enormous reduction in discharge due to vortex formation, 
which was briefly noted by Gibson (1911). However, it was thought that interest 
in the action of whirlpools was amply sufficient to justify the work. The experiments 
may be regarded as a natural extension of those described by A. M. Binnie {1938) 
and by A. M. Binnie & Wright (1941) who, using similar apparatus except for the 
tangential supply pipes, confined their attention to conditions of radial flow. 

It should be added that no great progress has hitherto been made by purely 
theoretical methods. Elementary^ considerations suffice to show that in a ])erfect 
liquid of infinite extent the form of the surface of a free vortex is hyj)erbolic provided 
that the vertical velocity is zero everywhere (Lamb 1932). But if discharge occurs 
thi'ough a vortex situated above a trumpet, the question becomes one of the 
notoriously difficult class known as free-surface problems. The recent development of 
relaxation methods by Southwell (1946) provides a means of solving particular cases, 
and an account will be published elsewhere of the application of these methods to 
vortex flow through an orifice-plate; in that investigation the motion has been taken 
as irrotational so that (in accordance with the principle of the conservation of 
angular momentum) the swirl v at radius r was given by v = cjr, where c was the same 
for every particle of the liquid. But in the present experiments the effects of friction 
were found to be important, not only over the inner surface of the trumpet where 
the swirl was very great but also throughout the circular tank. 
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2 . Description op the apparatus 


The plan and half-sectional elevation of the apparatus are shown in figure 1 . The 
circular tank A was supported on three levelling screws, and over a circular hole in 
its bottom the brass casting B was bolted. The plate C closed the base of the casting, 
and the stainless steel pipe D, to the top of which the trumpet was fitted, was soldered 
to this plate. For radial supply to the tank, the water was admitted through a control 
valve and a symmetrical arrangement of 2 in, piping to two openings diametrically 
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Fiouhb 1 , Plan and elevation of circular tank. 

opposed in the casting B, It then passed vertically upwards through the annular 
space in the casting B, in which radial fins were placed to destroy any rotation 
about the vertical axis. After emerging through the bottom of the tank, the water 
was forced to flow outwards by the baffle plate B which was supported on three small 
feet, thus the incoming water could not disturb the flow near the trumpet. To oheok 
this arrangement, drops of malachite green solution were inserted at various points 
in the tank, and it was seen that the supply to the trumf>et was steady and truly 
radial. For the tangential supply the water passed through a control valve, an 
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orifice-plate and symmetrical piping to the two pipes F which were bent to the 
correct radius. Three pairs of pii>es F were used in turn, their nominal diameters 
being I and 2 in. 

After leaving the circular tank through the pipe D the water (together with any 
entrained air) fell into the bell Q (figure 2), which was clipped to the lower end of the 
pipe and which was supported in the open tank H. Here the air and water were 
separated, the water passing over the weir J to a calibrated measuring tank. The 
air was extracted from the beU through the steadying vessel K and the gas meter 
L by means of the fan itf, which could be controlled with the air of the gauge N so 
that the pressure in the bell remained exactly atmospheric. 



Fioubk 2« Air moasumment apparatus. 


A hook gauge with a range of 19 in. was used for measuring the water level in the 
circular tank, its zero being determined by means of a subsidiary hook gauge in the 
manner described by A. M. Binnie & Wright (1941). In these gauges the arrange¬ 
ments for supporting the hooks were of a special design, and an account of them may 
be of interest. The type commonly used in laboratories consists of some form of 
slider actuated by a screw or a rack. This system, although satisfactory when new, 
develops a serious defect after a little use. It is then found that the inevitable wear 
of the slider causes the normal vertical movement of the tip of the hook to be 
accompanied by a most undesirable lateral motion or shake. To overcome this 
difficulty the pattern shown in figure 3 was evolved. It is of correct geometric; design 
so that no shake is possible, and it is easy to construct for no gear cutting is required. 
The casting a, which resembles a four-legged table on its side with part of the top 
cut away, is fixed and supports a vernier, and through its legs slides the graduated 
tube b carrying the hook. The double conical wheel c serves a treble purpose: (i) it is 
pressed against the tube by the spring washers d at its supports, thereby securing 
firm sliding contact at the points e, e',/and/' which remove four degrees of freedom; 
(ii) because it fits over the rail g fixed to the tube, it destroys the fifth degree of free¬ 
dom of the tube, namely, rotation about the vertical axis; (iii) when rotated by means 
of the operating wheel h, it moves the tube vertically, which is the only direction in 
which motion is possible. The jamming action of the conical wheel on the rail ensures 
that the friction force there considerably exceeds the sum of the friction forces at 
«, f and f\ and thus the tub© can be raised by turning the operating wheel To 
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prevent the tube from descending when released, sufficient friction can be obtained 
at the sliding surfaces and at the bearings of the spindle on which the conical and 
oj>erating wheels are mounted. 



FiauitE 3. Hook gauge. 


The trumpets used, which are shown in figure 4 , were machined gun-metai castings 
push “fitted over the vertical pipe D indicated in figure 1. 1 'he plain pipe which was 
also tested had its upper end chamfered downwards and outwards at 45 "". Each of 
these three arrangements had a total overall height of 33 in. from crest to outlet 
so that a fair comparison could be made between them. Their crests were fixed 
20 J in. above the base of the tank in onler to minimize the influence of the bottom. 
The trumpets were very nearly geometrically similar to those employed by 
(i. M. Binnie (1938) and by A. M. Binnie & Wright (1941). In the deep bellmouth A 
the low-pressure region is far from the surface in the tank and vortices are not 
readily formed in it, but it is of a shape too costly to construct on a large scale. 
Bellmouth B is of practicable form for use in reservoirs, although its action is liable 
to be disturbed by a small swirl in the supply. 
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Fioube 4. Belhnoutbtt A and B. 

3. Discharge tigsts 

As a first step the relation between the discharge Q and the head H above tlie 
crest was determined for each overflow, the radial and the three tangential fiu[>p]ies 
hieing employed in turn. The results are shown in figures 5 to 7 . The tyx)ical dimen ¬ 
sion of each overflow is taken to be the diameter 2a of the throat and tail pipe, 
hence the non-dimensional quantities plotted are Hj( 2 a) and Qj{{ 2 a)^{ 2 g)^]. The 
earlier investigations with radial supply showed that under certain circumstances 
the Q-H relation was different with rising and falling values of H, This point was 
again examined, and where a difference was found it will be commented upon. 
A full description was previously given of the action of the three overflows with 
radial supply, and it need not be repeated here. It is sufficient to state that with tlie 
slightly larger overflows now employed the same behaviour was observed, and that 
the supply was so free from swirl that the few vortices seen were small and transient. 

Plain pipe (figure 5 ) 

With the tangential supplies, the discharge at very low heads differed little from 
that measured with the radial supply, and the flow was controlled by the weir action 
of the top of the pipe. An air core occupied most of the interior of the pipe, and the 
water flowed down helically in contact with the wall, emerging from the outlet as 

36-2 
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a spinning annular jet. When Q was increased, the critical conditions were soon 
reached where the control of the discharge shifted to the carrying capacity of the 
pipe, and here the experimental curves turned steeply upwards. The very large 
reduction in the critical values of Q and H compared with those obtained with radial 
supply was due to two causes: (a) since a permanent air-core occupied part of the 
interior of the pipe, the cross-section available for the water flow was decreased and 
the length of the pipe had no influence upon the discharge; (b) the velocity of the 
water in the pipe due to its loss of height had of necessity a large tangential com¬ 
ponent in the horizontal plane due to the small radius (in plan) of its path, hence its 
vertical component was greatly diminished. In all these tests the air-core of the 
permanent vortex reached from the surface in the circular tank down through the 
pipe. As it entered the pipe its diameter increased because in this region the vertical 
acceleration of the water was considerable and a corresponding reduction in the 
cross-section of the stream occurred. The vertical velocity of the water increased as 
it passed down the pipe, causing a further enlargement of the air-core diameter. 
Unless the latter was very small, its axis was almost perfectly steady, but the surface 
of the core was disturbed by ripples of helical appearance, which in a powerful 
vortex rose spinning with sufficient intensity to be visible even on the almost hori¬ 
zontal surface in the tank. There they often gave a casual observer a false impression 
of the direction of rotation of the vortex. The existence of these ripples may be 
explained by reference to the work of Rayleigh (1892), who showed that, owing to 
surface-tension effects, the surface of a cylindrical air-core in a liquid is unstable 
and subject to varicose undulations of wave-length about 6*48 times the core dia¬ 
meter. This result is true also when the liquid is spinning ir^otationalIJ^ It appears 
that, when corrugations of this type are formed on the rotating and falling trumpet¬ 
shaped surface of an actual vortex, they give rise to the system of waves described 
above. 

Tests wore made with combinations of the radial and tangential supplies, yielding 
curves intermediate between those shown in figure 6. They were carried out by 
setting the tangential supply at a fixed value and then altering the radial supply in 
steps. This procedure led to the discovery of a type of instability due to the formation 
and collapse of very feeble vortices. It was found with the 2 in. tangential supply 
in use, which for an obvious reason produced a thinner vortex than the other two. 
As the radial supply was increased, thus reducing the swirl, the vortex became still 
more slender until eventually the stage was reached where a permanent air-core 
could no longer be maintained. This point was well defined, for a loud spluttering 
noise was emitted due to the rapid opening and shutting of the air-core. The level 
in the tank immediately commenced to fall, indicating that the greater discharge 
had begun which is associated with coreless flow. After a time the frequency of the 
spluttering decreased, and finally stopped when a permanent air-core was re¬ 
established. Thereafter the water level again rose, and as soon as it had regained its 
former value, the cycle, which had a period of about 46 min., was repeated. This 
succession of events is explained by figure 8, which shows the actual values of 
Q and H recorded in the relevant tests. For a constant tangential supply of 
15'0 cu.in./sec. the curve consists of two disconnected arts: (i) DA, representing the 
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flow with an air-oore which was obtained by commencing the test at zero head; 
(ii) B(J, for the ooreless flow which resulted on beginning at a very high head. The 
curves could be traversed with both rising and falling heads provided that the 
upper limit A and the lower limit C were not passed. Accordingly, if the point A 
was attained in the sequence mentioned above, the discharge changed suddenly to 
that indicated by JB. This was much larger than the supply, consequently the level 
fell to a point near < 7 , which gave the lowest value of H at which ooreless flow was 
passible. Thereupon the discharge moved to a point near D and was now smaller 
than the supply, therefore the level rose to A, thus completing the cycle. Figure 8 
also shows that a similar but less marked effect occurred with the larger vortex 
associated with a tangential supply of 22-9 cu.in./sec. 

Bellmouth A (figure 6) 

With the tangential supplies it was again found that at very low heads the effect 
of the swirl upon the discharge was slight- This was confirmed by observations of 
surface particles and filaments of coloured liquid, which moved in almost circular 
paths until they were very near the crest. Once they came within the immediate 
influence of the crest, the direction of their paths changed sharply by nearly 90 '^; 



FiOUKB 8, Discharge tests on the plain pipe showing instability due to spluttering. 
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and since they passed over the crest almost radially, the discharge was adected only 
slightly by the original swirl. As the head was increased, the onset of critical con¬ 
ditions was shown by the appearance in the trumpet of a shelf of rotating water with 
an air-core. A further rise in the head brought the shelf up to the surface in the tank, 
the control of the flow then passing fix>m the trumpet crest to the throat. 

The radial and tangential supplies, used together in the manner described above, 
again led to interesting results. With the i in. supply set at 16-6 cu.in./sec. the normal 
curve of weir action was obtained until the shelf appeared when the radial supply 



Q (cu.in./sec.) 

Fiourb 9. Discharge tests on bellmuuth A showing instability due to surging. 

was 64'8 cu.in./sec. But under these conditions the level of the shelf, instead of 
remaining constant, rose and fell in the trumpet. At a radial supply of 81'4 cu.in./sec. 
this surging was more marked, the fluctuations extending from the crest of the 
trumpet almost to the throat. A further increase of only 2*4 cu.in./sec. produced 
a marked change, for the level in the tank suddenly rose by nearly 5 in. as indicated 
by the broken line BC in figure 9. Higher rates of flow produced the curve CD, but 
when the radial supply was decreased, the observations followed the course DCEA 
back to the weir portion of the curve, showing that the high-head vortex once formed 
was stable. These effects did nut occur when the tangential supply was 21 >9 cu.in./sec. 
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or higher. With the 1 in. tangential supply the surging ceased before the trumpet 
was completely filled up, but the ensuing rise in level, consequent on the formation 
of a high-head vortex, was so great that it exceeded the 15 ^ in. freeboard between the 
trumpet crest and the top of the tank. The use of the 2 in. pipe had more intricate 
consequences. With the tangential supply set at 12'0cu.in./sec. the vortex in the 
partially filled trumpet was so feeble that it spluttered, emitting a loud rasping 
noise and entraining considerable volumes of air; and when the radial supply was 
further increased the fiow became entirely ooreless. At 16-0 cu.in./sec. surging 
occurred, and the sudden rise in level which followed the filling up of the trumpet 
was about 7 in. But the resulting vortex was so feeble that spluttering ensued and 
the curve corresponding to DCE in figure 9 could not be followed. Instead, the level 
in the tank fell and rose in the manner described in connexion with figure 8. At 
28*9 cu.in./seo. the surging was followed by so violent a rise in level that the radial 
supply had hastily to be reduced, but the vortex proved to be stable, and a curve 
similar to CE in figure 9 was recorded. 

Useful evidence on surging action was obtained by employing a Perspex trumpet, 
similar in shape and size to bellmouth A and placed on top of a glass tube. It was 
seen that the fall in level in the trumpet was accompanied by the passage through 
the pipe of a coreless block of water. The core was immediately re-established, but 
as the discharge capacity of the pipe under these conditions was less than the supply 
over the trumpet crest, the level in the trumpet began to rise. But, due to friction 
at the wall and to shock where the falling water impinged on the shelf, the energy 
loss in the partially filled trumpet was sufficient to prevent the maintenance of the 
core. Consequently the discharge capacity of the pipe suddenly increased, and the 
contents of the trumpet were again gulped down the pipe. 

Bellmouth B (figure 7 ) 

A comparison of figures 6 and 7 shows that, with radial supply, critical conditions 
were reached at almost the same discharge although at different heads; at high heads 
the shape of the trumpet had little influence. The expectation was confirmed that 
in the presence of vortices the discharge of bellmouth B was much the lower of the 
two. The main point of interest in this set of experiments was, however, the spec¬ 
tacular nature of the surging which was observed within a sm^-ll range of supply 
conditions. With the 2 in. supply set at 12-1 cu.in./seo. surging set in with a radial 
supply of 51-9 cu.in./sec. Tliis quickly increased in violence until the filling up of the 
pipe after a gulp was so rapid that the water issued from the throat in the form of 
a rotating jet, which, owing to centrifugal action, spread out like a nwxshroom. It 
then fell back into the throat and at once disappeared. The surging ceased when the 
radial supply was increased above 60 cu.in./sec. Thus the evidence suggests that 
surging may bo expected when the supply to the trumpet has a low and critical 
amount of swirl. If the swirl is too small, no cjore is formed in the partially flooded 
trumpet; if too great, the vortex is sufficiently powerful to persist when the trumpet 
is completely filled. 

Surging with a similar but much larger trumpet was noticed by G. M. Binnie 
(1938), but not on so marked a scale. This was perhaps due to the fact that his model 
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was fitted with an inclined tail pipe. Thus after a gulp the air-oore could not be so 
readily re-established as when the vortical pipe below the trumpet terminated in 
an open end. 


4. Vaeiatiok of c in the cirottlar tank 

For a viscous liquid rotating about a vertical axis it can be seini from the equations 
of motion (Goldstein 1938 ) that, if the vertical velocity is zero everywhere, a dis¬ 
tribution of swirl given by vr — constant is possible whatever the radial velocity 
may be. Thus, by itself, viscosity does not cause changes in the magnitude of the 
constant. Provided that the inlet disturbances are not serious, the above relation 
may be expected to hold good at levels in the tank far from the bottom and at radii 
intermediate between the supply pipes and the trumpet. The investigation of this 
point proved difficult. The velocities were too low for a Pitot tube to be employed 
except near the air-oore, and there its use upset the vortex. Difops of coloured liquid 
introduced into the tank were also unsatisfactory, for they were quickly drawn out 
into long spiral filaments. The method finally adopted was to time the rotation of 
a match stick loaded with lead at (»ne end and floating almost totally immersed with 
its long axis vertical. When steady motion had been established, centrifugal action 
constrained the rod to rotate in an almost circular path, the radius of which could 
be changed by altering the total weight of the rod. The 2 in. supply was found satis¬ 
factory, for at 58-6 cu.in./sec., the largest flow which was examined, c was found to 
be 27in.^/sec, at radius 17^ in. and 22in.*/8ec. at radii 13, 7J and Sjin. At smaller 
radii the motion of the rod was too precarious for the method to be practicable, but 
the effective value of c at the throat was deduced from pressure measurement, as 
explained in § 5, to be 23 in.^/soc. On the other hand, with the ^in. pipes, with which 
the inlet disturbances and the speed of rotation were greater, c fell from 88 m.^/sec. 
at radius 18in. to 44in.^/sec. at radius 7in. when the flow was 66*4cu.in./sec., 
showing that this method of supply was too violent to be entirely satisfactory. The 
experiments also indicated how great a loss of energy occurred in the tank. The 
ratio of the observed swirl at radius 18 Jin. to that calculated from the size of the 
pipes and from the measured discharge was found for the 2 in. supply to be 0-18 
over a considerable range of discharge, while for the Jin. supply the ratio was as 
low as 0-065. These large reductions in energy wei*e unavoidable, for (apart from 
a small contribution due to shock at entry to the tank) they were caused by friction 
between the tank interior and the water, every particle of which completed many 
revolutions before being discharged through the tnimpet. 


5. Comparison op the thkorkticae and the observed disoharues 

An approximate expression for the discharge in the presence of an air-core may be 
obtained on the assumption that at the throat of the trumpet the radial velocity is 
negligible, i.e. that the surface of the core is vertical. At this horizontal section the 
flow can be analyzed by Bernoulli's equation. If is the difference of height between 
the crest and the throat, a and b are the radii of the throat and the core, and W and 
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ui are the pressure head and the downward velocity at radius r, it follows that for 
frictionless flow , „, , 

( 1 ) 

Here the small term has been omitted which arises from the tangential kinetic 
energy at a large radius in the circular tank. The variation of A' over the annular 
cross-section is seen to be 

/ f r i 

( 2 ) 




Strictly speaking, yjb (where y is the surface tension) should be subtracted from the 
right-hand side of (2), but investigation showed that this term was negligible for 
the relatively powerful vortices now under consideration. On combining (1) and (2) 
we find that w has the value, constant over the cross-section, given by 


(3) 

and that therefore the discharge Q is 

(*) 

Now for stability of flow 6 must adjixst itself so that the discharge is maximum, and 
the condition dQjdb « 0 yields 

6* = ~ {c* + (c< +1 6a»c*gHy}. (5) 

The solution containing a negative sign before the square root is clearly inadmissible. 
Thus (4) and (5) taken together provide an expression for Q when either c or 6 is 
given. 

At Sir Geoffrey Taylor^s suggestion an alternative proof of (6) is given below, 
based on the conception of Reynolds (i886) that over the critical cross-section the 
velocity of streaming is equal to that of a small wave in the fluid. This idea was 
applied originally to gas flow through a nozzle, where at the throat the streaming 
velocity was shown to be identical with the local velocity of sound. But it may also 
be used with liquid flow, and when employed to solve the problem of the broad- 
crested weir it gives at once the familiar result that the depth of the stream over the 
weir is two-thirds of the total head. In the present case it is necessary to calculate 
the velocity F of a * long ’ wave of annular form moving in an axial direction on the 
rotating surface at the throat. If g is the additional velocity due to the wave motion 
at points where the infinitely small surface elevation is the equation of con¬ 
tinuity is 

{7r(a* - 6*) + 27rbif}(V-hq) ^ n(a^ - 6®) F. (6) 

Now the increase of pressure at any radius due to the spinning portion between 
radii b and 6 — « is 
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hence, p being the density and the excess of pressure owing to the wave motion. 
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On substitution from ( 6 ), ( 8 ) reduces to 


Sp chj _ 2 F® 6 i/ 

TT'^'p'“ 

^ being taken as small. Thus the free surface conditon = 0 is satisfied when 



Finally, on identif 3 dng V with w and equating (3) and ( 10 ), we obtain (5). 

The above conclusions hold good only when the throat controls the flow; if Q is 
determined by weir action, b can be found from (4) when c is specified. The experi¬ 
ments to be described were confined to the former conditions, and, as explained 
in §4, it was not found feasible to measure the swirl close to the trumpet crest. 
A pressure tapping was therefore drilled in the throat of bellmouth B and connected 
by a tube of very small diameter to a water gauge outside the tank. Then from ( 2 ) 
a relation between b and the effective value of c could be obtained in the form 



wfiere h is the throat pressure head. The combination of this with (5) yields 

^ = ~\2H'-h±{(2H'-hf~%H’hy] (12) 

and |* = |[2//' + /i±{(2£f'-A)»-8ff'A}»], (13) 


in which expressions like signs in front of the square roots are to be taken with like. 
An ambiguity thus arises, for it is impossible from measurements of H' and h only 
to decide which of the two values of c and b are the true ones; the same value of h 
can be given by a stream possessing a relatively small swirl but large radial thickness 
and one in which the swirl is great and the radial thickness is small. The theoretical 
values of the discharge p, to be compared with those observed, can be found from 
(4), (12) and (13), but the range over which the theory is valid is limited to H'jh > 2‘91 
approximately. This restriction arises in ( 12 ) and (13), where the values of the 
expressions under the square roots must not fall below zero. The other limit 
H'jh ^ 0‘09, similarly obtained, is meaningless, for it leads to negative values of 6 */o*. 

Several sets of observations are displayed in table 1 , to which have been added the 
oorresponding double values of the theoretical discharges. It is obvious that the 
experiments were carried out in the range to which the negative signs apply, and 
that the theoretical discharges obtained with the positive signs may be ignored. 
Frbm the last column in table 1 it appears that the observed and caioulated dis¬ 
charges are in fair agreement in the range over which the theory is applicable. At low 
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heads the theory overestimates the discharge; at high heads with weak swirls it 
predicts too low a value, the same tendency being noticeable when the limit 
H'jh = 2-91 is approached, as is to be expected. Evidently under conditions near 
and below this critical value of the effects of friction within the trumpet become 

predominant, but a theory which takes these effects into account is not at present 
available. Swirling flow through a trumpet is one of the few cases where friction 
enhances the discharge. If the liquid suddenly became ‘perfect’, it is clear that the 
level in the tank would immediately rise owing to the reduction or even cessation of 
the discharge through the throat. 


Table 1. Comparison of observed and theoretical discharges . 


Bellmouth B. Inch-«eoond units. 


with negative signs 






with ^ 


. , 


obsorvfHl 

positive signs 


observed Q 





theoret- theoret¬ 

theoret* 

H' 

h 

H'lh 

Q 

ical Q ical Q 

ical Q 



Constant lin. tangential supply, 39*5 cu.in,/sec. 



4ZS 

1-26 

3-48 

39-6 

13-4 

46-6 

0-87 

7*66 

2*70 

2-84 

65-0 

— 

— 

— 

8-88 

311 

2-86 

59-6 


— 


U68 

4-20 

2-76 

71-2 

— 

— 

— 

15-10 

6-61 

2-74 

91-0 

— 





Pure 2 in. tangential supply 



4-04 

0-98 

4-12 

40-9 

8-7 

60-0 

0*82 

4-51 

M9 

3-79 

43-4 

Jl-O 

60-0 

0-87 

5-28 

1-50 

3-52 

47-2 

14-2 

60-7 

0-93 

0-68 

205 

3-21 

61-8 

20*6 

60-4 

1-03 


215 

3 23 

53-2 

20-6 

62-4 

102 

7*94 

2-62 

303 

66-0 

27-7 

49-0 

M4 

8‘00 

2-64 

3-03 

56-0 

27-8 

49-2 

M4 

904 

305 

2-96 

60-3 

33-2 

48-2 

1-25 

10-28 

3-56 

2-89 

63-9 

— 

— 

— 

11-49 

4*08 

2-82 

07-6 

— 

— 

— 



Constemt 1 in. tangential supply. 

20-0cu.in./8ec. 



4-42 

M7 

3-78 

48-6 

11-0 

49-3 

0-99 

514 

1-44 

3-57 

53-2 

13-6 

60-7 

1*06 

5-43 

1-45 

3-74 

65-5 

12*4 

64-3 

1-02 

7*87 

1-99 

3*85 

72*6 

13*9 

66-0 

MO 

9-26 

2*23 

4-16 

83-9 

13-0 

76-1 

MO 



Constant 1 in, tangential supply. 

14*7 ou.in./sec. 


- 

4-23 

0-87 

4-86 

64-1 

6*4 

66-6 

0-97 

5-89 

Ml 

fi-31 

68-7 

6-4 

07-7 

1-01 

7*90 

1-46 

6-4r 

83-0 

7-2 

78-8 

1-06 

10-96 

1-80 

6-09 

102 

0-8 

96-2 

1*06 


Table I shows that within certain limits an estimate of the probable discharge 
may be made when H' and c are specified. Now (5) indicates the existence of an 
air-core however small c may be, yet trumpet teste gave results similar to figure* 8, 
showing that flow without a complete air-core did in fact occur when the swirl was 
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very low. Experiment confirmed that with dimplea and vary slender vortices surface 
tension was an important factor, for they were momentarily unsettled and sometimes 
destroyed by the introduction of a few drops of methylated spirit on the surface 
nearby. This treatment had no effect upon strong vortices. It was not, however, found 
possible to make measurements of feeble disturbances owing to their transient 
nature, thus an estimate cannot be given of the size of the smallest vortex which 
occurred. In the tests recorded in table 1 the least (calculat/ed) value of 6 was in the 
last, where it was 0*20 in. 

The existence of dimples (or embryonic vortices) situated at high heads above 
the trumpet is interesting, for at first sight the absence of an air-core below the 
dimple suggests infinite velocities there. The insertion of coloured water into the 
tank showed that even ver>" close to the dimple the water was rotating very nearly 
in horizontal planes, but a narrow spinning tube of liquid descended with con¬ 
siderable velocity from the base of the dimple into the trumpet. Its diameter in¬ 
creased with depth as it entrained the surrounding water. Thus the motion was 
three-dimensional, and no question of infinite velocities arises, Gibson ( 1946 ) 
suggested that the motion could be explained by supposing the existence of a 
compound vortex (sometimes termed a Rankine combined vortex), which is a 
combination of a free vortex with a forced vortex inside it. This view seems untenable 
in the light of the observations described above. 

Another attempt to support the theory was made by measuring the diameter of 
the air-core at the throat. The observations proved difficult owing to the corrugations 
on the water surface; they were carried out by fixing a short horizontal rod, pointed 
at both extremities, to the end of a long vertical bar which was traversed across the 
core. Two methods are available for calculating the theoretical values of 6 : 

(i) By means of ( 12 ), employing the observations of and h. 

(ii) On eliminating c from (4) and ( 6 ) we obtain 

+ (14) 

where y == and P == Q^I{2gH'n^a^). 

Since P is positive this cubic equation has one positive real root, hence b can be 
determined from the observations of H' and Q. 

The results of this investigation, given in table 2 , confirm that the observations 
lay in the range to which the negative signs in ( 12 ) and (Kl) are applicable. The 


Table 2. Comparison of observed and theoretical values of h 

Bellmouth J5. Inch-second nnit«, 

6 calculated from 







H' 

and h 


pure tan¬ 


observed 


^ ' 

II 1 1 


gential 





with posi¬ 

with nega¬ 


supply 

H' 

h 

Q 

6 

tive signs 

tive signs 

H' and Q 

2 in. 

3*62 

0*95 

39*4 

0*32 

0*63 

0*28 

0*32 

lin. 

4-38 

1*26 

39*5 

0*34 

0*51 

0*31 

0*34 

4 in. 

4*25 

1*33 

34*6 

0*31. 

0*48 

0*34 

0*37 
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agreement between experiment and theory is fairly good except in the last set, 
which was taken with the powerful vortex produced by the ^in. supply. 

6. Air mbasttrbmicnts 

Tl\e formation of an air-core led to no significant entrainment of air provided that 
the core was steady. The downward motion of the air within the core was due purely 
to surface friction and was arrested by the slightest rise in the pressure in the bell. 
Only when the vortex was feeble and irregular was there a definite entrainment of 
air insensitive to changes in the back pressure of the order of ^ in. of water. Under 
these conditions a succession of air bubbles passed down the pipe, and a positive 
driving force was provided by the intervening water. This state of affairs ensued at 
low heads when surging set in and at high heads when the vortex spluttered, but the 
yolume of air drawn down was never found to be large. With spluttering the maxi¬ 
mum ratio of the air flow to the water flow was 0*28 for bellmouth A and 0*20 for 
bellmouth B, while for the surging condition the maximum ratio was much smaller, 
being only 0*04 for bellmouth A, 

7. Surface oscillations in the circular tank 

The progress of the work was occasionally disturbed by the appearance of waves 
in the circular tank, which were of sufficient amplitude to impede the setting of the 
hook gauge. Sometimes the motion was seen to possess a nodal diameter rotating 
steadily in the tank, and hence the origin of the waves was traced to resonance 
between the natural periods of the water in the tank and of the disturbances (pre¬ 
viously mentioned) in the vortex. This system can easily be excited in a tumbler, 
but no metliod of maintaining it indefinitely seems to have been previously noticed. 
Rayleigh ( 1876 ) and Ijimb ( 1932 ) showed that on deep and stationary water in a 
circular tank waves of various kinds are possible. For the symmetrical type in a 
tank of radius B the period is 2nl{gk)^, where k is given by the roots of J'JJcR) = 0 , 
while when there are s rotating nodal diameters the period is 2n8l{gk)^y k being 
determined by the roots of Jg{kR) = 0 . From these results the following theoretical 
periods (in sec.) were calculated: 


mode 

1st 

2nd 

3rd 

4th 

6th 

« = 0 

0-90 

0-60 

0*66 

0-48 

0-43 

«= 1 

1*33 

0-76 

0-60 

0-51 

0*40 


In the course of the experiments disturbances were noticed having periods of 
1*32, 1*30 (twice), 0*91, 0*74 (thrice), 0-66 (twice), 0*69 (twice), 0*46, 0*438ec. The 
sljape of the single nodal diameter in the second mode was checked with hook 
gauges, and a node was found at rjR - 0*70; the theoretical value is 0*719. The 
agreement between the two sets of figures shows that the existence of the air-core 
and of the streaming motion, which except near the centre was small compared with 
the wave velocities, had little effect upon the natural periods of the water. It is also 
clear that the disturbances in the vortex were not CRprioious but possessed definite 
frequencies. 

We are greatly indebted to Sir Geoffrey Taylor for much helpful discussion of § 6. 
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The kinetic salt effect in monolayer reactions 

By J. T. Davibs and E. K. Ridbai,, P.RB. 

Davy Faraday Laboratory y Royal Inatiiuiim 
{Received 22 March 1948) 


The rate of hydrolysis of the ©stor group in the monooetylsnocinate ion by hydroxyl ion has 
been studied as a monolayer reaction at various alkali strengths and in the presence of neutral 
salts. The Donnan equilibruun equations have been em})loyed to calculate the concentration 
of the hydroxyl ions near the ester linkage, and the hydrolysis constants are found to show a 
very marked decrease in divergence when referred to the concentration of alkali in the surface, 

. rather than that in the bulk phase. 

Activity coefficienta of the iona in the surface phase have been calculated by tl^e method 
of linear log plots of Hamad, and Brbnated’s theory of specific ion interaction was extended 
to treat the case of the surface phase in the presence of added neutral salt. The slowing up of 
the alkaline hydrolysis of a neutral ester of a long-chain acid con also bo quatititativoly ex¬ 
plained assuming the existence of a 'surface phase *, as can also the potential difference between 
the surface and the bulk, 

Introdtjction 

The work of Hughes & Rideal ( 1933 ) on tlie oxidation of unsaturated fatty acids, of 
Fosbinder & Rideal ( 1933 ) on the alkaline hydrolysis of y-stearolactone, and of 
Alexander & Sohulman ( 1937 ) and Alexander & Rideal ( 1937 ) alkaline hydro¬ 

lysis of long-chain esters, has shown that monolayer reactions may differ from those 
in bulk in the possibility of control of the configuration of the long-chain molecule 
in the surface, with alteration in the steric factor and energy of activation of the 
reaction. These surface reactions have revealed that the velocity varies linearly with 
the concentration of reactant in the substrate on which the film is spread, indicating 
a proportionality between the amount of soluble reactant just under the film and 
in the bulk phase, and that the activity coefficients of reactants and transition 
complex need not be taken into account. Although this is true for a film of neutral 
moleciiles, a reaction between ionogenic layers, e.g. an ionic ester in the film and 
hydroxyl iona in the bulk phase, should involve a consideration of the redistribution 
of the soluble ions near the surface. Such has proved to be the case for the hydrolysis 
of a monolayer of monooetylsuocinate iona (Davies 1948 ). 

We consider here this reaction more fully and describe a neutral salt effect 
resulting not only from a change in activity coefficients as in bulk reactions, but also 
from a change in the ionic concentrations in the monolayer. This has be^ deduced 
assuming a definite * surface phase and applying the equations originally developed 
by Donnan, and applied by Wilson ( 1916 ) and later by Danielli ( 1941 ). 

Thkoretical 

Assuming that the rate of hydrolysis of the ester-carboxylate ion is determined by 
the concentration of an activated complex with hydroxyl ion, 


n 


VoL X94. A, (9 November 194®) 
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where is the concentration in the ‘surface phase’ of monooetylsuooinate ions, 
t is the time, and is the concentration of activated complex in the surface phase, 
is a constant. 

If an equilibrium is assumed between reactants and activated complex, 


K 


^ir 


( 2 ) 


where K is a thermodjuiamic constant, and a refers to activity in the surface. This 


may be written as 


(7jrNa01l)^(yiTNa/^)^^On'^V’ 


( 3 ) 


where is the mean activity coefficient of species i in the surface. Substitution 
of from (3) into (1) leads to 

hotrp P (yiNaou)^(y^Na/?)’^ 


dt 


which may be abbreviated to 


djCrr) 

dt 




(5) 


k<>KOoaF'dt. 


( 6 ) 


where is the activity factor. 

Integrating ( 6 ), rU{Dff.) [*> 

To simplify the integration of the right-hand term, it is assumed .tlmt, as a first 
approximation, F' and are not time variable. Carrying out the integration 
under these conditions, 




(7) 


Kk° can be written as a single constant, kg, and, further, k may be written for 


k„F'. Thus 


k = koF'=: Kk^F'. 


( 8 ) 


To obtain kg, it is necessary to know k and F', the former depending on ^OH'» 
assumed constant over small time intervals. The values of the activity coefficients 
in the surface are necessary for the evaluation of F'; and implies a knowledge 
of the ionic redistribution at the surface. Davies ( 1948 ) has applied the Donnan 
equilibrium equations in the evaluation of Cqji ^ but for an accurate analysis it is 
necessary to know the values of the activity coefficients in the bulk and in the 
surface for use in the Donnan equations 

Cxa* CoH'CyirNaOll)^ - ^Na* ^OH'(y±NaOH)** {^) 

Assuming electrical neutrality of the surface phase 






-^Na** 


(10) 


The concentration of surface-active ions in the surface layer is given by 

« 10 «* 1000 
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where N ia the Avogadro number, A is the area occupied by the long-ohain ions, and 
a? is the thickness of the surface layer, expressed in A. The previous value of 10 A 
for z (Davies 1948) will be used throughout. 

If the substrate contains an added neutral salt, say NaCl, equation (10) becomes 

+ ^OH' + ^cr — ^Na*» (12) 

and a further equation may be formulated 

f'Na’ Q:r(y±NaCl)^ == ^Vr(y±NaCl)^* (1^) 

It is thus possible to solve the equations completely for required in (7), if 
activity coefficients are known. This applies both in the absence and presence of 
added neutral salt. The concentrations in the bulk are etfectively unchanged by the 
adsorption at the surface. 

The evaluation of the activity coefficients required both in the accurate Donnan 
equations and in the factor F' presents several difficulties, 

(a) A preliminary value for the ionic strength in the surface phase must be known. 

(b) The surface phase is too concentrated (about 3 to 6 n ) for any simple equation 
of the Debye-Huckel type to hold. 

(c) The surface phase contains two or more electrolytes. Comparatively little 
work has been done on activity coefficients of one electrolyte in the presence of 
another in concentrated solutions, and no figures were known for the activity 
coefficients of an ion pair in the presence of two other ion pairs with a common 
cation. 

(d) Assumptions have to be made about the activity coefficient in the surface of 
the insoluble monocetylsuccinate ion. 

^ (e) The evaluation of /e complicated by the separation of the ionic groups 
by two saturated carbon atoms, the paucity of knowledge concerning the activity 
coefficients of doubly charged ions, and the uncertainty concerning the ionic en* 
vironment of the hydroxyl part of the complex in the surface. It has been foimd that 
at the present stage cannot be evaluated directly, and only indirect 

methods can bo used to find its variation at different surface ionicj strengths. 

Consider now the simplest case, that of sodium cetylsuccinate and NaOH in the 
surface phase, and NaOH alone in the bulk. In the latter the concentration or 
i» known, as is also the mean activity coefficient, but before the accurate 
Donnan equations can be solved, it is necessary to know y^j^aoii' ^ quantity also 
required in the evaluation of the kinetic activity factor F\ 

The method developed for the estimation of y^NTaon depends on the linearity, 
as shown by Hamed & Owen (1943 a), of the logarithmic plots of the mean activity 
coefficients of a uni-univalent salt in the presence of another uni-univalent ion pair 
with a common ion, against composition at constant total ionic strength. 

The determination of presents some difficulty, and it is necessary to 

assume that the activity coefficients of sodium cetylsuccinate in the presence of 
other ions, and those of soluble ions in the presence of the long-chain ion can be 
evaluated using the values for a system in which Nai? is replaced by Nal in equi¬ 
valent oonorotration. The justification for this lies in the structural similarity of 

27 “* 
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that part of the monooetylsucoinate ion in the surface phase to sodium acetate, the 
activity coefficients of the latter being very close, over a wide range of concentrations 
in aqueous solution to those of Nal (Robinson 1935 ). This last step could have been 
eliminated had appropriate electrical measurements been made in systems con¬ 
taining sodium hydroxide and sodium acetate. 

In evaluating f^e absence of added salt, the ionic strength and 

composition of the siuface phase may be determined to a first approximation by 
omitting activity coefficients from equation ( 9 ), and a plot of logy^jjaOH 
constant ionic strength equal to that in the surface can be drawn using the values 
of Harned fe Owen (1943 u) for the activity coefficient of NaOH in very dilute solution 
in the presence of Nal at the ionic strength equal to that found in the surface. 
From the plot can be read the value of logy^N^oH par^cular surface com¬ 

position deduced from the simplified equations, afid this activity coefficient, together 
with that of NaOH in the bulk, which is known (Harned & Owen 19436), can be 
substituted into ( 9 ) and a more accurate value of surface ionic strength and com¬ 
position results. The process can be repeated several times until no further change 
in the surface concentrations and activity coefficients is effected by resubstitution. 

When a ‘neutral ’ salt, such as NaCl, is added to the substrate, the surface contains 
chloride, hydroxyl, monocetylsuocinato and sodium ions. To trea>t this case, it was 
found necessary to extend the Bronsted (1922) theory of specific ion interactions, 
which agrees with the linear logarithmic plots of Harned & Owen (1943 a). The full 
treatment of this theory for the case of two electrolytes with a common ion is given 
by these authors, and need not be given here. Application of the theory to the 
present case of varying amounts of one anion and a constant ratio of two others at 
a constant concentration of cation indicates that the linear relationship of the 
logarithms of the activity coefficient of the first species in the mixture still holds. 
Use is further made of the theory to evaluate such terms as the activity coefficient 
of NaCl in NaOH of strength M when the clxloride is very dilute. This has been 
shown by Harned & Owen to be the same as the activity coefficient of very dilute 
NaOH in the presence of NaCl of strength M. To find the activity coefficient of 
NaCl in the surface, required in ( 13 ), the logarithms of the activity coefficients of 
this, in very dilute solution, in the presence of NaOH and of Nal, each at the approxi¬ 
mate surface ionic strength, are used as limiting values in a linear plot of logy^^aa 
against molal concentration of Nal or NaOH at constant strength. The linearity 
of this plot can be shown to follow directly from the Bronsted theory. The approxi¬ 
mate values of the surface ionic strength and composition are obtained from solution 
of ( 9 ), (12) and ( 13 ) assuming activity coefficients to be unity. The abscissa corre¬ 
sponding to the ratio of hydroxide to iodide (representing insoluble ion) in the 
logarithmic graph is thus known, and hence logy^Naa surface ionic strength 
in the presence of NaOH and Nal in the ratios, but not the concentrations, found 
in the surface, since NaCl is taken as extremely dilute in this plot (0*01 m). 

A second plot is now constructed with logy^N^a ^ limiting values in the 
presence of NaCl and a constant ratio mixture of NaOH and Nal, again at the 
surface ionic strength. The abscissa corresponding to the amount of NaCl actually 
found in the surface gives the required activity coefficient. The value of y^j^aOH 
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i 8 also required for an accurate solution of (9) and (13), and is obtained in the same 
way. The whole process must be repeated several times. 

The neutral salts added were NaCl and Nal. It was hoped to use NaCNS, but the 
strong alkali decomposed this salt too rapidly. The strongly surface-active nature 
of these large anions would be found to affect the activity coeflScients in the surface 
phase in a specific manner if there were any considerable effects due to adsorption. 
These were not found for Nal, however, which would indicate a predominance of 
normal ionic forces. 


Experimental 

The techniques already described by previous workers were used in this work. 
A Langmuir trough, in which the film pressures could be measured with an accuracy 
of 0'2 dyne/cm.and thermostated to 0 * 2 "'C, was employed. All reactions were 
carried out at constant surface pressure, and the film was confined by means of thin 
platinum ribbons. 

Sodium hydroxide and sodium chloride used were A.R. materials. Pure sodium 
iodide was used, and all water and organic solvents were redistilled from an all¬ 
glass pyrex apparatus. Benzene was foun<i to be a satisfactory solvent for the 
monocetylsucouiato. 

Monocetylsuccinate was synthesized by Dr J. W, H. Oldham. Equimolecular 
amounts of succinic anhydride and cetyl alcohol were heated at ISO'^C for 2 hr. 
without a solvent. The resultant product was almost completely soluble in a solution 
of KH CO 3 in distilled water, on account of the carboxyl group present. The solution 
was then extracted with benzene to remove unreacted cetyl alcohol and di-ester, 
and acidified with HCl. Extracting with ether removed the monocetylsuccina^, 
which was washed, while still in ethereal solution, twice with distilled water to remove 
traces of HCl, and was finally dried by evaporation under reduced pressure on a 
water-bath. The remaining material was recrystallizod from petrol ether till a 
constant melting-point product resulted, with m.p. of 61 to 63''C (cetyl alcohol 
49-3° C), Titration with standard NaOH gave a mol.wt. of 340 (calculated 342), 
and alkaline hydrolysis gave rise to a further 0 - 83 equivalent of acid, a figure regarded 
as satisfactory in view of the difficulty in titrating long-chain substances. Cold 
aqueous ethanol was the solvemt for these titrations. 

All glassware was cleaned in hot chromic acid, followed by phosphoric acid to 
remove adsorbed chromium ions. 

Evaluation of the rate constant 

Equation (7) shows that for the rate constant fc to be found, not only is ^OH* 
required, but also the rate of variation of the amount of long-chain ion in the surfaoa 
Previous workers (Alexander & Rideal 1937) have found that the surface moment 
is linearly related to the amount of reactant in the surface In a reaction at faonstant 
pressure. In the present work, however, this simple relationship did not hold, owing, 
no doubt, to a dipole interaction of the type described by Marsden & Sohulman 
(1938}, who found that films containing an ion and a dipole often show large inter- 
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action effects* Figure 1 shows the fqrce-area and potential and aurface^moment 
curves for monooetylauooinate on n alkali. Figure 2 shows the AF area and AF..4 
values for mixed films, where A refers to the area per molecule and AF is the surface 
potential. The fonotions are seen not to be linear except for the initial portion of the 
area curve, between pure ester-acid^ and a mixture with about 30% alcohol The 
large interaction at points corresponding to appreciable amounts of alcohol in the 
acid-ester film is to be correlated with the existence of three dipoles in the surface, 
one of them carrying a negative charge. 



Figuhji: 1 , Monooetylsucoimite on alkali. pH 14*02. 



, Figu»e 2 

The method adopted for the measurement of the time variation of log(fe^) 
depended on the linearity of the plot of area against composition in the mil4al part 
of the reaction, and equation (7) was used in the form 

In(^1-. 10)-In(^8*10) « 


(14) 
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where 10 A® is the area per molecule the alcohol film would exhibit if the linear 
portion of the curve persisted to 100 % cetyl alcohol. This plot of in (,4 —10) against 
time gave satisfactory straight lines. Only the first 16 % or so of the reaction was 
studi^, since during the hydrolysis changes, and with it F' and The 

temperature of hydrolysis was in all cases close to 25° C, and any oorreotions 
to exactly 26*0’^ C were made, using the energy of activation of the reaction. The rate 
.constants, k\ calculated on the basis of a bulk concentration of NaOH of l-()44N,and 
expressed os tnin."^ mole*'^ litres were found to vary with the temi:>6rature and 
pressure as shown below. 


Hydrolysis constants on 1*044 NaOH 


T^o 

k' 


T°0 

k' 


II = lOdyries/cm. 

21-5 26*8 

108x10-* 1*61x10-* 

E = 10,600 cal./g.moL 

IT = 3dyne«/cra. 

21-6 24*8 

0*590 X 10-* 0*846 X 10-* 

E =s 17,000 cal./g .mol. 


3M 

2*66 X 10-* 


30*2 

1*37 X 10 * 


Results 

In figure 3 is plotted the rate {k* x 10®) x where k' is the hydrolysis constant 
calculated directly on the basis of a bulk concentration of hydroxyl ion, against this 
last (juantity. It is clear that the rate is not linearly related to the amount of alkali 
in the bulk, even in this case where no neutral salts have been added. 



Figurb 3 
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Table 1 gives the apparent hydrolysis constants, k', at various concentrations of 
alkali and neutral salt in the bulk. The figures for the hydrolysis with alkali atone 
are those given previously (Davies 1948 ). Activity coefficients were calculated by 
the methods described above, and are shown in the sixth and eighth columns of the 
table. In the seventh are the activity coefficients of NaOH in the bulk phase for 
purposes of comparison. They are taken from the table given by Hamed & Owen 

(1943 *•)• 

Tablb 1 


surface 

ionic 


CoH* 


Ov 

Tjs* 

^OH- 

7db»*OH 

TiNaOH 

y±Tsi^ 

k' X 10» 

A:x 10“ 

strength 

0'428 

— 

— 

3-40 

0-070 

0-69 

0-70 

1-04 

7-9 

44-8 

3*48 

0-646 

— 

— 

8*26 

0-16 

0-69 

0-68 

1-02 

9-0 

36-7 

3-41 

0-866 

— 

— 

3-16 

0-28 

0-60 

0-68 

1-00 

12*8 

39-4 

3*43 

1*044 

— 

— 

3-10 

0-40 

0*60 

0-68 

1-00 

16-0 

38*9 

3*60 

1-303 

— 

— 

3-08 

0-64 

0-01 

0-70 

0-98 

17*8 

36*2 

3*72 

1*070 

— 

— 

3-07 

Ml 

0-64 

0-72 

0-98 

31*0 

66-0 

4*18 

0*866 

1-41 

— 

3*04 

0-66 

0-62 

0-66 

1-06 

17-7 

27*8 

4*00 

0-865 

2-83 

— 

3-02 

0-68 

0-60 

0-67 

1-24 

22-2 

28*0 

4*79 

0-864 

4-24 

— 

3-02 

0*75 

0-73 

0-71 

1-56 

29-8 

34*1 

6*62 

M12 

1*41 

— 

2-99 

0-76 

0-64 

0-67 

1-07 

23-0 

34*0 

4*19 

1-126 

— 

1-26 

2-97 

0-71 

0-63 

0-65 

1-02 

19-6 

31*2 

402 

M26 

— 

2-60 

2-84 

0-87 

0-64 

0-66 

M6 

21-0 

27*1 

4-84 


k values in mole”^ litres; all films at. 10 dynes and 26® C, 


The concentration of hydroxyl ion in the surface phase, ^OH' has been obtained 
by successive approximations. As an example of this procedure, the case of hydro¬ 
lysis of the ester ion on 0'865n alkali containing l'4lN-NaCl will be considered. 
Since the thickness of the surface phase is 10 A, and the film occupies 54*7 A per 
molecule, the strength of the surface phase, is given by 


10“x 10» 

6-02 X 10“ X 10 X 64-7 


3"04mol./litre. 


Hence ( 12 ) gives ^oH' •+■ 3-04 4- ^or = ^n»'- 

and (9) and (13) may be written 

^Na- • ^OH' = (2-27) (0'856), (2-27) (1-41), 

where activity coefficients have been assumed equal as a first approximation. These 
three simultaneous equations on solution give 

^Na- = 4-25, ^OH' = 0-457, Cc- «= 0-763. 

From the experimental %ure 8 given by Hamed & Owen (1943 a) and the equations 
of Brbnsted (omitting salting-out coefficients), 

7±NaOH (Naa) * ViNaO. (KaOH) ” 0-637. 

where an ionic strength of 4-25 is assumed, and where 7±NaOH(Naa) 
activity coefficient of very dilute NaOH in the presence of NaCl of the partionlar 
ionic strength. 
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From the same sources ^ 

7i;NaCKNa/e) ^ i (^7iNaa + l*17±NaJj)» 


which gives, assuming the similarity of behaviour of NaJ? and Nal, as explained 

above, ^ non 

7±NaOi(Nai?) “ 0*989. 

The fraction of Nai? in a hypothetical phase of strength 4 * 25 n, containing only 
Nai? and NaOH in the same proportions as those found as a first approximation in 
the surface phase is ^ 

= 0*869, 


3*04 + 0*457 


and, using this figure, the activity coefficient of NaCl in a mixture of NaJf? and 
NaOH in the same ratio and at the same total strength as that in the surface can be 
found, since extension of the Bronsted theory has shown that the plot of Iny^j^noi 
in very low concentrations against the proportion of R or OH' at constant total 
ionic strength is linear. 

Another linear plot is now constructed in which the figure thus obtained for the 
activity coefficient of NaCl in the NaOH/NajR mixture and that of pure 4*25K-NaCl 
are limiting ordinates, and the abscissa is the fraction of NaCl in the mixture. The 
final value of the activity coefficient in the surface is read off at the abscissa corre¬ 
sponding to the fraction of NaCl found as a first approximation, 

0-753/4*25 = 0-177, 
and 7±Naci found to be 0-91. 

By similar processes, y^Naon ^^d%7±Na/e surface are found to be 0*62 and 

1*06, and the activity coefficients of the NaOH and NaCl in the presence of each 
other in the bulk phase are 0*656 and 0*656, the agreement being ooinoidental. 

Equations (9) and (13) may now be formulated 

^Na- A)H- = (2-27) (0-866) 

(2-27) (1-41) 

and, together with ^OH' + = ^N»-> 

give i?Na- “ 4-Oi. ^oH' “ 0-546, C^. = 0-414. 

No further approximations are necossaiy in this example, since the concentrations 
and activity coefficients are fairly low. In the more concentrated solutions, and in 
the case of added Nal, a further substitution and resolution is necessary. The use of 
activity coefficients thus increases ^qh- ®-46 to p- 6 §, with decrease in the 
velocity constant from 38'1 x 10-® to 27-8 x 10-*. 

Beoaloulations of the hydrolysis constant using the final values of ^ 00 - gives the 
figures in the column headed k x lO’. 

It was shown previously (Da-vies 1948 ) that use of Cqh'* oaloulated assuming 
activity coefficients to be unity, reduced the variation in the bydrolysiB constant 
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with concentration of ^»Ii from 300 to 36 %, and table 1 shows that the application 
of the exact Donnan equations still leaves a variation of this order of magnitude. 
There is still, however, the effect of the kinetic activity factor F' to take into account. 
The activity coefficient of the doubly negatively charged intermediate complex 
is not known, but if a constant value of in equation (8) is assumed, it is possible 
to find the variation of this activity coeflScient with composition and with ionic 
strength of the surface phase, since the activity coefficients of NaOH and the 
sodium oetylsuccinate in the surface are known. From (4) and (5) 


and, from (8), 


(TiNaa/?)* 



(15) 


Therefore 

or 

f 

From this the 


_ ^(y±Naftn)^ _ 

(TiNaOH)* (TiNa/?)^ 

(y^rNaaie)^ _ (yi:N a OH)^ (yrl-.Nan)^ 

ko ^ 

y^NaaK / (y±NaQH )^ (yi:KaH)^ \* 

(*o)* I * / 

variation of follows at once. 


(16) 


(17) 



FiotroB 4. © NoOH alone, 0 NaOH+NaCl, ® NaOH-f Nal. * 


Using the figures in table 1 to evaluate the right-hand member, figure 4 shows 
a plot of yi:Kaan/(^o)* against surface ionic strength. It is remarkable that for the 
hydrolyses on alkali of strength 0*4 to 1*3 n the activity coefficients and ionic strength 
in the surface are so dose together. The latter effect arises from a slight expansion 
of the monolayer on the more strongly alkaline substrates. Evidently NaCl and 
Nal affect the activity coefficient in similar ways, with no unusual effects from the 
large iodide ion, but NaOH in very strong solution behaves differently, and reduces 
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7 ±NftaB* ^ showB^ a plot of pHjj - pH^, subscripts referring to bulk and surface 

phaseSj against pHjg* AltWugh at lower pH^ values the difference may be quite 
considerable, increase in alkali concentration greatly reduces the effect. 



Discussion 

Of the various methods available for treating the distribution of ions at a charged 
interface, the Dotman distribution method is the most readily applicable to the 
present case, when ioni^ation in the monolayer is practically complete. For kinetic 
equations, concentrations are required rather than chemical potentials, and measure¬ 
ments of the electrokinetic potential of a monolayer are difficult. 

The Donnan equations, however, prove reasonably satisfactory for the present 
purpose^ though there are various inherent sources of error in the assumptions and 
equations used in the above treatment. 

These include those mentioned previously, of a constant value of and F' 
over the part of the reaction in which measurements are made. This will be true only 
over very small intervals of time, but in practice only the first few minutes of the 
reaction were taken into account, so the effect is not serious. A further source of 
error is that of the electrical neutrality equation implying a great thickness of 
surface phase so that all the counter ions are taken into account, while a small value 
is necessary for the concentration of hydrogen ions to be that close to the surface. 

An experimental difficulty is that the surface is more concentrated than some of 
the solutions used by Harned and co- workers in the evaluation of aoti'^ty coefficients, 
and in these oases an extrapolation of the available curves is necessary. 

The application of the Doiman treatment is not limited to cases of reaction 
betvjreen an ion and another ion in the surface. If, for example, a reactant molecule 
in the film is near a separate long-ohain ion, there will still be a redistribution of ions, 
affecting the rate of hydrolysis. Such a case was enooimtered by Alexander & 
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Rideal ( 1937 ) in the hydrolysis of the neutral ester of a long-chain acid on alkali. 
The hydrolysis constant falls off as the reaction proceeds, and these authors showed, 
by using synthetic mixtures of long-chain acid and ester, that the effect was not due 
to contamination in the film, nor to the formation of a complex in the surface. They 
suggested that the cause of the slowing-up lay in the powerful electric field set up 
in the surface by the negatively charged carboxyl gmups from the acid liberated 
during the hydrolysis. It was this field that reduced the rate of upward diffusion 
of the hydroxyl ions, slowing up the reaction. They thus assumed that a potential 
barrier, represented by JFjj., was responsible for the slowing-up, so that must 
increase during the reaction. For the hydrolysis of ethyl palmitate they found that 
the initial rate constant of0*038 min.“^ decreased to 0*023 min.”^ after 26 % reaction, 
and to 0*013 min."*^ after 50 % reaction. E^ was thus found empirically to be 326 
and 630 calories. 

Application of the Donnan equations, however, makes possible a theoretical 
calculation of the slowing-up factor and of the empirical energy barrier. For the 
case of 26 % reaction, for example, if the thickness of the surface layer is taken as 
one quarter of the distance between the centres of neighbouring ions in the surface, 
in this case about 6*6 A, and if successive approximations are employed to obtain 
activity co^cients, as before, the rate constant is found to be reduced by a factor 
of 0*64, to 0*024 min.”^, in good agreement with the observed figure of 0*023 min.“^. 
The exact surface thickness does not affect this result greatly. If 4 A, for example, 
hod been taken instead of 6*5 A, the rate constant would have been 0*018 min."^. 

For the case of 60 % reactions similar considerations give the constant a value of 
0*014 min," ^ and the observed value is 0*013 min.-*^ The potential difference between 
the bulk and the surface, postulated by Alexander & Rideal, is the Donnan poten- 
•tial, which agrees with the values deduced empirically from the kinetic data. 

The authors wish to thank Dr J. W. H. Oldham for the preparation of pure mono- 
oetylsuocinate, and one of us (J.T.D.) is indebted to the Council of Canterbury 
University College, New Zealand, for an award of the Lord Rutherford Memorial 
Research Fellowship. 
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Atmospheric tides in the ionosphere 
III. Lunar tidal variations at Canberra 


By D. F. Mabtyn, D.So. 

Atiatralian Council for Scientific and Industrial Research 
{Communicated by Sir Edtvard Appleton, —Received 10 October 1947 ) 

A Btudy has been made of the lunar variations in heights and oritiool frequencies of the W, 
and Ft regions above Canberra, Australia. Semi-dhimal lunar variations have been found 
in all these quantities, and the honnonio coefficients determined. From the study of these 
it is concluded: (a) that ionospheric lunar variations are caused by ionic drift under the action 
of the 'dynamo' electric forces, and not by simple tidal rise and fall of isobaric surfaces; 

(6) that the limar magnetio variations are not produced in the F, or F| regions. 

1. Introdttctiok 

In two previous papers some consequences of the solar and lunar tidal motions in 
the ionosphere have been discussed. In the first of these (Martyn 1947 a), afterwards 
referred to as I, a theory was propounded that major anomalies in the behaviour of 
the F 2 region were due to the action of the solar atmospheric tide. The theory showed 
that this tide, when proper account was taken of the earth^s magnetic field, could 
cause notable vertical distortion of an ionized region. In the second paper (Martyn 
19476 ), afterwards referred to as II, F region data from the Huancayo Observatory 
were analyzed for lunar tidal variations. Large tidal variations in both the maximum 
electron density ^(max.) and h (max.), the height at which this density occurs, wore 
found to occur in the ionosphere at this site, which is near to the magnetic equator. 
It was also found that the phases and amplitudes of these lunar variations depended 
on solar time in a complex manner. The present paper describes the results of an 
investigation of the tidal variations at a moderate latitude (36® S.), where the theory 
indicates that the effects should be smaller in magnitude. The theory also indicates 
that the ionosphere, in its response to tidal motions, should behave like a non-linear 
system, so that the smaller tidal motions anticipated at Canberra should give rise 
to simpler ionospheric variations than were found at Huancayo. It is found in the 
course of the present work that these anticipations are borne out, and in consequence 
it has been possible to draw certain conclusions regarding the global hmar current 
oiroulatlons in the ionosphere. 

2. Lttxab tidai* variations debivep from ionosphrbio pata 

The data available consist of nine years of hourly measurements of the heights 
arid critical penetratidn fiequencies of the E, F^ and F^ regions at Canbenli 
(lat, 36*3'^ S., long. 149° E.). They were mode available by the kind permission of the 
Oommonwedlth Astronomer and the Bodio Research Board, who were jointly 
responsible for the observational programme. The methods used fin deriving the lunar 
variations have already been described in 11. The reduction of the half million or so 
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hourly readings involved is necessarily a laborious prooess. In the case of regions 
E and Ji it has been necessary to use nearly all the available data in order to derive 
the lunar variations satisfactorily* This has been necessary partly because these 
regions can only be observed in daylight hours, and partly because of the smallness 
of the variations. In the case of region a satisfactory determination of the lunar 
variations has been possible using only three years of the available data. At the 
present stage it has seemed desirable to use the available computing resources to 
make a conspectus of the variations with reasonable accuracy at a number of 
different latitudes (and longitudes), rather than to obtain the maximiun accuracy 
at any one site by the use of all available data at that site. 

2 *1. Region E 

Hourly measurements of the minimum equivalent height A' of the E region, for 
the four years from 1941 to 1944, were analyzed for lunar variations, using the 
methods desciribed in II. No significant tidal variations were found in the first, 
third or fourth harmonies. The second harmonic showed a well-marked variation. 
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FiotTBiB 1, Harmonic dial for eomi-diumal lunai* variation in at Canberra, 1941 to 1944, 
# Months of northern solstice. O Months of southern solstice, x Equinoctial montlis. 

For purposes of presentation the data have been treated in three seasoiml periods, 
comprising the months of northern solstice (JV), the equinoctial months (JS), and those 
of southern solstice {8). In each year the harmonic ooefiScients Pj, (the amplitude 
in km., and the time of maximum amplitude in lunar hours reckoned from local 
transit) are displayed in the usual manner on the 12 -hourly harmonic dial. The 
results for {N} months are plotted in figure 1 as filled in circles, those for (E) months 
as crosses, and those for (S) months by open circles. ^ 

It is seen that the points tend to group themselves about the lunar hour 5, showing 
the reality of a tidal variation in hg with maximum phase at this time. There is 
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also a tendency for this phase to retard in passing fixjm’(i 8 ) months through {E) to 
{N) months. This is shown in table 1, which gives the average harmonic ooefBcients 
for all years for each season. The mean harmonic coefficients for aU years and all 
seasons are Pj = 0-187 km. and = 6-1 hr. 

Table 1 

fieaaon Pj (km.) for (Imiar hours) 

N 019 6*8 

E . 0*16 6*3 

8 0*28 4*2 

The same procedures have been applied to the hourly values of critical j^enetration 
frequency f%, with the results shown on the harmonic dial in figure 2 . In this case, 
owing to the smallness of the variation, it has been necessary to use 10 years' data, 
covering the period 1937 to 1946. Again there is evidence of a lunar 12 -hourly 
variation with maximum phase about 4 hr. In the case of critical frequencies, for 
reasons explained in II, it is desirable to plot the ratio of mean lunar variation in 
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Figtob 2. Harmonic dial for semi-diurnal lunar variation in at Canberra. 

Quantity plotted is 200P,/mean/5, 1937 to 1946, 

to the mean value of/® for the period considered. The quantity actually plotted 
is 200P,j/mean/§, which is the measure of the percentage variation in the maximum 
electron density As in the case of there is evidence of a seasonal retardation 
in the phase of the/^ lunar variation. The moan coefficients for each season are set 
out in table 2. The mean coefficients for all seasons over the 10 years are 

200Pa/mean/i^-0*26% and 3*8 hr. 


TABnJS 2 


season 

200P,/raean/5 

(lunar hours) 

N 

0*18 

6*6 

B 

0-42 

3*8 

S 

0-40 

3*2 
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It will be observed that the variations of approximately in phase, 

heights ooourring at the same time as maximum d^sities. In each 
quantity the maximum occurs about 2 to 3 hr. earlier in summer than in winter, the 
equinoctial maxima occurring at intermediate times. 

2*2. Region Jf\ 

The procedure followed for this region was identical with that described above 
for region E. For AJr, 7 years of data were used, covering the period 1938 to 1944. 
The average harmonic coefficients for each group of 4 months are displayed on the 
dial in figure 3. The grouping of the points shows the existence of a real 12-hourly 
lunar variation with maximum phase about 6 hr. after transit. The average coeffi¬ 
cients for each season are shown in table 3. It is observed here from comparison with 
tables 1 and 2 that the seasonal run of appears anomalous for the N months, which 
might have been anticipated to yield a value of about 8 or 9 hr., and not 5*3 as 
found. The average coefficients for all seasons are ^ 0*83 km., ^ 6*1 lunar hours 
after transit. 



1-L, „ i, ,, i ■ „ .,J 

00 1*0 20 
km. 

Figttkb 3. Harmonic dial for seini-diumal lunar variation in at Canberra, 1938 to 1944, 


Table 3 

season Pg(kin.) for (lunar hours) 

N 0*85 ‘ 5*3 

E 0*64 7-0 

-S' M3 6*1 

To determine the lunar variation in 10 years’ data covering the period 1987 
to 1946 were used. The results are displayed in figure 4 on the harmonic dial in the 
same manner as foTf% in figure 2. The average harmonic coefficients for each season 
are shown in table 4. The mean values of the harmonic coefficients for all seasons 
and all years are: for 200Pj/mean/J.,, 0-26 %; and for 7*5hr, 
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It will be observed from tables 3 and 4 that while the lunar variations in and 
are approximately in phase for the 8 and E months, they are more nearly ^t of 
phase for the N months. The variation in/J.^ for the latter months cannot be con¬ 
sidered as satisfactorily determined, in view of the considerable scatter of the N 
points in figure 4, so that it would probably be xmwise to attach significance to this 
result until further confirmed. 
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Figure 4. Hannonic dial for semi-diurnal limar variation inat Canb<'rra» 1937 to 1946, 
Quantity plotted is 200Fj/mean 

Table 4 

season 200Ps/mean (lunar hours) 

N 0*28 ' no 

E 0*32 7*3 

S 0*48 6-8 

2-3. Region 

For the study of the lunar variations in hourly values for the 4 years 1941 to 
1944 were used, The results for the semi-diurnal harmonic are shown on the harmonic 
dial in figure &. The mean seasonal ooeflScients are given in table 5. 

Table 6 


season 

P,(km.) for /(jr. 

(Umar hourfl) 

N 

0-3 

7-1 

E 

1-9 

6-2 

8 

2*8 

6-2 
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The mean valnes of the coefficients for all seasons and all years are s 1*60 km. 
and (j » 6-7 hr. The seasonal swing of <j already noted in the case of the S and 
regions also occurs in winter maximum heights occurring about 2 hr. later than 
the summer maxima. Once again the summer value of P, is greater than the equi¬ 
noctial, and the latter is greater than the winter P,. In this case the winter P, is 
notably small, but it will be observed from figure 5 that this occurs because of the 
fact that two of the winter points on the dial are almost out of phase with the mean 
coefficient. 



FiotTHB 5. Harmonic dial for seini-diumal lunar variation in at Canberra, 1041 to 1044. 

In general, for the i\ region, the minimum equivalent height is not a very 
reliable measure of the ‘under-surfaoe* of the region. This happens because the 
measiurement obtained in practice is often vitiated by the presence of the region 
immediately below, which prevents the true scaling of the minimum height of the 
upper region. A better measure is the quantity which is the reading of h* at 
a frequency 0*834 time the critical penetration frequency of the region. According 
to Booker & Seaton ( 1939 ) obtained in this manner is a good meastxre of the 
height at which ^(max.) occurs. In any event it may safely be assumed that lunar 
variations obtained from data refer to a somewhat higher level in the region 
than those similarly obtained from data. 

For this study 3 years’ data were used (1042 to 1944), the results being shown in 
figure 6 and table 6 in the usual way. 

Table 6 

season (km.) for (lunar hours) 

N 0-4 6-3 

E 1*0 5*0 

S 2B 5‘3 

The mean variation over the whole period is shown graphically in figure 7. The 
mean ooefl&oients for all seasons and all years are « 1 * 68 km., « 6*7 hr. Clearly, 
the results obtained for AJ^** ^gtee very closely with those for and it is hardly 
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possible to attach significance to tiie small differences found. For example, when the 
points for 1941 are omitted from the dial, in order to make the results strictly 
comparable with those for the mean ig for N months in k'tr, beoomes6‘0. (It 
was for this reason, as the analysis progressed, that it was not thought worth while 
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FiotTBK 6. Hamionio dial for semi-diurnal luneur variation in at Canberra, 1942 to 1044. 



lunar time (solar hours from local lower transit) 


Fiousa 7. Mean Itmar variation in at.Canberra, 1942 to 1044. 

to analyze 1941 for a year whose data had already been used in deriving the 
hjf^ variation.) It is to be recalled, however, that a significant difference between the 
Ajr, and lunar variations was found in 11 for Huanoayo, a site at which both 
these quantities were found to be considerably greater than at (Canberra, and where 
rile total ranges of solar variation of h'y, and are oonsiderably'greater than at 
Canberra. 

38*3 
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The lunar variation of the critical penetration frequency of the region, was 
studied in the hourly values of that quantity for the three years 1942 to 1944. The 
tesults (for 200Pj/meah /?-,) are shown in the harmonic dial in figure 8. The mean 
coefficients are shown in table 7. 



1 

2 

3 

4 
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Fioukb 8. Harmonic (iial for semi-diurnal hmar variation in/^^ at Canberra, 1942 to 1944. 
Quantity plotted is 200i*a/mean/5l^, 

Table 7 

season 200Pj/moan tx (lunar hours) 

N 0-7 ’ 8-1 

E 1*6 9*5 

*5/ 2*4 9*6 


The mean lunar variation of/^, over the whole period is shown graphically in 
figure 9. The mean coefficients for all seasons and all years are = 1*5% and 
= 9*4 hr. As in table 3, the value of fg for the N months seems anomalous: instead 
of 8*1 hr. a value of 10 to 11 hr. might have been anticipated from the run of in 
the otlier tables. 

In II it was found that the hai*monic coefficients of the lunar variations in the 
region depended markedly on solar time. A similar analysis has been made of the 
Canberra data for and For this purpose the limar harmonic coefficients 
were derived for each separate hour of the solar day. The results for are shown 
graphically in figure 10 and for in figure 11. In each figure the variations of 
and <2 with solar time are shown separately. Since each point on these figures has 
been derived from the harmonic anal 3 rsi 8 of only 37 lunar days, it might be anti¬ 
cipated that they would show considerable statistical scatter. Actually the scatter 
is surprisingly small, particularly in the amplitude Pg. As might be ahtidpi^ted, the 
show considerable scatter at solar times when Pj is small, but at other times they 
too show a smooth variation. In the afternoon and evening hours the fg’s ate very 
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steady, while for/^, they show a smooth rise from 01 to 08 solar houm. (The latter 
variation is very similar to that found in II for the corresponding quantity at 
Huoncayo.) 



FiGirRB 11. Variation of P, (upper curve) and (lower curve) 
for/J{^ at Canberra, 1942 to 1944, 

In each figure a smooth curve has been drawn through the centres of gravity of 
each successive group of three points, thus partially eliminating the scatter. It 
seems clear that, apart from the smooth variation in (figure 11) at 01 to 08 solar 
hours mentioned above, there is no clearly marked variation in ^2 with solar time 
for either AJJfor On the other hand the amplitudes Pg in both these quantities 
(upper curves, figures 10 and 11) appear to show a clearly marked semi-diurnal 
variation in solar time. In view of its probable theoretical importance this variation 
has been harmonically analyzed with results as follows: 

(1) P 2 = 0’84km., = 7*6 solar hours. 

(2 ) /f.: Pa =* %» h ~ hours. 

3. Discussion of results 

The results described in the previous section show that there are observable 
lunar semi-diurnal variations in all the main regions of the ionosphere. These occur 
not only in the heights of these regions, but also in the maximum electron densities. 
The latter fact alone would appear to rule out any simple explanation of the pheno¬ 
mena in terms of simple tidal rising and falling of the isobario surfaces in the upper 
atmosphere. While such an explanation might account for the lunar height variations 
of a * Chapman ’ region, the maximum density of which occurs at a definite level of 
atmospheric pressure, it would not account for variations in maximum electron 
density at that leveL 
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In general it will be observed that while for the E tuad regions the Innar variations 
in A and (E(ma,x.)) are approximately in phase, largest values of ooounang 
when the region is highest, for the Fg region the variations in A and axe more 
nearly in phase quadrature, maximum of occurring 3‘7 lunar hours after the 
maximum in A. 

In I and II a beginning was made to the theory of the vertical distortion of a 
Chapman region by vertical ionic drift. The fundamental equation of this theory is 


8t 




d(Nv) 

0Z ’ 


( 1 ) 


where I(z,t) is the rate of ion production per c.c., a is the effective recombination 
coefficient, z is the ‘reduced’ height, and v is the (downwards) vertical ionic (and 
electronic) velocity, which is periodic in time, and which may vary in both amplitude 
and phase with z. Or, say, v ~ Vq(z) sin (<ut+<rz). 

In the previous papers the theory has been applied to the region, and it has 
been considered jristifiable, as a first approximation, to neglect the recombination 
term. Also, night-time conditions only have so far been considered, so that equation 
(1) has been reduced to the relatively simple equation of continuity 

BN d(Nv) 

Bt^ Bz ' ' ^ 


It has been shown that, for conditions where t; varies only in amplitude with z, an 
ionized region undergoes height and density variations which are either in or out 
of phase, maximum height occurring simultaneously with either maximum or 
minimum density. On the other hand, when v changes phase with z, the variations 
in height and density are approximately in phase quadrature. In the latter case, 
if V varies harmonically and semi-diumally, the height of the region is greatest 
approximately 3 hr. after the maximum upward velocity occurs at the level of 
N„, i.e. when the vertical velocity at the N^ level is zero. Physically, it is clear why 
this should happen. The region continues to rise while there is an upward velocity 
of ions, and reaches maximum height about the time when the ions are just starting 
to move downwards. It is also found theoretically (II) that N^ reaches its maximum 
value either when v has its maximum (downward) value (or ve), or when v has its 
maximum upward value {<r - ve). It follows that the variation in z„ (the height at 
which occurs) leads that of by about 3 hr. when a- is positive, and lags 3 hr. 
when or is negative. Symbolically, it was shown in II that when only the phase of 
V varies with z 

1 + sin (w< 4-<rzj 

and z„ * ^ cos (w<-I-orz„), provided 

The results described in § 2 above show that, for the F^ r^on, the and z„ 
variations are substantially in phas^ quadrature, so that the above theory can 
probably be safely applied here. 

On the other hand, the Np^ and z„ variations in the E and F^ regions are found 
above to be substantially in phase agreement, and it seems clear that the lunar 
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tidal movements and distortions of these regions are not conditioned by the vertical 
phase gradient of r. This conclusion is hardly surprising, since the eflfeotive recom¬ 
bination coefficient a is considerably greater in the E and JF} regions than it is in 
Fj, and can no longer be ignored in equation ( 1 ). It was shown in I that the ratio 
of the last term in equation ( 1 ) to the recombination term is of order vjHaN, where 
H is the ‘height of the homogeneous atmosphere' at the level concerned. In the 
region v appears to be of order 100 cm./sec., ff about 6 x 10 ® cm., a about 10 "^^ or 
even 10 "^®, andiV^ about 10 ®/cm.®. Hence vjHaN > 1 and the tidal term in the equation 
is particularly important. On the other hand, for the E region, H is say 10 ® cm., 
a is 10 "^® (Best, Farmer & Ratoliffe 1938 ) and N about 10 ®, so that vjHocN is less, and 
possibly much less, than unity. The ionizing term /(s, f), and the recombination 
term, may therefore be expected to dominate the equation, and considerations of 
continuity will be secondary. A discussion of equation ( 1 ) when all terms are included 
will be given elsewhere, but for present purposes it may safely be assumed, on 
physical grounds, that the height variations in regions of this type will be approxi¬ 
mately in phase with v, possible lagging 1 to 2 hr. for intermediate values of a. 

In general, the results of the theory of variations of and developed in I 
and II may be summarized briefly in the following way, which provides simple rules 
for examining the meaning of a given variation. 

Ruh ( 1 ). An ionized region moves in the direction of the ionic drift, upwards when 
that is upwards, and downwards when it is downwards. Exceptions to this rule occur 
only when the vertical gradient of v (in either amplitude or phase) is unusually great, 
or when a (and 1^) are particularly large. In the latter case the velocity of movement 
of the region may lead v by 2 to 3 hr. 

Rule ( 2 ). Variations in are proportional to the height gradient qf v (in either 
amplitude or phase), and their sign (-h or —) depends on the sign of this gradient. 


3 ‘ 1 . Discussion of E region results 

The most notable feature of the results for this region is the phase of the variation 
in (5-1 hr.), which is almost exactly opposite to that obtained by Appleton & 
Weekes ( 1939 ) for the same region in England (11-26hr.). The amplitude of the 
variation at Canberra (0-19 km.) is considerably smaller than that obtained in 
England ( 0-86 km.), but figure 1 shows that there can be no doubt that the phase at 
Canberra is in opposition to that in England. (This result is confirmed by the 
analysis of data from Brisbane (lat. 27-6‘'S.) which gives = 0-6 km., and = 4-6 
lunar hours for the E region.) 

This result is of considerable importance theoretically. According to any simple 
theory based on the tidal rise and fall of isobaric surfaces, the phase of the variation 
should be the same all over the globe, when expressed in hours from local transit. 
On the other hand, it is a necessary consequence of the theory developed in I, which 
attributes region movements to the ‘dynamo* electric forces in the atmosphere, 
that the phase of this variation should change by in the vicinity of latitude 36®. 
The present result appears therefore to give strong support to the theory and su^eats 
that Canberra (lat. 36-3® S.) is on the equatorial side of this ‘node*. The smaHness 
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of the variation at Canberra is now readily understood, since this site cannot be 
very far north of the node (cf. figure 5, curve II in I). The larger value of at 
Brisbane, mentioned above, is also now readily understood. 

Until equation ( 1 ) has been fully solved for the E region it would be unwise to 
draw any deductions from the small but definite lunar variation in (In this 
respect the height gradient of a may also have to be considered.) 

It is possible, however, to make one safe deduction from the evidence as a whole. 
There is little doubt that the maximum upward velocity of ions in the E region occurs, 
on the equatorial side of the node, due to lunar influence, between 2 and 6 hr. 
after lunar transit, (The extension to 2 hr. is made in order to allow for the un¬ 
certainty mentioned at the end of Rule ( 1 ) in the previous section.) Now this 
maximum upward velocity occurs when the 'dynamo ’ electric force in the E region 
has its maximum value Eastwards. It is possible then to compare the phase of the 
electric forces thus found in the E region from ionospheric evidence, with that which 
occurs in the (unknown) region of the upper atmosphere which is mainly responsible 
for the lunar magnetic variations. The overhead system of currents which is respon¬ 
sible for these magnetic variations is now well known, and is depicted in the form of 
current sheets by Chapman & Bartels ( 1940 , vol. 1, p. 262). A study of these sheets 
shows that, on the equatorial side of the current focus, which corresponds to our 
node, the currents have a maximum Westerly component 3-6 hr. after lunar transit. 
It is seen therefore that the electric forces found in the E region are almost exactly 
out of phase with the currents producing the lunar magnetic variations. It follows 
that the lunar magnetic variations are not produced mainly in the E region. 

3'2. Discussion of i\ region results 

The results for this region, taken as a whole, are generally similar to those for 
region E. The most noticeable differences are the increased amplitude of the variation 
in A', a small but definite retardation in the phase of this variation, and a marked 
retardation in the phase of the/® variation. In all these respects the region shows 
characteristics intermediate between those for the E and regions. 

“ In II the lunar variation in at Huanoayo, near the magnetic equator, was 
determined from three years' data (1942 to 1944). was there found to be 0*5 km., 
and ^2 lunar hours. These results are not strictly comparable with those for 
Canberra, which refer to A^^^ for the years 1938 to 1944. When the years 1938 to 1941 
are eliminated from the Canberra data the result is Pt(hyJ « 1 • 1 km. and = 5*5 hr. 
In general the level of A^* is some 15 km. higher than that of The results 
obtained at the two sites are therefore consistent with the interpretation tliat: 
(a) both sites are on the equatorial side of the node, the phases of the varia¬ 
tions being substantially the same at both places; ( 6 ) the phase of v is advancing at 
the Fi level, that of Aj^* being approximately 1 hr. ahead of that of 

From reasoning identical with that used at the end of the previous section it is 
concluded that the lunar magnetic variations are not produced mainly in the F^ 
region. As in the cose of the E region, the evidence shows that the currents flowing 
in the JFi region are almost exactly out of phase with those required to produce the 
observed magnetic variatioBa. 
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3*3. Discussion of JP, region resvlts 

The first points to be noticed for this region are the increased amplitude of the 
variations, as compared with the lower regions, and the fact that the variations in 
h and/® are now in approximate phase quadrature. The latter fact is interpreted as 
showing that the variations in/® are governed mainly by the vertical phase gradient 
in v. On this interpretation, the theory given in II shows that the phase gradient cr 
is +2P2(/Q)/mean/(j.P2(^“^*)* Substituting the mean values of these harmonio 
coefficients from tables 6 and 7, the magnitude of o is determined for each season. 
At the same time the values of are determined from the relationship 

where u) is 0*5 radian/hr. The results of these calculations are set out in table 8. 
It is doubtful if the apparent sharp increase in Vq with height is real. So sharp a 
gradient might be expected to govern the variation in and to bring it into (or 
out of) phase with the h variation. It seems more likely that the apparent increase 
in V with height is due to the rapid decrease in importance of the recombination and 
ionizing terms in equation (1), and the consequent removal of their restraining 
influence on bodily movement of the region. On the other hand the apparent 
decrease in <r with height is probably real, since it is derived from the ratio 
Pj(/o)/P 2 {A”“**), and each of these coefficients will be influenced to roughly the same 
extent by any change in importance of the ionizing and recombination terms. 

Table 8 

season Vo(kni./hr.) cr (lunar hours/kxn.) mem h^' 

N 0*2 +0*036 298 

E 0*9 +0*017 314 

1*4 +0*017 333 

Another reason for caution in interpreting the large seasonal change in is as 
follows. There is reason to believe (§3*1) that Canberra is situated near to the current 
focus of the world-wide system of ionospheric currents, i.e. near to the node in ^o* 
There is good reason to believe that the position of this node shifts north and south 
seasonally by a few degrees of latitude. The small N month variations in the 
region may simply mean that in these months the node is almost overhead.’*' Once 
again, however, the calculated values of o' will be unaffected, since this seasonal shift 
will affect the variations in/® and equally. 

The lack of significant difference in the tfs for the and variations is not 
surprising. According to the values of cr in table 8 the expected difference is about 
0*5 hr,, which is just about twice the probable error in the determination of each 

The relationship of to is interesting. According to the values’ 

found for cr it might at first sight be anticipated that the latter would be about 
100 X 0*035 or 3*5hr. earlier than the former. In fact, it is only 0*4hr. earlier. It 
must be remembered, however, that a retardation of ^tt occurs in the h variation 

♦ Strong support for this interpretation is provided hy the /J^ lunar variations at Watheroo, 
Western Australia, which have been found to ohange phase by n from summer to winter. 
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in passing upwards to a region where the recombination and ionizing terms no 
longer mainly control position. Similar considerations must apply to the relations 
between and < 2 (/^,)' The latter value should be obtained fix)m the former by 
advancing it 3*6hr. (to 4*0hr.) and then changing phase by n (to 10*0hr.).'* 

The maximum uptvard velocity of ions occurs 3 hr. before the maximum height, 
i.e. at 2»7 lunar hours. The evidence of the lunar magnetic variations shows that ions 
must move dawmoard^ with maximum velocity at this hour in the region which 
mainly produces this variation. It is concluded that the lunar magnetic variation 
is not produced mainly in the region. 

A comparison of the present results for the region has been made Math those 
described in II for Huanoayo. In view of the strong dep^dence of ig and on solar 
tiine at the latter site, it does not appear possible to draw any useful conclusions. 

Huanoayo are in general much larger than the corresponding quantities 
for Canberra, and are so variable with solar time that it would be unwise to select 
their mean values over the solar day for comparison with other sites, 

3-4. Discussimi of the luni-aoUtr variatiom in the F region 

The variations of Pg and ig with solar time, as exhibited in figures 10 and 11 may be 
briefly summarized by the statement that there are no clearly marked variations in 
and well marked semi-diurnal variations in P 2 (/p’,, A non-linear 

theory of these variations was developed in II for cases where the solar ionic drift 
velocity, was much greater than v^y the corresponding lunar velocity. In the case of 
the corresponding Canberra variations, the degree of non-linearity present is 
obviously smaller, and a simple understanding of the results might be obtained by 
expressing the variations in a power series. Thus 

iV = l + a—^siuwi-f ... (3) 

^ (i) or 

and —5co8Ct;^4-6'-"COs*w^4'.... (4) 

(i) or 

If the total drift be due to the combined action of the solar and lunar drifts, whose 
parameters are denoted by the subscripts 1, 2 respectively, then 

Nfn - 1 4-a—(6) 

and ^ a'^^1-f 2^-7^co8a>i^^co8(w2<-f 0), (B) 

where k an unknown phase constant. In deriving these expressions only terms of 
frequency w, have been selected, since it is desired to compare the theory with the 
results of an analysis of data which selects only these terms. 

*** This latter change is made up of a retardation of \it as for the h variation, plus a further 
retardation of expressing the change from the Fi region, where thep variation is con¬ 
ditioned by the height gradient of either a or of in v, to the P, region, where this 

varia^on depends on the phaae gradient in e. 
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The above analysis shows that there should appear solar semi-diurnal variations 
in the amplitudes of the lunar variations in and hP^, Moreover, these solar 
variations should be in approximate phase quadrature. (It was found above, at 
the end of §2-3, that these solar variations differ in phase by 2*3 hr.) At first sight 
therefore, a satisfactory interpretation of the luni-solar variation is obtained from 
the above simple theory. There is little doubt, however, that this gives only a partial 
representation of the facts. Difficulties appear when attempts are made to align 
the phases of these solar amplitude variations with the fundamental solar variation. 
It is probable that the variations of and with height are important in this 
connexion. The solar drift almost certainly moves the region through levels 
where and erg are changing markedly. For example, it appears from the evidence 
in II that in the region above Huancayo cTg is negative in sign in daylight hours. 
At this time the F^ region is particularly high (c. 400 km.). Such high values of 
are never attained at Canberra and Cg appears to be always positive. Nevertheless 
the evidence suggests that (X^ becomes zero in the neighbourhood of 360 km. The small 
values of exhibited in figure 11 at noon and midnight might therefore equally 
well be attributed to this gradient in <Tg. A decision on this point will require the 
support of other evidence. 

This work has been carried out as part of the research programme of the Council 
for Scientific and Industrial Research. It has been done while the author was 
visiting the Commonwealth Observatory, Mount Stromlo. The thanks of the author 
are due to Dr R. Woolley for the provision of facilities and for useful discussion. The 
Radio Research Board has provided a team of computers led by Misses A. McGillivray 
and H. Lee, whose assiduity under the direction of Miss B. Hardwick deserves 
special thanks. Mr W. L. Price has carefuUj^ checked and criticized all the theoretical 
work in this and the two previous papers. 

Refbrenoks 

Appleton, E, V. & Weekes, K, 1939 Free, Boy* Soc. A, 171 , 171. 

Heat, J. E., Farmer, F. T, & Ratoliffe, J. A. 1938 Proc* Roy, Soc* A, 164 , 96. 

Booker &; Seaton 1939 Tmrw. TFcwA. Meet, Aas. Terr, Mag, ajid Elect, p. 503. 

Chapman, S. & Bartels, J. 1940 Qeonmgnetiam, Oxford: Clarendon Press. 

Martyn. D. F. 1947 « Proc. Hoy, Soc, A, 189 , 241. 

Martyn, D. F. 19476 Proc. Roy, Soc, A, 190 , 273. 



Atmospheric tides in the ionosphere 

IV. Studies of the solar tide, and the location of the regions 
producing the diurnal magnetic variations 

Bt D. F. Martyn, D.Sc. 

Radio Research Boards A mtralian Council for Scientific and Industrial Research 
{Communicated by Sir Edward Appleton, F.R, 8 *—Received 3 April 1948) 

Bolar tidttl ofFecte aro sought in ionospheric data from reproBontative latitudes. They are 
found in the and regions. For the region the seasonal semi-diurnal harmonics 

arising from are comparable with those from i*|. The amplitudes and phaaos of those 
harmonics are determined, and they are used to ititorpret the global distribution of 
ionizatidn. Evidence is found that the lunar magnetic variation is produced mainly by 
currents in the l> region of the ionosphere, but is opposed by the corresponding currents in 
the F and Fy regions. This finding is submitted to an independent test, using McNiah’a 
evidence of the effects of solar fiares on the magnetic variation. 

1. iNTRODtTCTION 

In three previous papers some consequences of solar and lunar tidal motions in the 
ionosphere have been investigated. In the first of these (I, Martyn 1947) a theory was 
propounded which attributed the major anomalies in the behaviour of the region 
to the action of the solar atmospheric tide. The theory showed that this tide, when 
account was taken of the presence of the earth’s magnetic field, could cause notable 
vertical distortion of an ionized region. It is not easy to separate the effects of the 
solar tide from the solar ionizing influence, since both have fundamentally |he same 
periodicity. Accordingly two papers (II, Martyn 1947; III, Martyn 1948) were 
devoted to the study of lunar variations in the ionosphere. This study has ajipeared 
to verify the main features of the theory of region distortion developed in I. The 
present paper resumes the study of the solar tide. In particular, an attempt is made 
to determine the phase of this tide in the main regions of the ionosphere, a determina- 
tion which has already been achieved in III for the lunar tide. Success in this attempt 
would permit conclusions regarding the seats of the currents which produce the solar 
and lunar diurnal magnetic variations. 

2. The distortion of an equilibrium ‘Chatman region’ 

BY VERTICAL IONIC DRIFT 

It is generally assumed that the diurnal and seasonal variations of the maximum 
electron densities (^^), and the heights at which these occur (A**^* ), are adequately 
described, for the E and regions, by Chapman’s theory { 1931 ). It will appear below 
that there are small but significant departures from * Chapman region ^ behaviour in 
^th these regions. These anomalies become evident when hourly data from iono¬ 
spheric observatories are averaged over periods of the order of 10 years. Reasons will 
be advanced why these anomalies are attributed to the vertical ionic (and electronic) 
drift produced by the * dynamo ^ electric forces associated with the solar atmospheric 
tide. 
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In I and II the theory of the distortion of a Chapman region hy such vertical drift 
was worked out, with the limitations that ion production and recombination were 
neglected. Under these restrictions the results could only be applied to the region 
during the hours of darkness. For the purposes of the present paper, in which the 
E and regions are also studied, it is clearly necessary to extend the theory to the 
case of a Chapman region in which ion production and ion recombination are in 
quasi-equilibrium. In fact, whereas in the F^ region at night vertical ionic drift is 
found to be the most important cause of variations in (and sometimes even 
in i^^), in the E and Fi such drift can only be considered as a small 

perturbing term in Chapman*8 equation. The equation for N then becomes 




d{Nv) 
dz ’ 


( 1 ) 


where I(Zjt) is the rate of ion production per cm.®, a is the effective recombination 
coefficient, z is the * reduced' height, i.e. the height measured in units of H the 
‘height of the homogeneous atmosphere’, and v is the vertical ionic (and electronic) 
velocity,'*' measured positively downwards, v is periodic in time, and may vary with 
z in both amplitude and phase, i.e. v = V(,( 2 ;)sin(w^"f crs). 

The solution of equation (1) for and is obviously difficult. For the purposes 
of the present paper it is desired to find the relationship between the phases of the 
vertical drift and the consequent small disturbances in and A®*-*-, together with 
an approximate measure of their magnitude. A solution has been made by Mr C. B. 
Kirkpatrick, for the numerical values of the parameters shown in table 1, which are 
taken as sufficiently representative of J?-region conditions at the equator at the 
equinoxes. (The full details of Mr Kirkpatrick’s work will appear elsewhere.) 


Table 1 

a O’ H a> Vo (noon) 

om.V»ec. 4^ 11 km. 3071ir. 22-5km./br. 1*5x10“ 


In figure 1 are shown the departureeof A^^and A“*’^ from the theoretical ‘Chapman ’ 
values, occasioned by the last term in equation (1), for the set of parameters in table 1. 
The uppermost curve shows the percentage departure of the middle curve the 
assumed time variation in v, and the lowest curve the departure of in km. It 
will be observed that the displacement of follows closely the time variation of v, 

, and has the mme sense as v. This result, although it seemed likely on physical grounds, 

* It Ih to be noted that the assumption that v is the same for ions and electrons (see I) is 
valid when is approximately unity for each particle, u) being the gyro-magnetic 

fhjquenoy and v the collision frequency. In the region this condition is satisfied closely, in 
the Fi region approximately. In the E region is considerably less than unity for 

ions. Consequently electrons in the E region will drift vertically at a faster rate than ions. 

If the resulting current gave rise to polarization the electrons might be slowed down 
considerably. 

It is more likely that a circuit will be completed in the E-W vertical plane, since upward 
drift at a given place is accompanied by downward drift 90“ of longitude away. This onrrent 
will produce no appreciable magnetic effects at the ground, but the partial polarization 
necessary to complete the circuit will reduce the eleotronio drift velocity appreciably. 
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could hardly have been assumed without making a complete solution of equation (1). 
Considerable use will be made of it below. The departures of are more complicated, 
and appear to depend, in both amplitude and phase, on the height gradient of v. This 
again is physically likely, and agrees with the conclusions of the former papers in this 
series. 



local time 


FiaoBK 1, The theoretical departures of (top curve) and (bottom curve) from 
‘Chapman values* produced by vertical tidal drift (middle curve). 


3. The Fi begiok 

The theory of the previous section indicates that, for likely values of solar tidal 
velocities in the ionosphere, there should be observable departures in the diurnal 
variations of A®**-, for the E and regions, from those predicted by Chapman’s 
theory. It is customary at ionospheric observatories to scale, not A®**-, but A', the 
minimum equivalent height of those regions. For the F, region it is found that A' as so 
measured is, on the average, about 5 km. less than A®**-, and shows no systematic 
dlBPerenoe from A®**- in its diurnal variation. It would appear, therefore, to be safe 
to take the normally scaled values of A' for the purpose of assessing the diurnal 
variations in A®**-. 

I%are 2a shows the average diurnal variations of A'F, at Canberra (lat. 36*3® S, 
long. 149“ E) for the years 1937 to 1947 inclusive. In this figure the average curve for 
each season is shown separately. Curves marked N refer to the months around 
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northern solstice (May, June, July, August). The curves for southem. solstioe are 
marked 8, and those for the four equinoctial months E. The probable error of each 
measurement of h’Fi is 6 km. Since each plotted point on the figures is the mean of 
approximately 1320 hourly readings, it follows that the probable error of each 
plotted point is 0-14km. According to Chapman’s theory A"**- should vary closely 
as loge(Bec x)> where x i'll® solar zenith angle. Hence the variation of A"**- should* 
be symmetrical about noon. 

N E S 

i 


J 


J 


I 

09 noon 15 09 noon 15 09 noon 15 

local time 

Fiouke 2. Average diurnal variations (09 to 15 hr.) of A'Fj for each season {N, E, S) at 
(a) Canberra 1937 to 1947, (6) Watheroo 1938 to 1946, (c) Huancayo 1937 to 1947, 
(d) Wasliington 1934 to 1947. 

It is apparent that there are notable departures in the h'F^ diurnal variation at 
Canberra from that predicted by Chapman’s theory. In the winter months is 
anomalously high in the morning (or low in the afternoon). This anomaly is roughly 
reversed in the summer months. The fact that these anomalies are unsymmetrical 
about noon would appear to rule out any possibility of their being of instrumental 
origin. B’Dr example, there is always some uncertainty in scaling h'F^ because of the 
variable length of the horizontal portion of the (A'-frequency) curve. This length is 
determined by the difference between /®Jj and pE. Since this latter difference is 
almost perfectly symmetrical about noon, any error in scaling KF^ should also be 
symmetrical about noon. 

A further test of the reality of this anomaly in A'Ji has been made by plotting tire 
mean diurnal variations of h'F^ at Watheroo (lat. 30'3® S, long. 115*9° E) which has 
almost the same magnetic latitude as Canberra. This observatory operates iono- 
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sphare mounding equipment of a different pattern from that in use at Canberra, and 
the reoordfl there are of oourae sealed by different personneL The results of this plot 
for the years 1938 to 1946 are shown in figure 26. It will be seen that the pattern of 
the anomalies in at Watheroo is closely similar to that at Canberra. 

If the anomalies in h/F^ are due to the solar tide, then it would appear that at 
Canberra and Watheroo the drift velocity due to this tide is upwards in winter in the 
late morning, and downwards at the same time in summer. Now it is known that the 
focus of the ionosphere current system which produces the solar magnetic variations 
passes almost overhead in these latitudes. It is also known that this focus moves in 
latitude seasonally by several degrees, so that in N months an observatory in these 
latitudes can lie on the equatorial side of the focus, while in 8 months it lies on the 
polar side. According to the theory of vertical drift (I), the phase of this drift on the 
equatorial side of the focus is different by 6 hr. from that on the polar side. (This 
point has already been established in III, from observational evidence, for the lunar 
drift.) If this interpretation of the seasonal swing of the h*F^ anomaly at Canberra 
and Watheroo be correct, then it should follow that observatories at low latitudes 
should show a downward drift in the F^ region in the afternoon at all seasons. Con¬ 
versely high-latitude observatories should show a downward drift in the F^ region in 
the morning at all seasons. 

The most suitable data for testing this point would appear to be those obtained at 
Huancayo (lat. 12'0°S, long. 76-3® W) and Washington (lat. 38*6® N, long. 77*6® W). 
Both these observatories have been operating for over 10 years. The average diurnal 
variations of ATj at Huancayo for the years 1937 to 1947 are shown for each season 
in figure 2 c, It will be observed that the F^ region is anomalously high in the morning 
for all seasons (or low in the afternoon). 

The corresponding WF^ variations at Washington for the years 1934 to 1947 are 
exhibited in figure 2d!. It will be observed tliat the F^ region is raised in the aftern<)on 
and depressed in the morning at aU seasons. Similar results have been obtained from 
smaller series of observations at other sites (e.g. Brisbane (equatorial) and Ottawa 
(polar)). 

This would appear to be strong evidence in favour of the interpretation of the h'F^ 
anomalies as due to vertical drift associated with the ‘djmamo’ electric forces 
produced by the solar tide. If this interpretation be correct, then since maximum 
upward drift is associated with maximun^ eastward electric force in the ionosphere, 
Mid BO (very closely) with the maximum value of horizontal magnetic force at the 
ground, it is easy to show that the currents in the region are substsmtially in phoH 
with those producing the observed solar diurnal magnetic variations. 

The magnitudes of the observed anomalies in h'f, appear to be of the order 
i 4 km. Comparison with figui^ 1, which shows theoretical results for the E region 
{H m 11 km.), diows that this is of the order to be expected. In the region the 
increased value of H (90 km.), and the lower recombination rate, should give rise to 
deviations several times larger than those shown in figure 1, for the same drift 
velocity (22’6kmi/hr.). 

IVom what has been found in §2, it might be antidpated that also should 
show d^rtUTM from the CBapman variation, which for this quantity is closely 

' , tsfc *S4- -A.' '; *9 
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proportional to ooa*;^. Such doviationa, of cHrder 2%» have been found. These devia* 
tions are obviously significant, being some 30 tilmes greater tiutn the probable 
observational error. Since their interpretation involves an additional parameter, 
the gradient of v, it has been thought best to leave their discussion to another 
occasion. 

4. The E kboion 

Deviations from Chapman’s theory in this region are likely to be smaller than 
those for the F-^ region for two reasons. The height of the homogeneous atmosphere 
in the E region is less than half that in F^, and the rates of ion production and re¬ 
combination are much larger for E than for F^. For this reason it is desirable to use 


N B S 



FioiraB 3. Average diurnal variations (09 to 15 hr.) of h'E for,each season (N, E, S) at 
(a) Canberra 1937 to 1946, (6) Washington 1934 to 1947, (c) Ottawa 1942 to 1947. 

data from observatories which have been in operation at least 10 years. Unfortu¬ 
nately, the Huanoayo and Watheroo observatories ceased to scale h'E after 1 or 
2 years’ operation, on account of the smallness of the diurnal variation.‘This leaves 
Washington and Canberra as the only two observatories with 10 years or more 
available hourly data. 

The mean diurnal variation of A'JF for each season at Canberra is shown in figure 3a 
for the years 1937 to 1948 inclusive. It will be observed that there is evidence of an 
upward deviation of the E regpon during the morning in all seasons (or downward 
deviation in the afternoon). This pattern is clear for the N and E months and riightly 
less so for the 8 months. Following the discussion of the previous section fi» the 
region, it might be anticipated that the current focus in the E regkm is.soutii of 
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Canberra in aU seaaonB, but ia approaching the latitude of Canberra in the 8 months. 
If this be so then it would seem likely that Washington should show a reversed type 
of diurnal deviation. The corresponding Washington h'E data for the p^iod 1934 to 
1947 are shown in figure 36, It will be seen that the N and E months show morning 
depression and afternoon elevation, in accordance with the view that the current 
focus passes along a latitude between Washington and the equator. The diurnal 
variation of h'E in 8 months at Washington is scarcely distinguishable from the 
Chapman variation. 

Further confirmation of the position of the current focus is obtained from the 
study of six years (1942 to 1947) of h'E hourly data from Ottawa (lat. 45*6*^ N, long. 
76*8*^ W). It will be seen (figure 3c) that there is morning depression of h*E at this 
site in all seasons. The plotted points in the figure lie less smoothly on a curve than 
the corresponding points for Canberra and Washington, thus showing the influence 
of the smaller amount of data available from Ottawa. 

Following the reasoning outlined in §§ 1 and 2 it would appear to be a safe con¬ 
clusion that the tidal electric forces have their maximum eastward direction in low’ 
latitudes at approximately 9 to 10 hr. local time. It follows that the currents pro- 
ducjed by the solar tide in the E region are substantially in phase with the currents 
which produce the solar diurnal magnetic variations. 


5. THBFa»®GlON 
(5*1) Foreword on methods to be used 

It is clear that the methods of anal 3 ^is used above for the small deviations in the 
E and regions will not necessarily be best for the F^ region. For the latter region 
the depariures of from Chapman’s theory are gross, while the variations of A' 
and bear no resemblance at all to those predicted by his theory. It has seemed 
best to attack first the variation for two reasons: this bears at least some re¬ 
semblance to Chapman’s curves, and the analyses in II and III show that the lunar 
variations in/®Fa have less statistical scatter than those in h'F^ and It seems 

reasonable to hope that if the variations in PF^ can be satisfactorily accounted for by 
the action of the solar tide, then the meaning of the complexities in the A variations 
wiU become clearer. 

The vast amount of ionospheric data accumulated in the last few years in almost 
all representative parts of the world shows that the F^ region variations are complex, 
depending both on latitude and longitude (Appleton 1946 ). It would seem therefore 
to be difficult to select representative data wdthout an elaborate harmonic analysis. 
This problem has been tackled^ by selecting for examination the data from four 
Atistralian ionospheric observatories, located at approximately the same longitude, 
but which cover a wide range of latitude. These are Cape York (lat. 11 - 0 ''S, long. 
142*4^ E), Brisbane (lat. 27*5^8, long. 163’O^E), Canberra (lat. 35‘3'"S, long* 
149*0^ E) and Hobart (lat. 42-8'^ S, long. 147*4® E). If the variations at these sites 
can be satisfactDrily accounted for by the action of the solar tide, then it should not 
be difficult to extend the analysis to other longitudes^ making due allowauoe for the . 
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additional term introduced by the earth’s magnelio asymmetry about its axis of 
rotation (see I, §4’4). 

Before setting out the data and analysis, the principles to be followed in their 
interpretation are briefly enumerated. These have been discussed at length in the 
former papers. 

(i) The f’j region is distorted vertically by aemi-diwmtU electron drift produced by 
the solar tide. 

(ii) The effect of this drift on /“Fg and hF^ depends in sense and magnitude not 
only on the sense and magnitude of the drift, but also on the height gradient of the 
drift. (All these quantities are as yet unknown in the region for the solar tide.) 

(iii) The effective electron recombination coeflScient a in the F^ region is much 

less than that in Jfj, the half-life of Fi ionization being of order minutes, while 
that of F^ ionization is some hours (see I). It appears that a decreases rapidly 
above the level. It follows that the diurnal variation of pF^ may be 

profoundly dependent on the phase of the semi-diurnal vertical drift. For example, 
suppose that near sunset the drift is zero near the level and is about to 

begin upwards. It follows that ionization then existing at that level will undergo, 
during the hours of darkness, a vertical oscillation which never carries it below 
that level. Its rate of disappearance during the night will be slow. On the other 
hand, if the drift is opposite in phase to that just postulated, then immediately 
after sunset ionization will move downwards into the region where a is larger and 
will disappear quickly. Again, in the daytime, the ionization may be expected to be 
great if at sunrise drift is about to begin upwards. In this case, if the level of 
moves upwards with the drift, then the ionization there existing, and also that 
formed there during the day, will remain above the recombination ‘sink’. Since 
the drift is semi-diurnal, it appears that the optimum conditions for large average 
values of by day are the same as those for large night values. These general 
considerations may be summed up s 3 TnbolicaUy thus; 

Large valties of (day and night): fO 
Small values of N„ (day and night): fS 

The arrow followed by a number is used here and below to indicate the hour at 
which the drift has its maximum upward (or downward |) velocity. 

(iv) The drift may be expected to contain several harmonics, arising from the 
tidal velocity potential, as well as fix>m the non-uniform and anisotropic con¬ 
ductivity of the F, region. The most important of these should arise from ^ in the 
velocity potential. There may also be seasonal harmonics, the most important of 
which will probably be Global distribution of the drift arising from each of 
these harmonics has been shown in I (figure 5a, curves II and IV respectively). The 
term due to magnetic asymmetry which arises in the drift from is shown also in I 
(figure S6). It acts in such a manner as to tend to make the global distribution of 
drift 83 rmmetrioal about the magnetio equator, instead of about the geographic 
equator. Since the magnetio equator lies some degrees north of the equator in the 
Australian longitudes considered, the'main effect of magnetio asymmetry will be to 
increase the effective latitude of each Austraiiaa observatory by a few degrees. 
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(5*2) The diurnal variations of N^(F 2 ) in eastern Australia 

The average diurnal variations in Nf^ for each season are shown in figure 4 for the 
four sites in eastern Australia. Each of these observatories began to operate in 
different years, so that the data ate not quite homogeneous. Thus Cape York (a) data 
is for 1946 to 1947, Brisbane (5) for 1943 to 1947, and Hobart («) 1945 to 1947. To 
facilitate comparison two sets of curves are given for Canberra, one (c) for the period 
1942 to 1944, which covers the years of sunspot minimum, and one {d) for the years 
1946 to 1947, (It is remarked that these sets of curves would appear to be quite 



Fiomm 4. Average diurnal variations of N^(Ft) for each season {N, S) at (a) Cape York 
1946 to 1947, (6) Brisbane 194S to 1947, (c) Canberra 1942 to 1944, {d) Canberra 1946 to 
1947, (e) Hobart 1946 to 1947. 

representative of the variations found in other parts of the world at corresponding 
inagnetic latitudes. The only type of variation not exhibited by them is that found 
very close to the magnetic equator.) 

In studying the curves in figure 4 attention is concentrated, as before, on the 
departures from the normal Chapman variation. For this region it is not so easy to 
decide on the norm, since a is low enough to give appreciable departure from equili¬ 
brium, and maximum may occur an hour or more after noon. Nevertheless, it is 
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clear that there are large departures from my possible norm. At low latitudes 
maximum occurs before noon in N months, tmd after noon ha S months; at high 

latitudes this maTimiim occurs in the afternoon in N and E months, and in the 
evening in 8 months. Other outstanding oharacteristioB are the large winter values of 
during daylight hours at high latitudes, and the low values at these latitudes in 
8 months. 
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local time 

Figitke 5. Diffei'enoee between mean hourly values /"Ft at Cape York and Canberra 
for S and N months (1944 to 1946). 

If the theory developed in I be valid then these characteristics should be explicable 
by a small number of 12-hourly surface harmonics. It is desirable then to examine the 
data for evidence of semi-diurnal harmonics. It is clear that these terms, if they 
exist, would become more obvious if the ‘normal’ diurnal variation could be even 
partially removed from the data. This can be achieved by subtracting the average 
diiunal variation at one site, for a given epoch, from that at another latitude for the 
same period. In this manner the Chapman variation will be partially eliminated, 
particularly when coax is not greatly different at the two sites (i.e. in 8 months), 
while the difference in the semi-diurnal harmonics will remain. This procedure has 
been followed ^or the pair of stations Cape York and Canberra, for both N and 8 
months, for the period 1944 to 1946 (figure 5). Care was taken to ensure that the 
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averaged jPJ’g* data used were derived from identioifil for each site. Tbe same 

procedure was followed (figure 6) with data ficom Brisbane and Canberra for tbe 
period 1943 to 1947. 



Fioobb 6 , Differences between moan hourly values/®F, at Brisbane and Canberra 
lorSmdN raontha (1»43 to 1947). 

It is clear that there is a large semi-diurnal harmonic in the differences of the 
diurnal variations at these sites. As is to be expected from the reasoning above, this 
harmonic is most clearly marked in S months. A surprising feature is the marked 
difference in phase of this harmonic in N and 8 months. This suggests that the 
seasonal semi-diurnal harmonic is comparable with in the region. Further 
evidence on this point has been obtained by the study of the equinoctial change in the 
semi-diurnal harmonic at one site. Figure 7 shows the difference between the average 
diurnal variation of/®if], at Cape York for the period 7 to 20 March 1945 and that for 
the ensuing fortnight 22 March to 4 April. It is dear that a remarkably large change 
has occurred in the semi-diurnal harmonic at the equinox. 

A series of studies using the above methods has suggested that it may be possible 
to account for the range of phenomena shown in figure 4 by the theory developed 
in I, making use prindpally of the two harmonics and in the tidal velocity 
potential. The global distribution of drift velocity due to these two harmonics has 
already been worked out (I, figure 6o, curves II and IV). Two distributions olosdy 

The critical penetration frequency/® is related to AT,, by the equation = 1-24 x 10*(/®)», 

where /® is measured in Mo./seo. 
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resembling these (figure 8) have been chosen for the purpose of intei^reting the data. 
The small changes which have been made give a slightly better fit to the data, and 
are permissible on theoretical grounds, since it is known that higher harmonics must 
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Fiotm® 7. Difference between average dinmal variation pF^ at Cape York for 7 to 
20 March 1946 and «ame quantity for 22 March to 4 April 3946. 



FrauitM 8. Assumed latitude distribution of vertical drift velocity v (arbitrary units) arising 
from semi-diurnal sectorial harmonies (curve I), and from semi-diurnal tesseral (seasonal) 
harmonies (curve 11), 

be preaent. Curve 1 in figure 8 gives the assumed distribution of drift velocity 
arising from the semi-diurnal sectorial harmonics, and curve 11 that from the semi¬ 
diurnal tesseral (seasonal) harmonics. It is now necessary to assign phases to these 
hamonios. For this purpose it is assumed, in accordance with previous findings, that 
the variation in is proportional to the drift velocity, and bears a definite but as 
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yet unknown phase relationship to it. Figure 8 can now be regarded as giving the 
global distribution of the N„ variations, and phases can be assigned to curves I and II 
in the attempt to account for the global distribution of the observed variations. 
These phases have been assigned as follows. The diurnal variation of at Cape 
York at the equinoxes shows a clear midnight maximum (figure 4), being some 15 % 
greater at 24 hr. than at 23 hr. Accordingly, the variation given by curve I is 
assigned maximum positive amplitude at 12 hr., for latitudes lower than 31° (and 



6 

Figure 9. Harmonic dial giving amplitude and phase of semi-diurnal tidal 
variation for each season {N, E, S) at all latitudes. 


consequently at 6 hr, for higher latitudes). Curve II is assigned its maximum phase 
at 3 hr. in summer for latitudes below (and consequently at 9 hr. for higher 
latitudes). In winter the phase of curve II I’everses, of course, giving maximum at 
9 hr. in low latitudes, and 3 hr. for high latitudes. Having assigned these phases on 
the basis of the observed variations at Cape York, it is now possible to test their 
applicability to other latitudes. To do this, the vectors represented by curves I and II 
(figure 8) are added, the result being displayed on the harmonic dial (figure 9). The 
curves {N and iS) give the amplitude and phase of the variation at all latitudes for 
N and 8 months. The scale of latitude is shown along each curve. At a given point on 
the curves the amplitude of the J!^ variation is given by the distance from the centre 
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of the dial, while the phase (time of maximtim positive amplitude) is given by 
drawing a straight line from the centre of the dial through the point; this line is then 
considered the hour hand on a 12 hr. clock face. The corresponding curve for the 
equinoxes is simply the vertical line through the centre of the dial. It too is scaled in 
latitude. The position of the Australian observatories is shown on each curve by the 
appropriate initials, CF, J5, On, H. Comparison of the results in figure 9 with the 
observed variations in figure 4 would appear to show that a good representation of 
the variations has been obtained, Thus, at Hobart, the 8 maximum at 20 hr., the 
E maximum at 18 hr., and the N elevations at 4 and 10 hr. are all accounted for. 
Similar features at the appropriate times can be traced in the observed data for the 
other observatories. 

There remains to be considered the relationship between the phase of the 
variation and the drift which produces it. An important clue is provided by the low 
summer-day values of found at latitudes > 40^ in all parts of the world. According 
to the discussion in § 6*1 this should happen* when the phase of the drift is approxi¬ 
mately j 9. Similarly, a high degree of winter-day ionization at latitudes > 40"^ 
strongly suggests drift which has phase near j 3, Now these phases are approximately 
observed in the variation at high latitudes, which has its maximum at about 8 
(and 20) hr. in summer, and 4 (and 16) hr. in winter. It would appear very probable, 
therefore, that the maximum downward drift occurs very nearly at the same time as 
maximum positive SN^. (It will be recalled that tliis is the phase relationship which 
has been found between these quantities for the case of the lunar tide (II and III). 
Theoretically, such a phase relationship has been found to indicate that the phase of 
the drift velocity advances upwards through the ionized region.) 

Now, if this interpretation be correct, then the drift velocity at low latitudes in 
winter will have the phase 110, and low values of daytime ionization might be antici¬ 
pated there in that season. There is no evidence that this happens. A good deal of 
light is thrown on the cause of this apparent difficulty when the phase of the drift in 
the region is considered in conjunction with that in Fg. It appears (§ 2) that the 
phase of the drift is much less influenced by seasonal harmonics, and can be repre¬ 
sented roughly by t 3 in high latitudes (> 35"^) and f 9 in low. Curve 1 mfigure 8 can 
probably be taken as an adequate representation. In figure 9 it appears as the 
horizontal line through 9 and 3 hr., and has been scaled in latitude. The rapid change 
of amplitude and phase between 30® and 40® latitudes is clearly seen; Can'berra is 
therefore particularly sensitive to even a small seasonal harmonic, as the evidence in 
§ 2 shows. 

It will be seen that at both high and low latitudes in summer, the phases of the 
drifts in the and F^ regions agree to within an hour or so; in winter there is near- 
pliase opposition in all latitudes, (It is also to be remarked that in nearly all latitudes, 
at both seasons, the phase of the drift leads that of the JJ, thus exhibiting the 
upwards advance of phase which is found above on other evidence.) Now a pheee 
reversal, such as appears in winter between F^ and implies a small amplitude at 
the tevel of reversal. It follows that, in winter at low latitudes, the F* drift m the 

* Tliia depression of is irreversible, and is to be clearly distinguished from the oyriks 
variation of portrayed by %ur6s 8 and 9. 
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morning hours before noon, although downwards, has a small and decreasing 
amplitude* This cannot be so effective in removing the under-surfaoe (and maximum) 
of the ij region as the corresponding drift in high latitudes in summer, which sweeps 
downwards through both regions unchecked* The * blow-up* of the region in 
summer at high latitudes, which is one of the most outstanding oharacteristioa of this 
region, has been ascribed above to downward drift of ionization in the hours between 
sunrise and noon. This process is irreversible, since it results in the disappearance of 
much of the ionization formed in the lower part of the regions. While it is easy to 
understand the low values of daytime which accompany this process, it is not at 
all obvious why it is accompanied by high values of and .Pj, which are the 
other characteristic features of the ‘ blow-up * of the region. It is not easy to treat the 
problem analytically, in view of the complexity of the relevant differential equation, 
but some insight may be obtained from cases already examined in I. The increasing 
value of a at the lower levels results in an increasing rate of disappearance of electrons 
as we pass downwards in the region. This effect is simulated, for the simple cases of 
variable flow treated in I, by the condition that the velocity increases in amplitude as 
we pass downwards. In the latt^er case the gain in ionization per unit volume per 
second from above is less than the loss to lower levels; there is a net loss from flow 
alone- It follows that the case of uniform downward flow accompanied by a gradient 
of a positive downwards, should be closely analogous to that of uniform a with drift 
increasing downwards. The latter case has been solved in I (figure 6 ). It is shown 
there that when the gradient of t? is sufficiently steep rises. There is little doubt 
that the gradient of a is sufficiently steep to give the corresponding effect in the case 
under consideration here, and that drift downwards will produce the characteristic 
‘ blow-up * of the region. There is one fundamental difference, however, between the 
two cases just compared. That treated in I is reversible; when the drift revei'ses, and 
ionization moves upwards, will decrease and increase. The present case is 
irreversible; much of the ionization carried downwards has disappeared into the 
‘ sink *, and on reversal of the drift will continue to increase, though may now 

start to increase. It will be seen that, for the conditions postulated, the level at 
which occurs will move upwards, whether the drift be up or down. Now at sunrise 
these conditions appear to be always satisfied. The F^ and F^ regions at this time are 
merged together, and the sharp gradient in a must be close to the level of h^^F^. 
It follows that, under all conditions of appreciable drift at sunrise, the F^ region will 
commence to rise and separate from F^* But from what has been said above, such 
drift is appreciable always in summer at all latitudes. In winter at low latitudes the 
small downward drift soon after sunrise may cause a small ‘ biow-up but in winter 
at high latitudes the small upward drift may fail to separate the regions appreciably. 
The ionization formed by the sun is slowly lifted from the sink, and thtia preserved to 
contribute to the high midday level of ionization which is so characteristic of high 
latitudes in winter. 

The above discussion is clearly consistent with the view, already expressed by 
Bradbury ( 1938 ) and Mohler ( 1940 ), that the F^ and .Fi regions can be regarded 
fundamentally as manifestations of a single Chapman region. The greater electron 
density in can be regarded as due to the lower value of a in that region. On this 
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view the reduction of a must occur slightly above the level of maximum ion produc¬ 
tion in this single region, which is to be identified with the level of This is 

consistent with a conclusion of Appleton ( 1940 ), who finds a constant over the small 
range of heights covered by the diurnal and seasonal changes in On this 

view the very large changes inpi\ with sunspot activity are due to a component of 
solar radiation which is quite distinct from that producing the normal composite 
F region. It would be anticipated then that this highly variable component would be 
less penetrating than the normal component, and would produce its maximum 
ionization at somewhat higher levels in There is a good deal of evidence that this 
is so, but the discussion of the data on this point must be left to a later paper. 

None of the Australian observatories lies close to the magnetic equator, so that the 
characteristics of the region have not been discussed so far. The effect of the term in 
due to magnetic asymmetry of the earth is to distort slightly curve I in figure 8 , so 
that it reaches its lowest point, not at the equator, but near to the magnetic equator. 
For the purposes of this discussion it is sufficient to assign to such observatories 
a latitude which is their magnetic and not their geographic latitude. It follows from 
figure 9 that the phase of the drift at such observatories will be 112, and the seasonal 
variation will be small. The amplitude of the drift will be considerably larger than is 
shown in figure 8 . 

6. The location of the currents producing the magnetic variations 

It has been shown above that the ‘dynamo’ currents flowing in the E and F^ 
regions are substantially in phase with those which produce the solar magnetic varia¬ 
tions. The corresponding currents in the F^ region show marked seasonal variations 
of phase which do not appear in the magnetic variations. There is little doubt thoi'e- 
fore that the currents in the F^ region have only a small effect in producing the 
magnetic variations, a conclusion wliich is a priori probable because of the small 
conductivity of this region. Now McNish ( 1937 ) has produced strong evidence that 
the solar magnetic variations are produced mainly in the D region. This conclusion is 
baaed on the fact that notable solar flares, which produce strong ionization in this 
region alone, produce afeo a strong enhancement of the normal solar magnetic 
variation. It appears therefore that this is the main seat of the solar magnetic 
variation, while the currents in the E and F^ regions contribute to an unknown 
extent. 

On the other hand, it was shown in III that the lunar ‘dynamo’ currents in the 
latter regions (and in F^) are almost in phase opposition to those which produce the 
lunar magnetic variations. Symbolically, the evidence from the study of solar and 
lunar drifts in the ionosphere indicates that 

8 » 8x) + SjsiFi (^) 

wlule Jj “ (^) 

being the main lunar magnetic variation current. On theoretical and observational 
grounds there is little likelihood of any unknown ionized region existing which could 
liave a conductivity adequate to produce observable magnetic variations. It seems, 
therefore, almost essential to identify as Lj^. 
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Now it has been a serious difficulty in the theory of the magnetic variations that no 
single ionospheric region has the necessary properties to permit identifioarion as the 
seat of the L variation, which shows large seasonal changes, but almost negligible 
influence from sunspot activity. It is important, therefore, to investigate whether 
the system given by equation (2) is capable of accounting for these peculiarities of the 
lunar variation. 

The ionospheric current systems necessary to produce the solar and lunar magnetic 
variations have been delineated by Chapman & Bartels ( 1940 , 1, 229 and 202 re¬ 
spectively). For S the daytime circuit in winter carries 36,000 A, in summer 89,000 A. 
For L the daytime circuit carries 10,000 A in summer and 2400 A in winter. These 
figures refer to years of sunspot minimum. At sunspot maximum the 8 currents 
increase by 50 %; the L currents are unchanged. These facts are expressed symbolic¬ 
ally in terms of equations ( 1 ) and ( 2 ) as follows: 


1 +p = seiSjj, 

(4) 

II 

1 

(6) 

Pi + PPi = 88/*^®. 

(6) 

Pi-pPi = lO/i/So, 

(7) 


(8) 

Qi-pqs = 2 - 4 /*- 8 „, 

(9) 


where Sjj is the solar daytime current in the 1 ) region circuit in winter, measured in 
thousands of amperes, p is the ratio of the conductivity of the EF regions to that of 
the D, k is the ratio of the average lunar tidal velocity to that of the solar, 2 
the ratios of summer to winter conductivities in the Dy EF regions, 2 are the ratios 

of sunspot maximum to suiispot minimum conductivities in the Z>, EF regions. 

It is assumed for simplicity that both the solar and lunar velocities are constant in 
magnitude throughout the regions, although, of course, the latter velocity changes 
its sense between D and EF, 

In this set of six equations there are seven constants, one of which, q^y can be 
derived from the variation of electron densities in the E and F^ regions during the 
sunspot cycle. On the assumption that the proportion of negative to positive ions 
in these regions does not change during this cycle may bo taken as 1 * 6 . Equations 
(4) to (9) are now solvable, giving 8^ « 2*1 x 10 * A, /o = 0 * 71 , is® 0 * 40 , « 2*7, 

^2 sa 2 * 1 , = 1 * 43 . All these results seem entirely reasonable; particularly so when 

it is realized that there is nothing to prevent some negative solutions being obtained 
from such a system of equations, a result which would not have been acceptable 
physically. 

It appears then that the facts of the 8 and L variations can be interpreted naturally 
by considering each to have two unequal components, which are additive for the 
8 variation and which oppose each other in the L variation, this interpretation being 
consistent with the evidence derived above on the phases of the solar and lunar tides 
in the EF region. Since this conclusion has been reached indirectly, and depends 
uporiL a rather long chain of evidence and deduction, it is clearly desirable to submit it 
to a direct test. It appears that this should be possible from studies of the effects of 
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solar flares upon the magnetic variations. According to the solutions found above 
L^/Sj) is as much as 0-4, although the observed L variation is only 2-4/86 a 0-067 
time S. Clearly, when solar flares enhance the conductivity of the D region, th^ 
should greatly enhance L, so that it becomes more comparable with S. In fact,, it 
should be possible to And evidence of a greatly enhanced L in data such as MoNish 





omp./km. in current sheet 

Fioubs 10. Ionospheric current sheet vectors at Huancsyo dviring three sohvr flares. OB is 
normal diurnal vector, and OC the additional vector due to flare (a<!cording to McNieh). 
AD is predicted enhanced lunar vector. 

( 1937 ) studied. The latter has given analyses for three major flares, in the form of 
world maps. Arrows from each magnetic observatory indicate (a) the normal iono¬ 
spheric current vector above the observatory at the time of the flare, and (fc) the 
additional current vector due to the flare. MoNish concluded that tbesd vectors 
coincided substantially in direction. A careful re-examination of this data appears to 
support the view that the deviations between these two vectors, as shown on 
McNish’s maps, agree with the hypothesis that they are due to an enhancement of L, 
MoNish’s data for Huanoayo are reproduced in figure 10 . 

This site was chosen for special study since it was near the subsolar point on the 
occasion of each flare, and both 8 and L are particularly laige at thk observatory. 
In the figure the current vectors are shown at (a) for the flare of 6 Novembw 1936 at 
1608 O.M.T., at ( 6 ) feu that of 25 August 1936 at 1825 o.u.t., and at (c) for 8 April 
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1936 at 1646 o.M.T. In each case OB gives the direction and amplitude of the current 
producing the normal diurnal variation at Huancayo at the given time, according to 
MoNish, OC gives the additional current at the time of the flare, also according to 
McNish. OA gives that portion of the 5 currents which flow in the i) region, according 
to the above analysis, i.e. 1’71 OA = OB. If 8 only were enhanced by the flare, then 
OC should coincide in direction with OB. The direction of L at the date and time of 
each flare has been derived from Chapman & Bartels { 1940 ,1,262“"263). It is given in 
each case by the direction AD. It is necessary now to assess the enhancement of 
conductivity in the D region due to each flare. If this can be done, the additional 
vector duo to both 8 and L is fully determined by the theory above. For a first 
attempt it has been assumed that the conductivity of the D region was doubled by 
each flare. OA then represents in each case the enhancement of the 8 current, 
while the theoretical enhancement of the L current has the direction AD and magni¬ 
tude 0'4 OA. Thus in each case OD represents the predicted total flare disturbance 
vector. This is to be compared with OC, that actually found by MoNish, and OA, 
that which 8 alone would produce. It is seen that there are grounds for the view that 
a greatly enhanced L variation appears in the flare disturbance vector. In each case 
the 8 vector has been deviated by L in the right direction. In cases (a) and ( 6 ) the 
magnitude of the change of conductivity in the D region appears to have been well 
assessed, so that the calculated vector agrees closely with that observed. In case {c) 
the magnitude of the total disturbance vector would agree more closely with that 
found if a slightly smaller enhancement of D region conductivity occurred for this 
flare than for the other two. Thus if OA' represented the enhancement in 8 in this 
case, then OD' would be the deduced vector. The study of the effects of other major 
flares on the Huancayo magnetic variations, particularly if they occur at times when 
the L currents are at right angles to the 8, should decide the issue conclusively, 

This work has been done on behalf of the Radio Research Board of the Council for 
Soientiflo and Industrial Research, Australia, It has been carried out principally at 
the Commonwealth Observatory. The thanks of the author ate due to the Common¬ 
wealth Astronomer for the provision of facilities and ionospheric data, and for use¬ 
ful discussion. The statistical work was carried out mainly by Miss M. Kilmartin and 
a group of computers supervised by Miss B. Hardwick. The author is indebted to 
various institutions, notably the Department of Terrestrial Magnetism, Carnegie 
Institution of Washington, for much of the data used. 
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Temperature and pressure phenomena in the flow of 
saturated liquids 


By R. S. Silver, D.Sc. 
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The rate at \^oh evaporation can occur from a surface is limited by the rate of heat flow 
into the surface. Because of this limitation when a liquid at its boiling point commences to 
flow, the proportion of vapour which forms as a result of the Bernoulli fall in pressure is less 
than is calculated from adiabatic expansion. A theory for the actual amount of vapour which 
will form Is given, together with an analysis of its effect upon the velocity of flow and the 
quantity of fluid passed by a nozzle. It is found that although the system consists of a central 
core of liquid and an envelope of vapour, the calculated limiting velocity of flow, which is the 
velocity of preeaure propagation in the system, is low. The order of magnitude is 20 m./seo. as 
compai^ with 400 and 1500 m./sec. for vapour alone and liquid alone respectively. There is 
a corresponding critical pressure, analogous to that in a geks noKzle, but in contrast to the gas 
case, botVt the critical pressure and the limiting velocity itself are functions of the diameter 
and length of nozzle. 

Experiments are described which confirm these theoretical deductions in all respects, and 
which also show good quantitative agreement with calculated velocities, critical pressures, 
and amount of disohazge and of evaporation. 

On the basis of this experimented verification general phenomena to be expected in pressure 
propagation through liquids near saturation temperature are discussed. 


1. iNTRODtJOnON 

Consider a volume of liquid at a uniform temperature Tq being introduced into an 
atmosphere of its own vapour in the saturated condition at pressure p and tem¬ 
perature T. If 7, > r the whole volume of liquid is instantaneously in a super¬ 
heated condition, its temperature being greater than the saturation value corre¬ 
sponding to the pressure upon it. It wUl therefore proceed to evaporate into the 
surrounding atmosphere until such a proportion has evaporated that the remauning 
liquid is reduced to temperature T and the whole system of liquid and vapour is in 
saturation equilibrium at pressure p. It is assumed, of course, in enunciating these 
conditions that the conditions p, T m. the vapour atmosphere are maintained by 
suitable experimental arrangement. The proportion of the original liquid volume 
which has to evaporate for the new equilibrium is readily calculated on the following 
considerations. Let L be the heat of vaporization, C,the specific heat of the liquid, 
M the original mass of the liquid and q the proportion which evaporates, then we have 

qML^€^Ta~T)M, ( 1 ) 

This expression is an approximation valid when 7,- T is small. The more correct 
statement is obtained by considering that the entropy of a mixture of liquid and 
vapour with proportion q of vapour is ■> S,+q{LIT). When this is differentiated 
and it is assumed that no heat is lost or gained in the complete system liquid plus 
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From the Clausiua-Clapeyron relation, where is the specific heat of the saturated 
vapour, this gives 

dq^~[Ci^q{C,--C,)l ( 2 ) 

It is seen from this that equation (1) is an approximation valid when q is small. 
For larger values equation (2) would have to be integrated. 

However, the results expressed either in equation (1) or in the integral of equation 
(2) refer to the attainment of a new equilibrium. The interest of the present paper is 
in circumstances where the time is too short for that equilibrium to be attained. 
The order of magnitude of the time required for obtaining equilibrium may be 
investigated as follows. The moss of liquid can be regarded as a body initially at 
uniform temperature which is suddenly introduced into a region into which it 
loses heat from its surface. It is an essential characteristic of the solutions to this 
type of problem that the mean temperature in the body changes appreciably only 
after a time which is of the same order of magnitude as In this expression 

k is the thermometric conductivity of the substance, i.e. its thermal conductivity 
divided by its specific heat per unit volume, and A is a length of the same order of 
magnitude as a radius vector from a median point within the body to the boundary 
surface. Thus for a sphere of radius a losing heat at its surface, A is of order a and is 
so also for a cylinder of radius a losing heat from its curved surface. Hence the new 
equilibrium postulated can only occur after a time of the order A*/6fe. Now for most 
liquids k is of the order 10"*^ cm.^/sec., so that if A is of the order 1 cm. the attainment 
of equilibrium will require more than 200 sec. 

There is, however, a modification to this simple statement which has to bo con¬ 
sidered. If discontinuities can arise within the liquid its outer surface can no longer 
be regarded as definitive and equilibrium may be reached in a shorter time. Con¬ 
versely, the possibility of equilibrium being attained in times shorter than A^/5fc is 
governed by the possibility of forming discontinuities within the liquid, and the 
actual time recjuired will depend upon the number of such discontinuities formed. 
If it were true that a liquid whose vapour pressure is higher than its hydrostatic 
pressure could forthwith form an even distribution of bubbles throughout its volume, 
then the surface available for evaporation would be very much increased and the 
time required for equilibrium could become very short and approach zero. However, 
it has long been established theoretically that there is considerable difficulty in 
forming a bubble due to the action of surface tension, and, indeed, from an elemen¬ 
tary consideration of surface tension it is more <iiffioult to understand why bubbles 
do form in common practice than why they do not under certain circumstances. 
An amount of experimental evidence is now available which establishes that when 
bubbles do form it is because of the presence of solid irregular surfaces in contact 
with the liquid or of gas dissolved in the liquid or of mechanical tensile stress applied 
to the liquid, so that the effective hydrostatic pressure is much less than the vapour 
pressure. Thus it is legitimate to assume for a pure liquid not in contact with solid 
Surfaces and not subject to tensile stress that the theoretical impossibility of forming 
bubbles will be fulfilled and therefore that the time required for attainment of 
equilibrium wlH be of the order discussed above. 
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This ciroumstanoe has many applications of practical importance. Thus, for 
example, when it is desired to cool a liquid by self-evaporation from a falling spray 
it is necessary that the time for fall of a drop should be of the order a®/5jfc, where 
a is the radius of the drop. Such considerations determine the useful particle size. 
Another interesting cose is where liquid at its saturation temperature flows through 
an orifice or short nozzle. It may be considered to flow as a jet, and in most practical 
oiroumstanoos it is actually in the orifice or nozzle for only a fraction of a second. 
Hence if the jet radius is of the order of a centimetre the attainment of equilibrium 
in an element of the liquid is not possible until after it has passed through the 
nozzle. It is with this problem in particular that the present paper is concerned, for 
besides being one of important practical occurrence it has also many features of 
considerable physical interest. One of the most important is that the acquirement 
of velocity in the orifice is accompanied by the formation of vapour. The specific 
volume of vapour is so large compared with the specific volume of liquid that even 
a very small proportion of evaporation may cause an appreciable change in the 
specific volume of the fluid as a whole. This means that the mass which can flow 
through the orifice, whose area is limited, will be less than the mass of cold liquid 
which could flow through the same orifice with the same velocity. However, it has 
also to be remembered that the velocity cannot be the same as for a cold liquid, 
since the specific volume and therefore its integral over the fall in pressure has been 
changed. Hence the calculation of the amount of saturated fluid which can flow 
through an orifice or nozzle requires the determination of three main things: 

( 1 ) the proportion of vapour which can form in the time during which the fluid is 
in the orifice; 

( 2 ) the effect of this proportion of vapour upon the specific volume; and 

( 3 ) the effect of this proportion of vapour upon the velocity. 

However, all these three factors are intercoimected, since the proportion of 
vapour depends upon the time in the nozzle and the time depends upon the velocity. 
The latter in turn depends upon the proportion of vapour formed and upon its 
effects on the specific volume. Moreover, the vapour will form an annular envelope 
around the liquid core, and the surface from which evaporation can take place will 
be determined by the radius of the liquid core rather than the radius of the nozzle. 

However, the importance of the time necessary for attainment of equilibrium in 
this problem has not always been appreciated, and a conventional approach to the 
problem has been to assume that the proportion of vapour formed was given by the 
equilibrium formula of equations ( 1 ) or ( 2 ). This meant, of course, a greatly simplified 
procedure, since the proportion of vapour was then independent of the velocity and 
of the jet dimensions and could indeed be immediately specified for any fall in 
pressure. The velocity and the specific volume could then be calculated directly and 
an expression obtained for the quantity discharged. But naturally enough the 
results predicted were not at all in accordance with experiments. Thus Bottomiey 
( 1937 ) found that orifices draining saturated water from a steam boiler feed heater 
passed more than five times the quantity he calculated in the equilibrium theory. 
Benjamin & MiUer ( 1941 ) found that sharp-edged mifloes discharged the same amount 
of saturated water as of cold water. The latter result is immediately acceptable if 
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one regards the time available for vapour formation to be zero for a sharp-edged 
orifice. No experiments have been published in which the problem has been dealt 
with from the standpoint of the time required for attainment of equilibrium except 
an account (Silver & Mitchell 1945 ) of the present experiments given from the 
engineering point of view, and in relation to which this theoretical discussion is 
presented. 


2. The velocity of flow of a satueatbd mixtokk 


Consider a liquid originally in equilibrium at and 7{,. Now let it flow without 
friction to a region of reduced pressure whose associated saturation temperature 
is 7 ^ 1 . We have already noted that equilibrium conditions may not be attained in the 
short time available for flow so that the proportion of vapour which forms is not 
predictable from equilibrium considerations alone. Hence, denoting this proportion 
by q we cannot assume that q is proportional to —TJ,. But while this is so, it is 
nevertheless legitimate to assume as an approximation that the fraction xjq which 
has formed at any intermediate temperature T is proportional to the temperature 
drop T. Then since x - q when T = T^^ the coefficient of proportionality must 
Therefore 

X = 



This is the proportion of vapour at any intermediate pressure^ and its associated T, 


The specific volume is 




(4) 


where is the specific volume of the saturated vapour at p and T and is that of 
the liquid. 

The velocity is given by Bernoulli’s theorem 

—-’Vidp'-xV^dp. 

The integration of the first term is easy, since is constant. Since and T are 
saturation values, for dp in the second term can be substituted from Clapeyron’s 

dp_ L , L ... 

dT - f{V,-Vty TK’ 

and, using also (3), xVJp = (^) ~ 

therefor, («) 

Variation of L with T can be neglected in the range of our experiments. The limits 
are from p,, % to p„, Tg, and the initial velocity is taken to be zero. Hence the 
velocity obtained is 

30-a 
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If the temperature diflFerence To—JJ, is small compared with Tq or 7J,, these being 
absolute, 


therefore 




■Vi{po-Pa) + 


2 T, ^ 

qL{T,-T,) 

2T„ • 


(7) 


It is worth notiag that the first term is the expression for the velocity energy obtain* 
able by liquid alone. 

There is perhaps some difficulty in accepting this treatment in general since the 
fluid is not homogeneous. It may be supposed to divide itself into regions such as 
a liquid core and a vapour envelope, and through those regions stream-lines might 
be drawn in which the velocity was governed only by the pressure-volume relation 
of the separate phases, the velocity in the vapour phase being different from the 
liquid. In the present treatment this possibility is ignored. Theoretically it is only 
an approximation. As will be seen later the procedure is justified by results. 

Equation (7) can be written in the form 


V 


2 _ 
a *“ 



qm-T,) \ 

r 


( 8 ) 


where Vg is the velocity acquired by cold water for the same fall in pressure, and this 


is of the form 




(9) 


where m = (19) 

wi is a constant for given temperatures and pressures, so that (9) is an equation 
defining v„ in terms of i.e. which specifies the velocity in terras of whatever 
proportion of vapour does actually form. 


3 . TeMPERATUKK DISTRIBXTTION in the LlftlTID OOBE 

Imagine the cylindrical jet at initial temperature Tq divided into elementary 
circular laminae of radius a with no heat flow across the flat faces. For the heat flow 
in such a lamina, if ^ is the temperature excess above the surrounding environment, 

dr^'^ rdr~ k'St’ ^ ^ 

Tho boundary conditions on entering an atmosphere at temperature T' are 
expressed m 0 = iT', «« 0, 0<r<o, ’ (12) 

6 — 0, 1 = 0, r = a. (13) 

The solution is 0 - 2(7|, - T') S e^cp f" - (1*) 

1 "n''l("») L ® J 

where and are the zero- and first-order Bessel functions, and R„ is the nth root 
of the equation Ji)(x) = o- 

The initial temperature distribution is as shown in figure la. Equation (14) gives 
for small values of kt/a* a temperature distribution as in figure 16. 
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The values of ktja^ which are involved iti flow through noxzles are very small» of 
order 10"* to 10““®. It is difficult to calculate the total heat lost from a lamina for 
such a short time* because one has to use very many terms of the series for 0. More¬ 
over, in the present case the time considered is that for passage through the nozzle, 
and depends upon the velocity—which in turn is determined by the heat lost in 
evaporation. As a result of these two circumstances the problem is intractable on 
the strict basis of (14). 



Figurk 1 



However, the difficulty may be circumvented as follows* Making use of the fact 
that the time is very small and that therefore the gradient near r ^ a in figure 1 b 
is very steep, the approximation is made that all the cooling is confined to a thin 
laminar layer across which the temperature is linear, i.e. the distribution shown in 
figure 1 c as an approximation equivalent to figure 16. 

The thickness 8 of the cooled layer must vary from zero at the entrance to or at 
the exit. Moreoveti since the pressure must fall from at entrance to p^ at exit, 
there will also be an axial variation of surface temperature T\ Hence the complete 
a^cial conditions are as represented in figure 2. For the present attention will be 
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confined to the temperature in the liquid only. The temperature in the vapour 
envelope demands special consideration and will be dealt with later. Mettnwhile it 
may be noted only that at a point where the pressure is p, the suriaoe temperature 
of the liquid must be higher than the saturation temperature T corresponding top, 
to permit evaporation to occur. It is for this reason that surface temperature has 
been denoted by stressed symbols. The variation of pressure p from po to p^ applies 
of course to both liquid and vapour, and since frictional effects are neglected, p is 
assumed to be uniform across a section. The conditions represented by figure 2 
can now be summarized: 

(1) At any intermediate point between entrance and exit: 

Pressure = p. 

Tliickness of cooled annulus ==? S. 

Temperature of licjuid surface = T\ 

Temperature gradient at surface = (7J,— 

Radius of liquid core = r. 

(2) At entrance: 

Pres8\iro == 

Thickness of cooled annulus = 0. 

Temperature of liquid surface — 

Temperature gradient at surface « (T^ - 7J,)/0 === indeterminate, 

Radius of liquid core = nozzle radius. 

(3) At exit: 

Pressure - p^,. 

Thickness of cooled annulus « or. 

Temperature of liquid surface = 

Temperature gradient at surface = 

Radius of liquid core = 

(4) The radius of the nozzle itself will be denoted by In practice it has to vary 

at the inlet, to make up for the vena oontracta effect. But the alteration 
which the inlet makes to the mean value of geometrical radius along the 
nozzle is small and can be treated as a constant. 

Thus at the exit the quantity of liquid flowing in an annulus of thickness <r has 
been cooled to a mean temperature of 1(7^0+ ^a)* quantity emerging per second 
is 27rr^^v^<rllp where is the velocity at exit, and so the amount of heat which is lost 
by the liquid per second is 

( 15 ) 

But this rate of heat loss is due to the conduction across the cooled layer, integrated 
for the whole surface from entrance tp exit. Hence we also have 
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Now the rate of fall of pressure along I is not known and therefore a law cauinot 
be given for the variation of r, T* and S with Z. An approximation has to be made by 
considering probable averages. 

As Tq— T' goes from 0 to 7],— let it be assumed that its average value Tq-^T 
is of order i(7o“ Ta)* Similarly for 8 take ^(t, and for r take |(r^ + Thus 



(T 

(16) 

Equating (16) to (15), 

\ rj 

(17) 


Because of the low heat transfer through the nozzle wall, it can be shown that heat 
conduction radially across the vapour envelope is small compared with the heat 
required for the observed evaporations. Accordingly the whole of the rate of heat 
transfer H will be equated to the rate of vapour formation,* If W is the total weight 
of fluid passing through the nozzle per second and if a proportion q is evaporated, then 

H - qWL, (18) 


W 


since is the exit radius of the nozzle, 


H = 


V,^qV, • 

Now we equate (19) and (15) and obtain 

We now sTzbstitute for cr from (20) into (17) and obtain 




But since the velocity of core and envelope is assumed uniform, and q is small 




♦ The difference between heat transfer rate in the liquid and in the gas is eqtial to the heat 
used in evaporation per second, i.e. — = qWL. But H, is small compared with so that 

equation (18) can be stated. Because of the low condensation coefficient combined with an 
accommodation coefficient of unity, the rate of vapour molecules striking the surface is many 
times more than the rate of net evaporation. Since every molecule striking the surface attains 
temperature equilibritim, the heat taken away for any supposed temperature difference AT 
between surface and vapour by vapour striking tlie surface is very much more than is needed 
to raise the actual net quantity of vapour flowing through the space by AT. A balance will be 
atmok depending on the rate of heat loss through the metal wall of the nozzle. If this is small, 
the vapour envelope will bo heated very nearly to T', Because of the thickness of the metal and 
the low temperature difference between the vapour inside and the outside vapour atmosphere, 
the rate of heat loss through the nozzle walls in the experiments is small compared with the 
rate of heat supply corresponding to the observed evaporations. Ultimately therefore, the 
possibility of neglecting heat transfer across the vapour envelope depends upon the radial 
tremato across the nozzle wall. 
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Using (22) and (9) in (21) gives eventually 

q^ 1 + mq)^ 


ki jm~Ty 


(23) 


(l+qVjV,) + {l+qVJVt)* 

Hence equation (23) is a quadratic in (2J - T'„), and if q is measured experimentally, 
and po, 2o and are known, it can be solved and so T'c^ is obtained. 

It is easy to determine q experimentally by measuring in a tank the weight W of 
liquid discharged per second through a nozzle from a vessel at pressure Pp and 


temperature T^: 


for = 


7Trlv^{l+mq )i 

V, + qK ' 

and fo = -!»«)}• 


(24) 


Va and Ta are respectively the saturation vapour volume and temperature corre¬ 
sponding to Pa- Hence if is known, q can be calculated from a knowledge of W. 

It is seen therefoi'e that a knowledge of is fundamental both to the determination 
of q and to the subsequent solution of (23) for T'^ which also involves and 1^* It 
would normally be assumed that which is the pressure at the end of the nozzle, 
would be equal to the pressure in the space outside the nozzle into which the latter 
discharges. But it will now be proved that this is not always true, and that the 
nozzle exhibits a critical pressure similar to that of a nozzle discharging a gas. The 
special interest of the saturated liquid case is that it occurs at low velocities, of the 
order 2()ni./»oc., while with a gas the velocity at which the critical pressure occurs 
is of the order 400 m./sec. 

For the remainder of the paper attention will be directed towards the critical 
pressure in the nozzle, since that must be known before q and therefore and W 
can be obtained. 


4, Critical peessitre 

From equation (24) values of W can readily be calculated for a series of values 
of ^ for a given Pq and an assumedValues of T^) similarly be calculated 
from equation (23) for the same series of values of q for the same given and the 
same assumed p^. Accordingly, a series of corresponding values of W and of IJ, “ 
is obtained and W may be plotted against The same process can be repeated 

for tlio same given p^ but for a different value of p^,, and another series of corre¬ 
sponding W and Ji"* obtained. In figure 3 are shown a set of typical curves of 
W against {T^-Ta) found for water by calculating for a given p^ and the different 
values of p^. To each value of p^ a particular curve corresponds. 

Now if is the saturation temperature corresponding to the assumed nozzle 
end-pressure p„ then is known and its value can be spotted on the curve for 

the value p^,. In figure 3 the values of corresponding to the various values 

of are indicated by circles which have been joined up by the dotted curve. 

Now it is known that must be greater than Ta, since the surface tempbrature 
cannot fall below the saturation value corresponding to the pressure p„. Hence 
lo-" is necessarily less than It follows that on the lines in figure 3 the 

only possible values of W for a particular p^ are those which lie to the left of the 
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dotted curve. The values indicated by the dotted curve are the values of W which 
would be obtained if the surface temperature could fall so low as to attain the 
value IJj. 

The dotted curve exhibits the very interesting property of having a maximum 
discharge. The values of W indicated by it first increase as is reduced and then 
dimmish. It is readily appreciated from the nature of the graphs that the points 
corresponding to the true values of W obtained at the corresponding to each 
must show a similar maximum somewhat higher in amoxxnt and lying to the left of the 
maximum of the dotted curve. Owing to the slopes of the individual curves for W 
against however, it will be apparent that the value of for which the 

true maximum discharge occurs will correspond to a value of — not very 
different from that corresponding to the pressure at which the dotted curve shows 



temperaturo difference C) 

Figukic 3. Graph of relation between discharge rate and as given by equations (23) 

and (24). ^^Nozizle length l-36cm., diameter 0*476om., siipply pressui’e = 3-4atm. Similar 

graphs have been calculated for each nozzle and each experimental supply j^reasure,-curve 

connecting the circles which denote Tq —where is the saturation temperature 
oorresponding to the particular 

a maximum. In other words the actual discharge from the nozzle although it occurs 
with a surface temperature may be expected to have a maximum at a nozzle 
end pressure very close to, if not the same as, that corresponding to the maximum 
of the dotted curve. The value of the maximum flow will be rather greater than 
indicated by the maximum of the dotted curve. 

The theory which has led to equations (23) and (24) therefore leads to the con¬ 
clusion that as the nozzle end-pressure is progressively reduced the calculated 
discharge first increases and then begins to diminish after passing through a maxi¬ 
mum. The value of the back pressure corresponding to the maximum discharge can 
be determined from the maximum of the dotted curve but the actual value of the 
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maximum discharge is so far uncertain. The important thing at present, however, is 
not its amount but the fact of its existence. The occurrence of a maximum in a graph 
of calculated discharge against nozzle end-pressure in the how of any fluid implies 
that d W jdpf^ is zero. Now it is readily proved that this condition can be satisfied only 
if the velocity of efflux is equal to the velocity of pressure propagation m the fluid. 
For the discharge of any fluid, the weight flowing per unit area per unit time is v/V 
and when the derivative of this with respect to pressure is equated to zero, loads to 
the condition 

fl. 

(26) 


dv 

dp 


Vdp^ 


The general equation for flow without friction gives vdv - Fdp. Hence 

dp V ‘ 


Substitution in (25) gives 


.pa 


dV* 


(26) 


But the expression on the right-hand side is the general expression for the square 
of the velocity of pressure propagation in a fluid. In that expression the conditions 
of the propagation, as for example whether it is adiabatic or isothermal, are defined 
by the derivative dpjdV and the expression is valid for any condition so defined. 
Hence whatever the conditions under which the flow of a fluid is assumed to take 
place, if the calculations indicate a maximum discharge, then it must correspond to 
the attainment of a velocity of efflux equal to the velocity of pressure propagation 
in the particular conditions of flow. 

It follows that in practice a further reduction of pressure in the space beyond 
the nozzle will not be experienced in the nozzle and so the nozzle end-pressure should 
remain at the value corresponding to the maximum discharge and the discharge 
should remain at that maximum no matter how much the outside pressure is further 
reduced. 

Hence the above argument shows that a nozzle through which a saturated liquid 
is dischargiug should exhibit a critical pressure similar to that known in discharge 
of a gas. However, it has rather difi'erent properties. In the case of a gas the critical 
pressure as calculated for adiabatic flow is a function of the fluid alone. When the 
foregoing theory is applied to a saturated liquid, however, a different graph of the 
type shown in figure 3 has to be worked out for each length of nozzle and the critical 
pressure at which the maximum discharge occurs is different for different lengths 
of nozzle. The expressions are too complicated to permit of determining a critical 
condition by differentiation to get dp/dV, Hence the need for graphical calculation 
of the maximum. In figure 4 a graph is shown of the critical pressure calculated for 
saturated water flowing through nozzles of varying length and of 0*476 and 1*27 cm. 
diameter. The curves shown are for^ supply pressure of 3*4 atm. with a corresponding 
saturation temperature of 138*2^ Cr It is seen that the critical pressure calculated 
from the theory is dependent not only on the length of the nozzle but on its diameter. 

Now the theory has been based upon the conception of a core of liquid and an 
envelope of vapour. For liquids the velocity of pressure propagation is normally 
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in the region of IdOOm./sec. and for gases it is in the region of 400m./sec. The 
velocities of efflux of the saturated liquid which correspond to the calculated values 
of critical pressure can also be determined from the foregoing theory and it is found 
tliat they are very much lower than would normally be considered reasonable for 
velocities of pressure propagation. Thus, for example, the velocities corresponding 
to the critical pressures in figure 4 have been plotted in figure 5, They are of the order 
of only 20 m./sec. It is therefore of considerable interest to investigate experi¬ 
mentally whether the phenomenon of critical pressure does in fact occur under these 
conditions and to see whether it shows the predicted dependence upon length and 
upon diameter. 
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nozzle length (cm.) length of nozzle (cm.) 

FiGtTBB 4, Variation of critical pressure Fiuubb 6 . Critical propagation velocities 
with nozzle length. Typical results calcu- (calculated to correspond with the critical 

lated for water initially saturatarl at a pressures in figure 4). Curve 1, diam. 

supply presHiu'eof 3*4atm. Curve l,diam. 1*27 cm.; curve 2, diam. 0*470 cm. 

0*470 cm.; curve 2, diam, 1*27 cm. 

5, Experimental resitlts 

The experimental apparatus illustrated diagrammatically in figure 6 was used. 
The pressure vessel was of cast iroa and in it steam and water were mixed to obtain 
water approximately at saturation temperature. The steam supy)ly was taken from 
the 3501b,/sq.in. main in the laboratory while water was supplied to the experi¬ 
mental vessel by a by-pass from a centrifugal pump line. The main discharge of the 
centrifugal pump was maintained at the pressure of 6*45 atm. and the use of the by¬ 
pass permitted fine control of the water supply to the experimental vessel for 
operating it at any pressure up to 3*5 atm., the maximum value used. The discharge 
from the nozzle was measured by collecting it, after condensation of any steam 
present, in a weighing tank, and measuring with a calibrated stop watch the time 
for 26*4kg. (|cwt.) to collect. Each result was the mean of 5 determinations. 
Experimental scatter was found to be about 5 %. 

Experimental nozzles were made of monel to avoid corrosion. All were designed 
with an entrance as shown in figure 7 and the lengths used were as follows, in 
oentimetres—0*715, 1*36, 1*9S, 2*62, 4*62 and 5*8. As shown in figure 6 the first set 
of experiments was so arranged that the pressure outside the nozzle to which it 
was discharging was*always one atmosphere. Experiments were made at various 
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supply pressures but from the point of view of the present study of critical pressure 
only those arc of interest in which the predicted critical values are higher than 
atmosphere. As shown in figure 4 this is the case for aU the lengths when the supply 
pressure is 3-4 atm. and the experimental results will therefore be described for this 
value. 
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FioxmB 6« Diagrammatic arrangement of expeiteental apparatue. 
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FxarTBB 7, Detail of rounded entrance nozzle. 
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The experimental discharge obtained with a supply of saturated water at 3-4 atm, 
for the various lengths is shown in figure 8, and compared with theoretical values 
calculated from (24), It is immediately evident that the discharge is very much 
affected by the length of the nozzle and that general agreement is good. Hence if 
a critical pressure does exist it cannot be independent of nozzle length since if it 
were so the discharge would remain unmodified by length. The next step was to 
measure the pressure inside one of the nozzles but near its exit to see whether the 
pressure at its end was in fact higher than atmosphere. Accordingly a small radial 
hole was drilled through the wall of the longest nozzle of 6*8 cm. and connected 
to a manometer. When the fluid was now allowed to discharge as before the end 
pressure in the nozzle as measured by the manometer was found to be 2*39 atm. 
There was therefore no doubt about the existence of a critical value. 



Figube 8. X experimental results for nozzle diam, 0*478 cm. at supply 
pressure 3*4 atm. —— calculated discharge for varying lengths. 


Unfortunately it was found that the discharge was no longer the same as before 
the pressure measurement hole had been drilled. Instead of 189 g./sec. it was found 
to be only 156g./seo. A new nozzle was made of the same length and diameter but 
again without a pressure measurement hole and the previous result of 189 g./sec. 
was found to be repeated. The experiment with the pressure measurement hole was 
repeated also and again gave 166 g./sec. It has therefore to be accepted that the 
existence of the pressure measurement hole disturbs the metastable jet in some way 
so as to ieduce its stability and cause more rapid formation of vapour. Accordingly 
the value of 2*39 atm. read for the critical pressure cannot be taken as a correct 
measurement of the critical pressure corresponding to the discharge of 189 g./sec, 
in the original nozzle. Nevertheless the point of importance is that the existence of 
a critical pressure has been proved for conditions which are not very different so far 
as velocity of efflux is concerned from those in the nozzles without pressure measure¬ 
ment points. For it is easy to calculate from the theory, knowing the nozzle end 
pressure as 2*39 atm., the proportion of vapour and the resultant velocity which 
could give the observed discharge of 166 g./sec. The result is found to be 17*7 m./sec. 

It may therefore be considered established that a critical pressure can exist under 
the conditions of discharge of saturated water and the critical pressures can b© 
estimated which did exist in the experiments even although it is not possible to 
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measure them without upsetting the stability. Such an estimate can be made by 
considering a set of figures of the type of figure 3 for various lengths and plotting the 
indicated maximum discharge against the indicated critical pressure. It has already 
been mentioned that the actual discharge through the nozzle at the critical pressure 
should be rather higher than these values but the difference will not be great. 
Accordingly it may be assumed that the relation so established between discharge 
quantity and critical pressure will be approximately true and will hold generally for 
the given diameter. Support for tliia assumption is obtained in that the critical 
pressure corresponding to a discharged quantity of ISGg./sec. is predicted as 
2*34atm. which compares favourably with the actual measured value of 2’39atm. 
The estimated experimental critical pressures can then be compared with the 
theoretical prediction of figure 4. The following table shows the comparison: 


length in cm. 

0-716 

1*36 

1-98 

2*62 

4-52 

6-8 

critical pressure: theor. 

1-50 

1-674 

1*646 

1-716 

1-84 

1-96 

exp. 

1-46 

1-645 

1*62 

1-666 

1-94 

2*18 


It is therefore established that an experimental critical pressure is obtained which 
foUows the predicted trend with length of nozzle. 

For nozzles of larger diameter the quantity discharged was so great that it was 
difficult to make many experiments and to maintain the same accuracy. However, 
by the same methods as above it was established that for a nozzle of 1*27 cm. 
diameter and 5*8 cm. length the experimental critical pressure was 1*95atm, as 
compared with a theoretical value of 1*55 atm. When it is recalled that for the same 
length of 0*476 cm. diameter the corresponding values were respectively 2*18 and 
1*95, it will be seen that the experimental critical pressure does follow the prediction 
that it should diminish with increase in the nozzle diameter. 

The critical pressure must be similarly considered for any given supply pressure. 
A nozzle of given length and diameter will have a critical pressure dependent upon 
the supply pressure. The critical values can be calculated by the same procedure as 
outlined above. Now in some experiments it may be that the pressure of the space into 
which the nozzle discharges is higher than the critical value and when that is so the 
velocity of pressure propagation will not have been attained and the external pressure 
will be effective within the end of the nozzle. When the external pressure is below 
the critical value it will not, however, be effective within the nozzle. In either case the 
value of the pressure within the end of the nozzle will be whichever is the higher. The 
quantity of fluid which is discharged in any experiment should be greater than the 
(quantity corresponding to the nozzle end-pressure as read on the appropriate dotted 
curve of the type shown in figure 3, When the external pressure is below the critical 
value then the delivered quantity should be slightly greater than the maximum of 
the dotted curve, while if the external pressure is greater than the critical value the 
discharged quantity should be greater than the quantity indicated by the dotted 
curve at the value of Jq - 7), corresponding to the external pressure. The reason for 
anticipating an excess over these values may be restated here for oonvenienoe. It 
is due to the fact that the surface temperature of the liquid core has to be at a value 
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of Ta higher than in order that evaporation should take place. Hence if experi¬ 
ments are made to determine the quantity discharged and if it is in fact found to be 
higher than the values indicated by the dotted curve for the axjpropriate nozzle 
end-pressure, then the actual v^ue of may be calculated from the theory by 
solving equations (23) and (24). 


6. Presstjrk propagation in a sattjratei) liquid 

Before concluding this paper, it will be of interest to give some general discussion 
of the theoretical peculiarities of pressure propagation in a saturated liquid, in view 
of the above experimental evidence for low velocities of propagation. It may be 
noted first that the fundamental physical reason for low velocities is in the change of 
phase from liquid to vapour, which causes unusually low values of dp/dV. Then 
the very important point appears that if one starts With the homogeneous saturated 
liquid phase, vapour cannot form for positive pressure increments but may form for 
negative amplitudes. Accordingly, considering the passage of a sound wave, the 
value of dp/dF may be very much less for the negative than for the positive parts 
of the cycle. Hence a liquid phase at saturation temperature may have a rectifying 
property for sound waves, since for positive amplitudes the propagation velocity 
may be expected to be in the usual liquid region of 1500m./sec., but may be much 
less for negative amplitudes. The ext/ent to which this rectifying efiFeot does actually 
occur will depend upon the extent to which vapour does in fact form. As we have 
seen in the introduction, and as the experiments with different length of nozzle have 
proved, that will depend upon the extent of free surface available, and ui)on the 
time. Taking the latter point first, the rectification may be expected to depend upon 
the frequency. Low frequency cycles may permit considerable vapour formation 
during the diminisliing portion of the negative half and equal condensation during 
the increasing portion of the negative half, giving very low values of dpjdV for that 
half. But very high frequencies may be too rapid to give dpjdV appreciably different 
in the negative from the positive side. Accordingly ultrasonic waves may not be 
at all rectified in saturated liquids and very steep negative wave fronts may be 
transmitted. Ex|)erimental evidence for the latter is available in the proi)agation of 
rarefaction waves following underwater explosions. But the extent of free surface 
must be at least as important as the frequency, because as was suggested in the 
introduction and proved by the nozzle experiments, the available surface governs 
the rate of vapour formation. In very turbulent or edd 3 ring water, or water with 
gas dissolved in it, the formation of bubbles to provide surface may be easy. In 
other cases it may be very difficult. When the difficulty of forming bubbles is pro¬ 
hibitive, the governing surface feature will be the presence of solid particles, sand, 
grit, etc., dispersed tiirough the fluid. Finally while both frequency and available 
surface will be important in limiting the propagation of negative parts of pressure 
waves, the amplitude of the n^ative part must also be of significance. Mention 
may also be made of the case where to a cold liquid is applied a pressure wave of 
amplitude so great that at its lowest value the pressure falls below the saturation 
point corresponding to the temperature. Tbis case is of frequent practical oocurrenoe, 
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as in the case of ship propellers, pumps, etc. The results described in the paper show 
the importance of considering the possibility of bubbles or dispersed surface, the 
frequency, and the amplitude, in any problem involving the transmission of negative 
pressure through a liquid. 

The work formed part of a general investigation of condensation and evaporation 
in the research programme of Messrs G. and J, Wier, Ltd., to whom I am indebted 
for permission to publish. 
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The detonation of solid explosives; the equilibrium conditions 
in the detonation wave-front and the adiabatic 
expansion of the products of detonation 

By H. Jones and A. E. Milleb* 

Mathermiicif Department^ Iniperial College of Science and Technology, London 
{Communicated by Sir Geoffrey Taylor, F,R,S.—Received 20 November 1947) 


Assuming chemical and thermal equilibrium to be maintained in the detonation wave-front, 
and using the equation of state in the form of the virial expansion, the velocity of detonation 
has been determined as a function of the loading density. In the absence of data at suffi¬ 
ciently high pressures and temperatures for the products of detonation of T it has been 
assumed that the virial coefficients are constant and their values have been determined to 
give agreement with the measured values of the detonation velocity for loading densities less 
tlian 1-6 g.cm.-*. The pressure-volume-temperature relation in the detonation wave-front can 
then be determined. The pressure in the detonation wave-front is found to bo of the order 
of 2 X dyne om.“* for a loading density of 1-6 g.cm.“*, compared with the value of 
9*4 X 10'® dyne cm."* given in the earlier work of other authors using the 00 -volume method. 
With the eqtiation of state adopted in this paper it is found that at a high loading density only 
negligibly small amounts of hydrogen and carbon monoxide ore present in the detonation 
wave-front, a fact which facilitates the oaloulation of the adiabatio relations in this ease. 
It is shown (part B) that these gases do, however, develop rapidly during the initial stages of 
the adiabatio expansion. 

Tiie calculation of the equilibrium conditions in the detonation wave-Cront with the 
adopted equation of state (part A) determines the initial conditions for the calculation of the 
adiabatio relations for a high loading density. The chemical composition of the gases durltxg 
the adiabatic expansion and the external wx>rk done during it have been calculated for a 
loading density of 1 -6 g.cm.~* (part B). It is shown that the large amount of chemical energy 

* Now at the Koyal Society Mond Laboratory, Cambridge* 


481 


The detonation of aoUd ex^dosives 

released in the early stages of the expansion is to be correlated with the high ef^tive value 
of the exponent in the adiabatic in this region, and this is due to the dominant role of the 
repulsive forces between the molecules of the tightly compressed gases during the early 
stages of the expansion. The same effect is also obwrved in the case of a low loading density 
(part 0). 

The difference with regard to the amounts of hydrogen and carbon monoxide present In the 
detonation wave-front for a low loading dcmsity complicates the solution of the equations 
in this case. In part C it is shown how this can be done for a loading density of 1*0 g.om."*, 
and the detonation velocity and the pressure, density and temperature in the wave-front 
have been determined^ using the same equation of state as in parts A and B. The adiabatic 
pressure-volume relation for the expansion of the products of detonation, and the chemical 
composition during, and up to the end of, the adiabatic expansion have also been determined. 
Compared with the results for a high loading density, there is considerably more carbon nion- 
oxide and less carbon dioxide and a substantial rise in the total number of moles of gas pro¬ 
duced per mole of explosive. The ratio is found to be sensitive to the pressure in the detonation 
wave-front, from which, by comparison with the observed values of this ratio, ii»dependent 
evidence is obtained for the detonation pressure calculated in part A. The chemical energy 
released per gram of explosive is less for a loading density of 1*0 g.cm.^* than for a loading 
density of 1*5 g.om."^, and the external work done is also less in the former than in the 
latter case. 

The amounts of ammonia and of hydrocyanic acid in chemical equilibrium with the other 
gases are determined and they are foiind to be negligibly small. It is concluded that these 
gases, observed in experiments, are probably formed by catalytic action with the bomb 
fragm^ts during the cooling period after the adiabatic expansion has been completed. The 
oalculatJojis have been compared with the available experimental data and are in reasonable 
agreement with it. An explanation is suggesteti for the observed difference in the composition 
of the gaseous products of the detonation of t.n.t., initiated at a given loading density, with 
detonators of different power. 


1. Iotrobuction 

1 * 1 . For a solid explosive the pressure, temperature and molecular volume in 
the detonation wave-front have values which lie far outside the range which has 
been studied in other connexions, so that little guidance is available for the purpose 
of setting up the equation of state appropriate to the conditions in the detonation 
wave-front. Mainly for this reason, but also because the products of the detonation 
of a solid explosive are more complicated than those of the detonation of a gas, the 
study of the process of the detonation of solids presents greater difficulties than of 
that in gases. 

1 * 2 . Many investigations of the properties of explosives have made use of a form 
ofvander Woals’s equation (Cranz 1926 ; Grow & Grimshaw 1930), which is obtained 
from that for a perfect gas by diminishing the specific volume by a certain (x>nstant 
amount referred to as the co-volume. This has been used widely for the interpretation 
of experiments in which the pressure is measured after an explosion in a closed bomb. 
The value of the co-volume obtained in this way is much less than that determined 
under ordinary conditions, and the discrepancy is generally too great to be accounted 
for by the high temperature of the explosion. Although this equation of state fits 
the experimental results obtained in closed bomb experiments approximately 
(Cranz 1926 , p. 40), it is entirely inadequate for the study of the detonation process, 
(jFor, immediately behind the detonation wave-front the density is greater than that 
of the unexploded material, and the molecular volume is actually less than the 
excluded volume which it would be necessary to assume in applpng this equation 
of state. Furthermore, it requires that the internal energy shall be a function of the 
temperature only, but under the high compression which exists in the detonation 
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wave it is clear that the repulsive forces between the tightly packed molecules will 
make a significant contribution to the energy. It is, therefore, clear that a theory of 
detonation with this equation of state as basis can only be built up by fixing the 
value of the co-volume arbitrarily so as to give the observed rate of detonation 
(cf. Langweiler 1938); co-volumes so determined can have little physical significance. 

1'3. In this paper the detonation velocity is determined as a function of loading 
density by assuming chemical and thermal equilibrium to be maintained in the 
wave-front. By comparing this relation with the observed values of the detonation 
velocity the virial coefficients in the equation of state have been determined. The 
pressure, temperature and volume in the detonation wave-front have then been 
determined. The initial conditions calculated in this way can then be used as the 
starting-point from which to calculate the pressure-volume-temperature relations 
and the chemical composition during the adiabatic expansion of the material in the 
detonation wave-front of a solid explosive at different loading densities. Detailed 
application is made to t.n.t., and the effect of varying the loading density is 
determined. 

1-4. In determining the adiabatic it is assumed that complete chemical and 
thermal equilibrium exists at each instant during the expansion. The validity of 
this assumption must be judged by the results to which it leads, but in any case it 
is a useful assumption to make since it provides a precisely defined limiting case. 
It should, however, be noted that while it is probable that complete chemical equili¬ 
brium exists in the initial stages of the expansion it is certain that in the later stages 
chemical equilihrium is not maintained. The experiments of Robertson &, Gamer 
(1923), for example, show that the relative amounts of the product gases when they 
have cooled to room temperature still correspond to an equilibrium temperature of 
about 1800° K. It would appear at first sight that the calculation of the adiabatic 
relations is faced witli an almost insuperable arbitrariness in that, without a detailed 
knowledge of the reaction velocities of the various reactions taking place, it is not 
possible to determine with certainty the pressure and temperature under which the 
chemical equilibrium is to be considered to be frozen out. However, when the 
composition is determined during adiabatic expansion assuming chemical equili¬ 
brium it is found that the amount of free carbon present decreases rapidly at first 
as the volume increases, and then, passing through a minimum, it increases slowly 
and steadily. At about the same stage as there is a minimum of free carbon there is 
a maximum of carbon monoxide and of the total amount of gas present. Further, 
it is found that, in this region of the adiabatic expansion, the composition changes 
only very slowly in relation to the volume or the pressure. The reaction velocities are 
known to decrease rapidly with decreasing pressure and temperature; accordingly, 
in the present calculations, it is assumed that if chemical equilibriiun is maintained 
up to the stationary values of the composition, the reaction velocities will then have 
fallen to values negligible compared with the speed of the expansion before the 
composition has changed appreciably from that at the stationary point. More 
precisely, it is assumed that chemical equilibrium exists up to the sti^ at which 
there is a minimum of free carbon and that thereafter the composition is fixed. 
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PART A. EQUATIONS DETERMININO THE CONDITIONS IN THE 
DETONATION WAVE-FRONT FOR SOLID EXPLOSIVES 

2. Enebgy equation 

The equations of continuity of mass and momentum across the wave-front can 
he written ^ 


u = {ppyjpo> 

(1) 

u = {pjpy. 

(2) 

111 

p' ^ p' 

( 3 ) 


where U is the velocity of the detonation wave-front, u is that of the material in 
the wave-front; is the density of the unexploded material, p is that of the material 
in the wave-front; p is the pressure in the wave-front, and tlie pressure of the 
unexploded material is taken as zero since atmospheric pressure is completely 
negligible compared with j?. 

As the wave-front advances through the solid explosive, solid material passes into 
it and acquires a velocity u, and is subject to work done by the pressure difference 
p. At the same time chemical energy, H per mole of explosive, is released in the 
chemical reactions which take place in the wave-front. Thus if the molecular 
weight of the explosive be denoted by Jf, the total internal energy per gram of 
material in the detonation wave-front is given by 


^ , yw 


-K, 


and, using equations ( 1 ), (2) and ( 3 ), this reduces to 

E-H ( 4 ) 


whore Vq and v are the molecular volumes and E is the internal energy of the exploded 
material per mole. Equation ( 4 ) is generally referred to as the Hugoniot equation. 
The energy of the material in the wave-front is a function of the molecular volume 
and the temperature or, when the equation of state is known, it may be expressed 
as a function of the pressure and the volume. The energy of the chemical reaction 
can also be expressed as a function of the pressure and the volume. Thus, the 
Hugoniot equation expresses a relation between the pressure and the volume in 
the detonation wave-front. To determine them a second relation is required. This 
is provided by the Jouguet (1906) condition which is usually expressed by the 
equation 


ia wfaioh {dpldv}i^ denotes the gradient of the line which represents the Hugoniot 
equation in the p-v diagram. 
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3. Equation of state 


It was explained in the introduction that there is very little information available 
to indicate the correct form of the equation of state to be used in calculations dealing 
with the detonation wave. First, it is to be noted that there is no virtue in using any 
of the usual complicated empirical equations of state. For the complicated form of 
these equations is designed to cover the critical phenomena which are controlled 
by the weak molecular attractions, while in the range of pressure and temperature 
which exist in the detonation wave these weak molecular attractions are negligible 
compared with the mean molecular energies. The best that can be done therefore 
is to choose the simplest type of equation which is yet sufficiently general to include 
the effects of molecular repulsion on the internal energy. In this paper the virial 
equation in powers of the pressure, terminated at the term in p®, is txsed, so 


P 


N' 


JR T -i- ftp -f cp® 4- dp®. 


( 6 ) 


where v' is the volume and N' the number of moles at temperature T and pressure p 
of the gaseous products of the detonation of 1 mole of explosive. To assume a constant 
co-volume, os is done by Schmidt (1935,1936) and by Langweiler (1938), corresponds 
to terminating the expansion at the first power. The virial coefficient»s 6, c and d are, 
of course, functions of the temperature and of the mole fractions of the constituents 
of the gas« In the absence of any specific knowledge of the nature of these functions 
in the range of pressure and temperature in the wave-front, or for the products of 
detonation, the drastic assumption of regarding them as constants is made. On 
the basis of this assumption a relation can be determined between the detonation 
velocity and the loading density and is given by equations (1) and (2) with the values 
of p and V determined from equations (26), (27) and (28) below. The values of the 
virial coefficients are then determined by comparing the calculated relation btatween 
detonation velocity and loading density with the observed values, for loading 
densities less than l*5g.cm.~^. It is probably best to state immediately the values 
which are obtained for the virial coefficients when this procedure is carried out. 


The result is 


6 === 26-4, 0 = - 0*104, d =: 2*33 x 10-*, 


(7) 


when 1000kg.om^“* is taken as the unit of pressure. 


4. Heat energy of the prodttcts of detonation 


4*1. Let there be moles of species A A) derived from 1 mole of explosive, 
and N moles in aU, so that iVT « S ^ (8-1) 


and the total energy per mole of explosive is given by 


where N' is the total number of moles of gaseous products, that is, jST' « 
where is the number of moles in the solid state. The Ej^ are defined to be functions 
of the temperature only. If A denotes a molecular species which is in the gaseous 
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phase in the detonation products^ then denotes the energy of this gas at pressures 
low enough to ensure that the energy depends only on the temperature. If A denotes 
a species which is in the solid phase in the detonation products^ then is taken to 
be the internal energy at atmospheric pressure. The contribution to the total energy 
arising from the compression of any solid phase is neglected throughout these 
calculations. is the energy per mole of gas arising from the mutual interactions 
between the gas molecules. 

From equations (0) and ( 7 ) and the well-known thermodynamical relation 

it follows immediately that ( 9 ) 

since by definition E^ vanishes at zero pressure. 


4 * 2 . We now express the heat energy as a function of the pressure, volume and 
the number of moles of the different species, taking into account the field of force 
of the molecules but assuming that it is the same for all molecxiles. To do this we make 
use of the relations 

l dQ \ _ /^\ 

where Q is the Gibbs function for the detonation products and is the partial 
potential of the species A (all A). The assumption that all the molecules have the 
same field of force is expressed by the equation 


\ 9-^/ T, p. Va, .r. p, iV^ .. 


V 

F 


( 10 ) 


where .4, JS,... denote molecular species in the gaseous phase and N' is the total 
number of moles of gas in the volume Thus 


fe'i _ 


(aU A). 


( 11 ) 


A quantity p* ie now defined by the relation 

Ma “ i^A,0 + ^'^^OS(P*IP)> (^ 2 ) 

where „ is the partial potential of the speoies A in the perfect gas condition, so 


Thus 


\ 3 j) P 

/aiogp*\ v' 

\ dp }r~ RTN'' 


Integrating this and using the equation of state we get 


log 


p* bp + y)p*+^dp* 
RT 


(13) 


in which the constant of integration has been determined by the condition that 
p* and p ranish together. For a perfect gas it is known that 

lij,^-RT\og{NJN')-RT]ofip 


(14-1) 
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is a function of the temperature only, and therefore for the material of the detonation 

/i^-RTlog{NJN')-RTlogp* (14-2) 

is the same function of the temperature. Now, the equilibrium condition for the 
reaction A + B^AB 

between perfect gases is 

^ 

Since the number of atoms is conserved this can be written as 


whence, for a perfect gas, 

log^^ + logp = logA'{!r), (16) 

where K(T) is the equilibrium constant for the reaction. Thus for the material of 
the detonation wave at \r 

(>»> 

is the required equilibrium condition. Thus the effect of the intermolecular forces is 
expressed in the equation for chemical equilibrium by replacing the pressure p by 
the function p* given by equation (13). 

At 3000° K the values given in table 1 are obtained for p* firom equations (6) 
and (13), assuming the values (to be justified later) for the virial coefficients given 
by equation (7), It will be noticed that as p increases, and v'fN' decreases, p* 
increases very rapidly so that even at high temperatures N'Tjp* is negligibly 
small for pressures greater than 10* atm. This result is of importance in the calcula¬ 
tion of the conditions in the detonation wave-front, from equations (19), (20) 
and (21) below. 

Tablb 1. Values of p* at 3000°K 


p (stm.) 

p*Ip 

v'IN' 

1x10* 

2*88 

5M 

6x10* 

98-1 

27-5 

1x10* 

2-28 X 10* 

21*6 

2x10* 

2-31 X 10* 

16-5 


4*3, From an equation like (16) for each reaction which takes place in the detona¬ 
tion wave-front, the composition of the products of detonation can be calculated 
and thence the values of B and H can be determined. It is found below that the 
detonation pressure is of the order of that in the last two lines of table 1, so that in 
the detonation wave-front p* is very great and N'Tjp* differs insignificantly from 
zero. This justifies the procedure of § 6*2 below, and it is for this reason that table 1, 
which is based on the values eventually determined for the virial coefficients, is 
included at this stage. This simplifies the calculations which are necessary to deter¬ 
mine the conditions in the wave-front greatly. Having determined E and H, the 
Hugoniot equation and the Jouguet condition can then be used with the equation 
of state to determine the pressure and temperature in the wave-front and the 
detonation velocity. This procedure will be illustrated by considering the detonation 
of-solid T.N.T. 
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6. ChBMIOAI. EQtTEUBKITTM FOE T.K.T. 

5-1. It is assumed that no compounds of nitrogen are formed in the wave-front, 
and, in fact, it will be shown in part C that only negligible amounts of ammonia and 
hydrocyanic acid are formed even during the adiabatic expansion of the gaseous 
products of the detonation. With this assumption the decomposition of t.n.t. is 
represented by the equation 

CjHsNsO* = iVH.oH*0-hiyrH.H* + iVcH,CH* 

+ Nco,GO^+NcoCO-{-NoC, (17) 
in which Nji is the number of moles of species A and the carbon is produced as 


graphite. Consider the reactions 

CO-)-HaO = H, + COu, (181) 

C (/? graphite) 2H* *= CH,, (18-2) 

CO + iOa = CO*. (18-3) 

C (A graphite) -I- iOg = CO, (18-4) 


and let K^iT), K^iT), K^(T) and Ki{T) be the equilibrium constants applicable to 
the perfect gas condition for these four reactions. The values of these constants 
have been tabulated over a considerable range of temperatures by Lewis & von 
Elbe (1938, appendix A, table 2). If 

logio A:(T)-I-0-4343Ai?2/ll5r, 

where AEJ is the energy of reaction at the absolute zero, be plotted against logn, T 
a straight line is obtained. In this way the tables given by Lewis & von Elbe were 
extrapolated to higher temperatures. 

5*2. The equations which determine the composition are then 


■^OH4 + -^0, + -%0 + -^ “ 

(191) 

2-^n»o + -J- 

(19-2) 

^H,o + 2-Jfco»+^00 = ®> 

(19-3) 

NcoNM,o--K,{T)Na,Nco,. 

(201) 

K,(T)(N'lp*)Ncn,, 

(20-2) 

, ^K,{T)N' 

^GO K^iT)p* 

(20-3) 


Eliminating all the molar fractions except that of hydrogen, we obtain the equation 
{Ao„ + XaJ+ aj*) (2-5 -/-oJ«/A) - 6/* » 0, (21) 


in which / has beeii written for A for N' Tip* and the coefficients o,, o^, a, and o„ 

which are functions of T only, are given by the equations 


<»o 


-M? « 

TK*^t’ TKlKt ’ 
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In the detonation wave-front p* is very large and the parameter A >=■ N'Tjp* ie 
so small that the composition in the wave-front is given quite accurately by taking 
{N'Tjp*) to be zero. In this case the total number of moles of gas is constant and 
equal to 6-76 and it can be verified by using equation (21) that/* is of the order of 
A and that the composition is given by 

( 22 - 1 ) 
( 22 - 2 ) 

Typical values of (^(T) are given in table 2 . 


-^co 


^co = 0, Ns,o = 2-&-2<f,(Tl 

Nao,= l-75 + <f>(T), 


K\K.K^ 


7 20Ag 
2'^ K\K^K 


}]h[^ kikX 


Tablb 2. Values of ^( T ) 

T(®K) 1000 2000 3000 

<f>(T) 0-470 0-603 0-666 

This determines the composition in the detonation wave-front at any temperature. 
We thus get the rather remarkable result that hydrogen and carbon monoxide are 
present in the detonation wave-front only in negligible amounts. It will be shown 
in parts B and C below, however, that, due to chemical reaction in the wave-front, 
both of these gases develop rapidly as the material of the detonation wave-front 
expands adiabatically. The energies of the gases are known (Lewis & von Elbe 1938 , 
appendix A, table 1 ), so that the total energy per mole of explosive can be calculated 
using equations ( 8 ). It is found to be very nearly a linear function of the temperature 
and the energy J5koal./mole t.n.t. can be represented quite accurately by 

E = 0-0875r - 38-0 -I- N'E^, (23) 

where is given by equation (9). 

5-3. If the heat of formation of a molecule AB be denoted by and of t.n.t. 
by €y.k.t.* **11 being taken as positive for energetically stable molecules, then the 
energy liberated by the chemical reaction in the detonation wave-front is given by 

^T.N.T.- (24) 

AB 

For the molecules involved we take the following values (Lewis & von Elbe 1938 , 

I appendix A, table 3; Gamer & Abemethy 1921 , 1930 ) which all refer to carbon in 
the form of ^-graphite: 

57*11, ®oOj * 94*16, * 27*40, * 16*17, * 15*0koal«/mole. 

Using the values of the given by equations ( 22 ) it is found that 

H - 292*67-3*888^(!r). 

BO that in the range 1000 to 3000° K, H varies by less than 0*26 %. Accordingly, to 
calculate the conditions in the detonation wave-firont for T.K.T., H hae lieett tt^en 
as ooiutant and equal to 290koal.7mole 



The, detonation of soUd exploeivea 489 

6-4. From equations (9), (23) and the equation of state (6), the Hugoniot 
equation can be written in the form 


where a is the coefficient of T in the expression for the internal energy. The Jouguet 
condition leads to the equation 

< . + + ( 2 .) 

Thus equations (26) and (26) have to be solved with the equation of state. 

From equations (6), (26) and (26), Vq and v' can be eliminated to yield 


Also, from equations (26) and (26), we obtain 


Thus, for a given value of 7’, equation (27) determines the pressure. Then equation 
(26) determines Vq and (28) determines v'. Then we have 

Vo = <+A>„ (29) 

whore v, is the specific volume of the solid phase. Thus for a given loading density, 
that is, for a given value of v^, the corresponding values of pressure, volume and 
temperature in the detonation wave-front can be calculated. The velocity of the 
detonation wave-front can then be calculated from equations (1) and (2). 


6. Ri:sui.ts for t.n.t. 

With the appropriate values of the various constants, the conditions in the 
detonation wave-front for i.k.t. are determined by the equations 


p» » (17M - 43-487'/1000)/d, (27') 

vi « 5-756 + 8e-27/p- 6-254dp*, (26') 

e' .o vi+6-76cp+ll-74dp*-40-47/p. (28') 

Further, the molecular volume of carbon is 5-4 cm.’ and, since at the temperature 
of the detonation wave-front there are approximately 3-9 moles of carbon, then 

■» v—v' * 21. (20') 


These equations determine the pressure in the detonation wave-front and the 
detonation vdooity as functions of the loading density, once values have been 
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assigned to the virial coefficients. As has been explained above, tiie values of the 
viriaJ coefficients have been chosen to give agreement with the measured values of 
the detonation velocity for loading densities less than l' 6 g.om.“®, corresponding to 
the lower detonation pressures. With the simple virial expansion which has been 
assumed for the equation of state it is not possible to get exact correspondence 
between the experimental and calculated values throughout the whole range of 
pressure or of detonation velocity. To determine the adiabatic expansion, in which 
the pressure falls ofiF greatly from its value in the detonation wave-front, it is prefer¬ 
able to have better agreement for lower pressures. This implies that in using the 
measured values of the detonation velocity to determine the virial coefficients, the 



loading density (g.cm.~*) 


Fioube 1. (a) Deto:iation pressure in the wave-front, and (6) detonation 
velocity as functions of loading density. 


equations of state will provide a better approximation if they are chosen to give 
agreement for low loading densities. The values which are obtained in this way have 
already been given in equation (7). The detonation pressure and the detonation 
velocity are shown as functions of loading density in %ure 1 . The circles represent 
the experimental determination of the detonation velocity by Friederich ( 1933 , 1936 ); 
the depatture of the calculated detonation velocity from these values for high 
loading densities illustrates the remarks made earlier in this paragraph about the 
determination of the virial coefficients. The values of the pressure show, by reference 
to table 1 above, that p*lp is very large in the wave-front and consequently that 
N'T Ip* is negligibly smi^ll, thus justifying the assumptions made in § 6-2 above. 
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PART B. THK ADIABATIC EXPANSION OF THE PRODUCTS OF 
DETONATION OF T.N.T. AT A HIGH LOADING DENSITY 

7. Initial cokbitxons 

The initial conditions aire determined by the calculations of part A. The equation 
of state is 

pv'IN' ^ JRT4-25‘4p-0-l()4p2 + 2*33x (30) 

where the pressure is expressed in 1000kg.cm/“® as unit. For a loading density of 
l*5g.oin.“* the pressure in the detonation wave-front is 15-9 x 10^® dyne cm.“®, the 
volume per mole of t.n.t. is 117 cm.® and the temperature is 3400° K. These are the 
initial conditions for the calculation of the adiabatic relation at this loading density. 


8. The equation foe adiabatic expansion in a form 

SUITABLE FOR APPIACATION TO SOLID EXPLOSIVES 

8* 1. The high initial compression of the gases implies both an elaborate equation 
of state and that the internal energy will depend on the pressure as well as on the 
temperature. Further, the composition of the products of detonation changes during 
that part of the adiabatic expansion in which chemical equilibrium is maintained, 
'fhese two factors make the calculation of the conditions during the adiabatic 
expansion somewhat complicated. The differential equation for the adiabatic 

expansion is d{E-H)+pdv ^ 0, (31) 

where E, which is the internal energy, and H, which is the energy liberated by the 
chemical reactions, are both complicated functions of pressure and temperature. 
In ojder to share these complications between the two terms of equation (31), it 
has been found advantageous to use T as the independent variable and 

y = ^ogeP* = iog^P 4- {bp + \dp^)jRT (32) 

as the dependent variable, for E—H can be expressed more easily in terms of y 
and T than it can be in terms of p and v. 

Equations (8) and (24) can be combined to give 

E^H «= + + (» 3 ) 

where the first summation is taken over each molecular species and the second sum¬ 
mation over all compound molecules, and E^ is given by equation (9). 

8*2, It is convenient to define three functions of p and T by the equations 


0 =» RTI(RT + bp + cp*+dp*), 

(34-1) 

r - (RT'+icp'+idp»)l{RT-hbp+cp*+dp»), 

(34-2) 

Xm l\y-iog,p, 

(34-3) 
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each of which reduces to unity for the perfect gas oondition. From these definitions 


it follows that 


’dp] 


T 


<p<b, 


P 




~8( XT)~ ) 


Y+pv'(l-^)/RTN', 


Using these relations it can be shown that 

PiN'E,) - 
dy 


v 




and 


= -RN'T<t> 

(36) 

= Xl*r^^) +RNT. 

(36) 


Equation (^1) can be written 


\dT}, 


(37) 


and therefore, using equations (33), (35) and (36), we get 

S{(- ej (dNJdT), -f N^(dEJdT)} + RN^Y + XRT(dN'ldT)^ 
:^(E^-eJ(dNJdyy^XRT(dN'ldT)j,-^RTN'^ 

in which the summations extend over all molecular types and is to be put equal 
to zero for any chemical elements. 

When y has been obtained as a function of T it is easy to obtain p in terms of T 
from equation (32), (dpjdT)^ from the equation 


T/dpX 

P\^)a 




+ 1 -^ 


(38) 


and (dv'jdp)a from the equation 



Equation (37) can be used for any explosive; it will later be reduced to a form 
suitable for actual calculation in the special case of The effects of the imper¬ 
fection of the gas and the changing composition can be seen separately in equation 
(37). If®, T and X are each put equal to unity the effect of varying composition in 
the perfect gas oondition is obtained. If (dNJdT)^ and (dNJdy)j, are each put 
equal to zero for all .4, the adiabatic equation for an imperfect gas of fixed com¬ 
position is obtained. As, in the later stages of expansion, the composition is fixed, 
the equation for fixed composition will be determined now. 


9. Equation for adiabatic expansion with fixed composition 
When the composition is fixed, equations (37) and (38) reduce to 



( 40 ) 
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ajcid, Biaoe the right-hand side of this equation is a function of temperature (Hily, 
it can be integrated without difficulty. In this case, equation (39), making use of 
equation (40), reduces to 



In the limit of low pressures V reduces to the ratio of the specific heats at constant 
pressure and constant volume, and ultimately becomes the exponent of v in the 
ordinary adiabatic relation. Equation (41) shows that at higher pressures the 
logp-log V curve becomes steeper because, although {dEJdp)^i& positive,O diminishes 
rapidly with increasing pressure; this is a consequence of the repulsive forces between 
the molecules. 

Equation (41) can be written in a slightly different form which is of special interest 
in the case of sohd explosives. We have 


/dv'\ ^N'RTfl 1 

wJa ■ Lr^«rUi>y- 


(42) 


The initial velocity of the shock wave in a gas is given by the integral of (— dv/dp)^ 
with respect to p from the initial pressure in the detonation wave-front to the 
pressure in the layer of the shock wave next to the explosive. The effect of the 
repulsive forces, which is represented by the second member of the right-hand side 
of equation (42), is to increase the calculated shock wave velocity, and to make p 
decrease more rapidly with increasing v for low values of v. 


10, Calculation for t.k.t. 


10 -1. Equations (19*2), (19*3) and (20-1) and the equation obtained by eliminating 
p* from equations (20*2) and (20*3) give four equations connecting the relative 
amounts of water, hydrogen, carbon monoxide, carbon dioxide and methane. Thus, 
if one of these concentrations be taken as a parameter, say which will be written 

as a:, the other concentrations can be expressed in terms of x and T, We then have 


where 


-h 8*5x^ ^f(x, T), 

(43-1) 

^co “ (<^iJK®-h8‘5a;—i5)/(<?aa:-"2*5)Egf(x, T), 

(43-2) 

KlK^Kr ' 

(44-1) 


(44-2) 

^ ::r 1 

• KiKtKt ^,- 1 ’ 

(44-3) 


and are fohotions of T only. 
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The other oonoentrations then follow from equaitons (19) and (20) wd are 


Ncb, = 1-26-0-6®-0-6/, 
N,^2-15+x+0‘5f-0-Bg, 
N' = 6-76 + 0-6/+0-6gr. 


(46-1) 

(40*2) 

(46*3) 

(46*4) 


Five of the six equations (19) and (20) have been used; the remaining one gives 
a relation ^ ^ ^ log,Nco,+^ogN'-2\og,Noo+log,(KJK^). 

which can be written as 


0-4343y - logio(3--0-5a;-0*%)4-logio(6-76-fO-6/+0-5^) 

-21ogiog + log,o(iS:3/^4). (46) 

10*2, At each stage of the integration, that is, for a given pair of values of y 
and T, it is necessary to determine x from equation (46) using equations (43). Having 
determined a;, / and gr, the partial derivatives of /, g and y with respect to x and T, 
can be calculated. From them, the partial derivatives required in the integration of 
equation (37) can then be obtained readily. 


10’3. If equations (43), (44) and (45) are introduced into equation (37), and the 
energy terms are grouped together suitably (equations (49) below) the adiabatic 
equation can be expressed finally as 

where 

(dy\ F(y,f) 

[dT},-0(y,Ty 

(47) 



(48*1) 


0(y, T) = -(6*76 + 0-6/+0*6fl-)Jl5r<I>+d;|^)^ 




(48*2) 

with 

^x(T) = — €(^)4*3(^0O^ —eQQ^) + 2«75if0-f- 

(49*1) 



(49*2) 


^z{T) =« + 

(49*8) 


^*(3^) “ (-fi!oo "" ^co) ““ ^'®(^cot ®oO|) ” fr5-®0' 

(49*4) 


When the values of the functlonB^(r)arecaloulated from the known internal energies 
and the heats of reaction of the various gases involved and plotted as functions of 
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it is found that the points are very nearly collinear. These quantities were therefore 
represented by linear functions of T as follows: 


di(7’) = 89-37’-343, 

(60-1) 

«fj(r) = -O-023r-0-513, 

(60-2) 

«fg(T) = -l-23r+ll-6. 

(60-3) 

<J’g(7’) = - 2-61 T-f 21-9, 

(50-4) 


where the temperature is written in terms of 1000° K as unit and the S’{T) are given 
in koal. Thus starting from the initial conditions equation (47) can be integrated 
numerically, the values of the equilibrium constants (and functions of them) being 
obtained as explained in part A. 

10*4, It should be noted that with the given initial conditions 
p = 3*8kcaLom.“^ T ~ 3*4, 
equations (32) and (43) to (46) give 

x ^ M02, / = 0*0035, g « 0*0626, 

These figures verify in detail that, with the adopted equation of state, only negli¬ 
gible amounts of hydrogen and carbon monoxide are present in the detonation wave- 
front when the loading density is not less than 1*5 g.om.*^ (cf. the statement following 
table 2). This is no longer the case for lower loading densities, and the calculation of 
the adiabatic is then more complicated and has to be carried out as indicated in 
part C below. 


10*6. The integration is continued to the neighbourhood in which there is a 
minimum amount of free carbon present, which occurs at about 1600° K. From this 
stage it has been assumed that the composition remains fixed. Using equations 
(43) to (46) and (49), equation (40) becomes 


T /dp\ ^ 1 d^2 , 

p\dT)^~ RN'XdT'^ dT]' 

where a;*l’049, /«!0-3680, y=l'976, 


(61) 


their values at 1600°K, calculated in the integration of equation (47). Equation (51) 
then determines the adiabatic in the region in which the composition remains fixed. 


10-6. The concentrations of the products of detonation throughout the expansion 
are shown in figure 2 and the pressure, volume and temperature relations are shown 
in table 3. The minimum amount of free carbon present and maximum in the total 
amount of gas present is evident between 310 cm.® (corresponding to ISOO^K) and 
410om.® (corresponding to 1600°K). In the fourth column of table 3 the values of 
— dlogpjdlogv are shown. This gives the effective exponent of v in the adiabatic 
relation during the adiabatic expansion. The high value of this differential coefficient 

has important consequenoes which can be seen by considering the variation of Jpdv 

from the initial volume (v„) up to a given volume (t>) with (««/«)* (which is shown by 
the broken curve in figure 3). This integral measures the external work done during 
the expansion, and is equal to the difference between the values ci E—H at the 
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initial volume and the volume in question. From figure 3 it can be seen that a large 
amount of chemical energy is released as work in the very early stages of the expan¬ 
sion, The work done in an adiabatic expansion from a volume to a volume v, 
divided by the initial energy of the gas, is 

l-(Vo/v)y~\ 

where y is written for - {dlogpjdlogv), and this quantity increases as y increases. 
Thus the property of yielding a large part of the chemical energy as work in the 
early stages of the expansion is associated with the high effective value of y initially, 
which corresponds to a sharp fall in pressure for increasing volume for small values 
of r. As has been noted already this is due to the dominant effect of the repulsive 
.forces between the molecules in the early stages of the expansion. 


Table 3. Temperature, pressure akd volume durino adiabatic expansion 

OP THE DETONATION WAVE-PRONT IN T.N.T. AT A LOADING DENSITY OP 1-5 G./CM.^ 


temperature 

pressure 

volume 


(T^K) 

{p dyne/cm.®) 

(v cm.Vg.) 

y 

3400 

16*88 xlO^o 

0*6136 

3*36 

3200 

10*77 

0*6911 

2*63 

3000 

7*809 

0*6676 

2*76 

2800 

5*833 

0*7421 

2*93 

2600 

4*371 

0*8189 

3*10 

2400 

3*238 

0*9022 

3*27 

2200 

2*299 

1*002 

3*30 

2000 

1*617 

1*136 

3*06 

1800 

8*898 X 10® 

1*365 

2*76 

1700 

6*246 

1*640 

2*39 

1600 

4*318 

1*797 

2*09 

1600 

2*931 

2*162 

1*86 

1400 

1*947 

2*693 

1*68 

3300 

1*264 

3*484* 

1*54 

1200 

7*980 X 10® 

4*697 

1*44 

noo 

4*882 

6*607 

1*37 

1000 

2*880 

9*718 

1*32 

900 . 

1*626 

14*97 

1*29 

800 

8*707 X 10’ 

24*29 

1*27 

700 

4*360 

41*79 

1*27 

600 

1*999 

77*36 

1*27 

600 

8*169 X I0« 

167*0 

1*27 

400 

2*818 

362*8 

1*27 


10*7. For the initial conditions, the chemical energy is 288*6kcaL/mole t.n.t. 
This is the energy given up in the detonation wave-front, but part of this chemical 
energy is reabsorbed during the adiabatic expansion as the amount of carbon 
monoxide increases. When the composition becomes fixed the chemical energy is 
247*9koal./mole t.n.t. It can be seen from figure 3 that the total work done during 
the expansion of an element of gas in the detonation wave-front is greater than the 
chemical energy released. This is because the internal energy of the wave-front is 
augmented by the work done on it by the detonation wave itself. The maximum 
kinetic energy in all forms, which can be obtained from the detonation of the 
explosive is naturally not greater than the final value of the chemical energy released. 
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11, Comparison with expkhimbnt 

11 • 1. Consider an idealized experiment in which the explosive is placed in a large 
evacuated space, but where the explosive itself is surrounded by a heavy casing. 
When the explosion takes place under these conditions nearly all the chemical energy 
is absorbed by the casing, in the early stages of the expansion before the gases have 
filled the bomb. During this process each element of the products of the explosion 
is expanding adiabatically except when it passes through the wave-front of a shock 
wave, and the resulting gases should have very nearly the composition which has 
been calculated for the adia^batio expansion. 

11*2. These ideal conditions are very closely satisfied in the experiments of 
Robertson & Garner (1923) and in those carried out at the Chemisch-Teohnische 
Reichsanstalt (Haid& Schmidt 1929,1931; Marshall 1932). In the latter experiments, 
a cartridge of weighing 10 g. at a loading density of 1*62 was fitted into a mas¬ 
sive lead block, the end of the hole being filled with sand and the whole placed in an 
evacuated steel bomb. It was fired with a detonator containing some tetryl. The 
results of the analysis, compared with the calculations of tliis paper, are given in 
table 4 in which the figures give moles of gas per mole of t.n.t. The agreement is 
fairly good, particularly since in the calculations nitrogen compounds were excluded. 
In §16 of part C below, where this question is discussed, evidence will be 
adduced to show that the nitrogen compounds are probably formed by reactions 
between the products of detonation while they are cooling to room temperature 
aftsr the expansion has occurred. Thus the occurrence of nitrogen compounds in the 
experimental analysis indicates that it does not give the products of the adiabatic 
expansion precisely, and that the values given by it show the effects of chemical 
reaction after the adiabatic expansion is completed. This probably accounts for 
differences between the observed and calculated values, particularly in the case of 
methane. 

Table 4. Detonation of t.n.t. at a loahino density of 1»6 o.om.-^ 


H,0 

CO 

COa 

Ha 

CH 4 

Na 

HCN“ 

NH, 

C 

N' 

1*60 

1-99 

1-20 

0*3S4 

0007 

1*23 

0-326 

0-211 

3*41 

6*96 

1-05 

1*98 

1*49 

0-866 

0*648 

1*60 

— 

— 

2-99 

6*92 


1 1 * 3 , The same authors give results of another experiment in which a lead azide 
detonator is used to fire the charge. The discussion of these results, as also those of 
Robertson & Gamer who carried out experiments at a loading density of 1;3 g.cm.“®, 
can best be deferred until the adiabatic expansion at a low loading density has been 
considered in part C below, 

PART C. THE ADIABATIC EXPANSION OF THE PRODUCTS OF 
DETONATION OF T.N,T. AT A LOW LOADINO DENSITY 

12, In the previous part dealing with a high loading density it pould be assumed 
that only negligible amounts of hydrogen and carbon monoxide are present in the 
detonation wave-fi*ont, and this simplified the solution of the equations relating 
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pressure, volume and temperature. Tliis assumption is no longer valid for a low 
loading density and this requires that the equations be used differently, as is 
explained below. 

13. The Huooniot cuuve for a low loadino density 

13*1. It is assumed that the equation of state (0) holds tliroughout the expansion 
with the values of the virial coefficients which have been determined already 
(equation (30)). The amounts of various substances formed, in terms of the amounts 
of water, carbon monoxide and hydrogen, are given by equations (43), (44) and (45) 
and a further equilibrium condition is given by equation (46). For given values of 
pressure and temperature, equation (30) determines v'jN' and equation (32) deter¬ 
mines y. Equations (43) determine / and g for an assiimed value of Ir; these values 
are then substituted in the right-hand side of equation (46), and the process is 
repeated until a value of x is chosen which satisfies equation (46). Equations (45) 
then determine the chemical composition and the total number of moles of ga^. This 
latter value, with the value of v'IN* obtained from equation (30), determines v'. 
The total volume is then given by 

v = tj' -h 

where is the number of moles of carbon and which is equal to 5*4 cm is the 
volume of 1 mole of carbon, 

13*2. The difference between the internal energy, E, and the energy, ff, liberated 
by the chemical reaction in the detonation wave-front is given by 

E^H - (62) 

where the <f(T) are given by equations (50) and E^ is given by equation (9). For 
a given temperature, the values of and of v can be determined in the way 

indicated in the preceding paragraph. From the Hugoniot equation, 

E-'H ^P(VQ-V)y (4) 

the value of v©, the initial volume of the explosive, can be determined. For a given 
temperature, the value of p is varied until this calculation gives a value of corre¬ 
sponding to the loading density for which it is desired to determine the chemical 
composition of the products of detonation and the detonation velocity. This deter¬ 
mines one point bn the Hugoniot curve, and it can be determined completely by 
carrying through this calculation for a number of different temperatures. By the 
usual construction of drawing the tangent to this curve from the point on the line 
p = 0 at which v =» Vq the detonation velocity can be determined. 

13*3. The points which are obtained in this way, assuming that chemical equili- 
briumis maintained in the wave-front, are plotted as the full cturve in figure 4, in which 
the abscissa is the volume in cm.® and the ordinate is the pressure in lO'® dyne cm."®. 
If a is the inclination of the tangent from the point (227,0) to this curve, the detona¬ 
tion velocity V m.sec. '^ is given by 

= 2'27tana. (53) 

33-2 
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This gives a detonation velocity of 5266m.lBeo. which is about 6 % greater than the 
measured detonation velocities at this loading density. The broken curve in figure 4 
shows the curve which is obtained when it is assumed that the total number of moles 
of gas is fixed, and the tangent to this curve (also shown broken) determines the 
detonation velocity on that assumption. It gives a value about 12 % less than the 
observed detonation velocity. 



FtavRE 4. Hugoniot curve for a loading density of l*0g.cm.“*. The full ciurvo is obtained by 
assuming that chemical equilibrium is maintained in the wave-front, and tho broken curve is 
obtained when the total number of moles of gas is assumed to bt) constant. 


14. 1’he adiabatic expansion of t.n.t. at a low loading density 

14-1. The Hugoniot curve determines the initial conditions for the adiabatic 
expansion. The starting-point for the integration is given by the values 

T =» 3800° K, p = 8-22 x 10 ‘®d 3 mecm.~*, v = 169*6 cm.*. 

0*937, Na, * 0*122, Noo = 1*286, i^oo, = 

NoBt^ 0-721, iVo-8104, = 6*453. 

From this point, equations (47) and (48) can be integrated numerically. The integra¬ 
tion was carried out by determining {dyldT)„ at the mid-point of each integration 
interval and using this value of the gradient to determine the value of y at the end 
of the interval. The pressure and tho chemical composition corresponding to these 
values of y and of the temperature were then determined in the way which has already 
been indicated (§ 13*1). 
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14*2. The variation of the chemicahoomposition during the adiabatic expansion 
is shown in figure 5 and the pressure-volume-temperature relations are given in 
table 5, From these it can be seen that the amounts of free carbon and of carbon 
dioxide are a minimum at about 2000*^ K while the amount of carbon monoxide and 
the total number of moles of gas are a maximum at about 1960 and ISSO'" K respec¬ 
tively. Furthermore, for the adiabatic expansion, the composition changes very 
slowly in relation to volume or pressure in this neighbourhood. It has therefore been 
assumtKl (as in part B) that the equilibrium freezes out in this neighbourhood and 
that thereafter the chemical composition remains fixed. The composition of the 
gases at this stage (2000° K) is 



volume per mole of (cm.*) 


FiGxmic 5. Chemical composition of the products of detonation 
for a loading density of I'Og.om,**. 
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Table 6. Tempebatubb, pbessxjbb and volume dubino adiabatio expansion 

OF THE DETONATION WAVE-FBONT FOB T.N.T. AT A LOADINO DENSITY OF 1*0 Q./g.G. 


temperature 

pressure^ 

volume 



{p dyne/cm.*) 

(t? cm.VgO 

r 

3800 

8-224 X 10^0 

0*7035 

2*43 

3600 

6*905 

0*7563 

2*64 

3400 

6*769 

0*8123 

2*69 

3200 

4*764 

0*8727 

2*77 

3000 

3*861 

0*9414 

2*91 

2800 

3*046 

1*021 

2*98 

2600 

2*334 

1*116 

2*97 

2400 

1*726 

1*236 

2*88 

2200 

1*191 

1*406 

2*62 

2000 

7*420 X 10* 

1*684 

2*22 

1800 

3*929 

2*242 

1*90 

1700 

2-783 

2*688 

1*73 

1600 

1*930 

3*322 

1*69 

1600 

1*307 

4*246 

1*48 

1400 

8*620 X W 

5*624 

1*41 

1300 

6*611 

7*762 

1*32 

1200 

3*400 

11*13 

1*28 

1100 

2*011 

16*76 

1*26 

1000 

M31 

26*60 

1*23 

900 

5-948 X 10’ 

44*69 

1*22 

800 

2*942 

79*67 

1*21 

700 

1*314 

155*0 

1*20 

600 

6*184 X 10« 

336*7 

1*20 

600 

1*726 

839*3 

1*20 

400 

4*486 X 10* 

2680 

1*20 


For a fixed composition the adiabatic is given by equation (41). Substituting the 
values (54) for the various parameters, this finally reduces to 
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whence 


logioP ==logioy-“2*57, 


(55) 


in which the constant of integration is determined by the temperature and pressure 
at 2000*" K. Further, for a fixed composition, the volume is given by 

V = lhOl^l-Bd7(RT^bp^op^-\^dp^)lp, (56) 

in which the constant term is the volume of the solid phase (free carbon). The entries 
in table 6 for temperatures below 2000''K have been determined from these 
equations. 

14-3. From the calculated values of pressure and volume, the external work done 

during the expansion has been determined by evaluating jpdv from the initial 

conditions to any point in the adiabatic expansion. This is plotted as the full curve 
in figure 3 against the cube root of the ratio of the specific volume at that point to 
the initial specific volume in the detonation wave-front. By comparing this curve 
with the broken curve in figure 3 it can be seen that the work done for a loading 
density of l-Og.om.~® is less than for a loading density of 1’6 g.om.**®. The work done 
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during adiabatic expansion to a given specific volume falls with decreasing loading 
density on two accounts. First, as the loading density decreases, the specific volume 
in the detonation wave-front increases so that the ratio vjv^ falls. Secondly* for a 
given value of vjv^ the work done is less for a lower loading density. 

14*4. For the initial conditions the amount of chemical energy released in the 
detonation wave-front is 263'2 kcal./mole of t.n.t. ; some of this is reabsorbed as the 
amount of carbon monoxide increases and when the chemical (equilibrium freezes 
out the amount of chemical energy available is 212-8 kcal./mole of t.n.t. This final 
value of the chemical energy released is less than the external work done ; as already 
noted in part B, the difference is the amount of work done on the wave-front by the 
detonation wave itself. By comparing the figures in this paragraph with those given 
in § 10-7, it will be seen that the chemical energy released per gram of explosive, and, 
consequently, the kinetic energy which can be obtained from a given mass of 
explosive is less for a loading density of I'Og.cm.-* than it is for a loading density 
of I'Sg.cm. 

14- 5. From the calculated values of pressure and volume, the value of 
— (dlogp/dlogv), more precisely, the value of the ratio — Alogp/Alogv, for each 
integration interval, has been determined, and is given in column 4 of table 5. It is 
evident that, as in the case of a high loading density, the effective exponent in the 
adiabatic law is higher in the initial stages of the adiabatic expansion. The behaviour 
of — (d logp/d log v) is the same for low as for high loading densities, and its maximum 
occurs at very nearly the same volume. The remarks already made in § l ()'6 in this 
connexion apply also in the case of a low loading density. 

15. Amounts of ammonia and of HYDRoeyANio acid 

15- L In calculating the adiabatic both for a high loading density and for a low 
loading density, not all the molecules which could be formed from carbon, nitrogen, 
hydrogen and oxygen during the detonation have been considered. In particular, 
the nitrogen has been treated as chemically inactive during the adiabatic expansion. 
As various amounts of ammonia and of hydrocyanic acid have been reported in 
experimental investigations (for example, Robertson & (Tamer 1923 ), this point 
needs further investigation. The purpose of this section is to determine the amounts 
of ammonia and of hydrocyanic acid which are in equilibrium with the other 
gases under the conditions at which there is a maximum amount of carbon monoxide 
and total number of moles of gas and a minimum amount of free carbon. The chemical 
composition under these conditions, which correspond to the freezing of the chemical 
equilibrium, should correspond to that which is determined in bomb experiments 
if no reactions occur in the container after the expansion is completed. 

15-2. Ammonia and hydrocyanic acid will be formed at the expense of methane, 
hydrogen, nitrogen and free carbon. The reactions which have to be considered are 

graphite) + 2Ha « CH„ ' (57-1) 

HCN - JHji 4- JNg 4* C graphite), (57-2) 

NH 3 «iN* + fH,, (67-3) 
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If the equilibrium constants of these reactions at a temperature jT ° K be denoted 
by AslT) and Kt^(T) respectively then, in our usual notation, the chemical 


composition is determined by the equations 

^NH8 + -^HCN ” 3, * (68*1) 

^ ^ ^COa + -^oo ^uos ” » (58*2) 

“i” ^^COi -^oo “ ^ (68*3) 

and (58*4) 


From these equations the values of ^co%* N' can be determined 

without difficulty in terms of the values of ^hcn* 

lowing the general equation (15), the equations which express the chemical equili¬ 
brium of the reactions (57) be written down and p’^jN' be eliminated from them, 
simple algebra leads to the equations 

-^ncN ~ (59*1) 

and ^ A^2AeAjEi(;ijj(l'25--O'5iV^jf^Q~O'5iV0^--O*75iVjQ^jj^^). (59*2) 

16*3. Provided that and iV^Ht small, a first approximation to their 
values can be obtained by putting them equal to zero in the brackets on the right- 
hand sides of the equations (59). This gives the approximate relations 

-^HCN (60*1) 

^NHi (l*26---O*5iV^0^0--O*6iVifJ. (60*2) 

At 2000 ° K, using the values given in (54) and the tabulated values of the equilibrium 
constants (Lewis & von Elbe 1938 ), these give the values 

= 0*0209, ~ 0 * 0093 . 

These values are so small that it is clear that no appreciable error is introduced by 
replacing the exact equations (59) by the approximate equations (60). In fact, the 
error in i^ncN more than ()* 6 % and in ^ more than 3%. It is therefore 
concluded that only minute amounts of ammonia and hydrocyanic acid are formed 
during the initial stages of the adiabatic expansion and this would not affect the 
calculations in this paper. It should also be noted that, in discussing the results of 
their experiments, Robertson & Garner ( 1923 , p. 549) stated that the action of the 
permanent gases on the liberated carbon during the cooling process determined the 
amounts of ammonia and cyanogen compounds formed, and that due t 6 continued 
reaction with the metallic fragments the amoimt of hydrocyanic acid depends on the 
rate of removal of the gases from the bomb. The calculations of this section lend 
support to this conclusion. It is therefore concluded that during the adiabatic 
expansion only uegligibly small amounts of ammonia and hydrocyanic acid are 
formed, and that the amounts of these substances which have been found in experi¬ 
mental investigations are produced by reactions between the detonation products 
while they are cooling to room temperature after the adiabatic expansion is 
completed. 
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15*4. This also suggests that the analysis of the products of the detonation experi¬ 
ments carried out at the Chemisch-Technische Reichsanstalt (quoted in table 4) 
does not give the composition at the completion of the adiabatic expansion precisely. 
Allowing for the fact that most of the ammonia and hydrocyanic acid reported in 
these experiments was probably formed after the completion of the adiabatic 
expansion, it appears that the chemical composition calculated in part B for 
a loading density of I’Sg.cm.'"* is probably in even better agreement with 
experiment than would appear at first sight. 


16. Comparison with experiment 

16*1. It has been pointed out already that the conditions which obtain in closed 
bomb experiments correspond very nearly to those on which the calculations for the 
adiabatic expansion have been made. In the light of § 15 of this paper, one should 
add the proviso that precautions must be taken in the experimental investigation 
to ensure that the analysis of the products give the result of the expansion and not 
of subsequent reactions. The ratio of the number of moles of carbon monoxide to 
the number of moles of carbon dioxide is very sensitive to differences in loading 
density and to the difference in detonation pressure which arises from this. The 
relevant data are collected in the second and third columns of table 6, together with 
the available experimental data. 

Table 6. Dependence of Ncol^cot i-oadino 

DENSITY AND DETONATION PRESSURE 
(The imit of presauro is dyne cm."* x 10^®) 


loading doxinity 

16 

(experi¬ 

mental) 

1*5 

(cal¬ 

culated) 

DO 

(cal¬ 

culated) 

D3 

(inter¬ 

polated) 

1*3 

(experi¬ 

mental) 

preBsure when chemical 
equilibrium freoxea out 

— 

0*888 

0*742 

— 

—- 

detonation pressure 

— 

15*9 

8*23 

, — 

— 

^ 00 /^ 00 , 

1*66 

1*33 

4*31 

2*52 

2-93 


The figures in columns 2 and 3 of this table show that a difference of about 20 % 
in the pressure at the point in the expansion at which the maximum amount of 
carbon monoxide occurs changes the ratio ^ of more than three. 

The large value of ^oo/^oo* f lower loading density is almost entirely duo to the 
smaller value of the pressure in the detonation wave-front. In fact, if the detonation 
pressure, for a loading density of l-5g.om.-“*, were appreciably less than 15*9 x 10^® 
dyne cm,™*, the consequent reduction in the value of the activity would lead to a 
value far in excess of the experimentally observed value of 1 • 66. Although 

this result depends on the method of calculating 4he activity (with its various 
approximations) it does provide some independent evidence for the high value of 
the pressure in the detonation wave-front as calculated in part A. The value of nearly 
16 X 10^® dyne om.“® is appreciably higher than the values obtained with the co¬ 
volume method of Schmidt (1935,1936) and of Langweiler (1938) who give a value of 
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9*4 X 10 ^** dyne cm."* for this loading density. The value 2*52 in the fourth column 
of table 6 has been obtained from those in columns 2 and 3 by linear interpolation 
(which is possibly somewhat crude), but it is of interest to compare this figure with 
that (given in column 6 of table 6 ) which was obtained by Robertson & Garner ( 1923 ) 
for the ratio of ^co/'^oot their experiments at this loading density. 

16*2. Some work of interest in connexion with these calculations was carried out 
at the Chemisch-Technische Reichsanstalt (Haid & Schmidt 1929 , 1931 ; Marshall 
1932 ). The experimental arrangement was as indicated in § 11 , and two series of 
experiments were carried out. In one series a plain detonator consisting of 2 g. of 
lead azide was used to fire the t.n.t., and in the other a composite detonator which 
consisted of 0*3 g. of lead azide plus 1 g. of tetryl or 2 g. of lead azide was used to fire 
the T.N.T., and in the other a composite detonator which consisted of 0*3 g. of lead 
azide plus 1 g. of tetryl or 2 g. of penthrite; this latter provides a much more powerful 
initiator. The chemical cdmposition of the products of the detonation in the two oases 
are given in table 7; the figures are the number of moles of the different products 
per kg. of T.N.T. 

Table 7. Pkoduots of detonation of t.n.t. using different initiators 


detonator 

plain 

composite 

loading density 

1*52 

1*52 

CO, 

1*78 

5*30 

CO 

18*63 

8*79 

H ,0 

4*25 

7*05 

H, 

5-34 

1*69 

CH 4 

0*10 

0*03 

HCN 

M 

1*43 

C,N, 

M 6 

— 

NH, 

0*33 

0*93 

N, 

4*74 

6*42 

C 

6-6 

16 


Although the loading density was the same in the two cases there is an enormous 
variation in the chemical composition of the products of detonation; in particular, 
with the plain detonator there is 10*5 times as much carbon monoxide as carbon 
dioxide, while with the composite detonator this ratio is 1 * 66 . The calculations of 
this and the preceding part provide an explanation of this. The relatively weak lead 
azide detonator fails to produce complete decomposition in the shock wave-front 
of the detonation zone. As a result, the pressure moves ahead of the chemical decom¬ 
position, as in the case of a laterally expanding linear charge, and therefore expands 
the cavity in the lead container enclosing the charge. Thus for a considerable fraction 
of the charge of t.n.t. , the effective loading density at which chemical decomposition 
takes place is very much reduced. Consequently, on the basis of the calculations in 
tliis and the preceding part, a large increase in the value of the ratio of the number 
of moles of carbon monoxide to the number of moles of carbon dioxide is to be 
exj)eoted; and this is, in fact, observed. It appears that this effect could be made the 
basis of a means for measurkig the effectiveness of initiators, since the value 
of the ratio NqqINqq^, which can be determined experimentally, gives a measure of 
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the extent to which the . pressure can get ahead of the chemical decomposition 
in the detonation resulting from the use of any particular initiator, which in turn 
determines the eflFectiveness of a lightly cased charge. 

The work described in this paper was carried out for the Research and Experiments 
branch of the Ministry of Home Security to whom our thanks are due for permission 
to publish. The substance of it was contained in reports numbers H.C. 166 dat^d 
January 1941, R.C. 212 dated June 1941 and R.C. 306 dated February 1942. It is 
a pleasure to thank Sir Geoffrey Taylor for his interest in the work described in this 
paper. 
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A study of expected loss rates in the counting of particles 

from pulsed sources 
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Tho u«e in nuclear physios of accelerators giving a pulsed output leads to difftc til ties when 
electrical methods are used for detecting the particles produfied. The counting losses duo to tho 
finite resolving time of the counting system are enhanced by reason of tho pulsed nat\ire of the 
Roviroe, and may become considerable uiiloss tlie coimting speed is kept quite low. The present 
paper contains some calculations on the loss rates to bo expected. It is desirable for tho 
resolving time of the counting system, i.e. the dead time following each count, to be mxioh 
shorter than the pulse length of the accelerator, but since this is itself usually only a few 
microseconds, this condition is not €»asy to achieve. If the dead-time is greater than the 
duration of the accelerator pulse, the calculations are relatively easy but the losses may be 
high. Calculations for intermediate coses show that tho losses can bo estimated fairly 
acscurately, and results of practical value can be obtained up to fairly high counting speeds when 
the dead-time is as high as 40 % of the pulse length. The accuracy with which tho loss can be 
calculated will usually be limited by the uncertainty in our knowledge of tho shape of the 
output pulse of the accelerator and of the exact length of the dead-time of the counting 
arrangement. 

The attention of the reader is particularly directed to appendix III, where the results of 
the calculations of this paper will be found 8ummari/.ed. The experimental physicist who 
wishes to make use of the results without following the detailed analysis may pass directly 
from the end of § 1 to this appendix, which wiU also be of value to otliors for rapid reference. 


Nomenclature and list of symbols 

Nomenclature has proved a difficulty in writing this paper. The word * pulse ’ has been 
reserved throughout for the pulse given by the accelerator; the signal in the counting 
circuits caused by the particles being detected is called a ‘ count ’ whether or not it 
is recorded by the scaler or other instrument used. Thus there are ‘suppressed 
counts’ and ‘recorded counts’. Readers should distinguish between two pro¬ 
babilities, viz. the probability that, if a count occurs, it shall be recorded, which 
may be 86 %, or the probability par unit time of there being a recorded count 
(which may be 1 % per /^sec.), 

p = recurrence frequency of pulses. 

^ - pulse length. / = p3^ ^ fractional pulse duration. ® 

t ^ time, T total duration of counting, 
r ~ resolving time of system, or ‘dead-time’ following a count. 

V = mean counting rate during pulse. 

IL = mean counting rate overall, 

E ^ fiT expected total count (including suppressed counts). 

E* ^ expected total of recorded counts. 

t' = effective dead time from first-order loss rate, 

P(<) ” probability (as a function of time) that a count will be recorded, 
n a* probability of counting within a pulse period. 

[ 608 ] 
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X ^tjr^ time in units of the dead'time. 

X = ^/t as duration of the pulse in units of the dead-time. 

z =s = mean counting rate (during the pulse) in units of the dead-time» or 
average expectation of counts within one dead-time, 

= f v(t)dtf when v is variable. 

Jo 

v{t) =• is a form factor (mean value over pulse — unity); fc is a para¬ 

meter representing counting speed (& = !'). 

/Iq, Eq, Eq, etc., as ft, E, E' but referring to conditions when only the background 
counts are present. 

E^ refers to conditions when there is no background outside the pulse, but the 
background rate is added during the pulse. 


1. Introduction 

One of the outstanding trends in the present phase of research in nuclear physics 
is the use of increasingly large and complex machines for the acceleration of charged 
particles to very high energies. Results of fundamental importance are to bo 
expected from developments in this field, although many of the techniques for 
dealing with these high-energy particles have yet to be fully worked out. A feature 
common to all machines giving particles of the highest energies is that their output 
is not continuous, but occurs in bursts or ‘pulses" separated by relatively long 
intervals during which the machine gives no output. For example, to overcome the 
limitations imposed by the relativistic increase of mass with velocity, cyclotrons 
designed to give particles of velocities above about 0*15c generally use a frequency- 
modulation technique, and therefore give a pulsed output. Betatrons and synchro¬ 
trons do the same, it being inherent in their design that the particles only emerge 
when the magnetic field has rea^jhed a predetermined value. Linear accelerators 
using the micro-wave technique also give a pulsed output of particles, for they are 
usually powered from pulsed magnetrons of the type developed for radar, and in 
any case considerations of power dissipation in the accelerator alone preclude 
continuous working. 

The pulsed nature of the source is of no consequence when it is used to manu¬ 
facture radioactive isotopes, even if these are subsequently to be studied with 
counters—the amount of radioactive substance produced will clearly depend only 
on the mean beam current and the exposure time. Equally, when it is convenient 
to use the tracks generated in a photographic emulsion for studying the reactions, 
the pulsed nature of the source is irrelevant. For use with a cloud chamber it may 
even be an advantage, especially if the pulses are quite infrequent, for one can 
arrange to expand the chamber synchronously with the pulses of the machine. 
There remains, however, a large field of investigation where quantitative results 
are of importance and where methods involving electrical counting of the instan¬ 
taneous products of the reaction are pre-eminently suitable. On account of statistical 
fluctuations it becomes necessary to observe a large number of events (e.g. ten 
thousand if a 1 % accuracy is required); to do this with a cloud chamber is out of 
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the question, and with the photographic track technique is usually very tedious. 
Within this field are to be included observations of scattering laws, both elastic and 
inelastic, as well as many types of reactions involving the emission of charged 
particles. High accuracy is always desirable for the determination of cross-sections 
and for measuring ranges of product particles when several overlapping groups occur, 
and in determining the fundamental scattering laws it is particularly necessary. 
It is just in this field of investigation that a characteristic disadvantage of using a 
pulsed source becomes important; moreover, it is a disadvantage which has hitherto 
passed relatively unnoticed. 

The difficulty which arises in electrical counting when the source is pulsed is due 
to the finite resolution of any counting system. Thus, following any count, there is 
a dead-time during which the system would be unable to record a further count, 
should one occur. Calculations on the effect of this when the source of particles is 
of constant intensity have been made by Locher ( 1933 ), Volz ( 1935 ), Skinner ( 1935 ) 
and Ruark & Brammer ( 1937 ). These writers were primarily concerned with 
Geiger-Muller counters, for which the dead-time usually exceeds lOO/tsec. itoT 
systems using proportional counters or ionization chambers with linear amplifiers, 
much shorter dead-times can be achieved. Nevertheless, as will be seen below, 
with pulsed sources the losses may become large even with linear amplifier systems, 
and Geiger counters are generally out of the question for this work owing to the 
magnitude of the losses which would be expected. Thus to obtain accurate results 
in a reasonable time, we may wish to count at an average rate of, say, 1000 per min. 
If the duty cycle of the machine is I/IOOO (e.g. S/^seo. pulses every 5msec,), this 
means that, during the pulse, particles must be arriving at a mean rate of a million 
per minute. It is this fact which makes conditions so stringent. 

In the present paper a careful study is made of the counting losses expected under 
these conditions. It is seen that one cannot simply apply the equations for con¬ 
tinuous counting at the enhanced counting speed; the error in doing so would be 
greatest for conditions which are very likely to arise in practice, i.e. when the pulse 
length does not greatly exceed the dead-time of the system. It is also shown that it 
is desirable to reduce the dead-time to the minimum, the values required for good 
results lying quite close to the limit practicable with present electronic technique. 
Indeed, a few of the accelerating machines now planned, using pulsed deflector 
systems, will give an output pulse only a few hundredths of a microsecond long; for 
use with these, present electronic technique already requires improvement if any¬ 
thing but slow counting rates are to be used. 


2, FtTKDAMENTAL ASSUMPTIONS 

As was pointed out by Ruark & Brammer ( 1937 ), the dead-time mechanism may 
take one of two forms. The inoperative period may follow only counts which are 
recorded, or it may follow all counts, including those suppressed by the dead period 
after a previous coimt, thus lengthening the total dead period until a time t after 
the last count to arrive (figure 1 ). The latter is the case, for example, in the Geiger 
counter, where the suppression is internal and due to an ion sheath, but the duration 
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of the dead period usually depends on the counting rate, os does the amplitude of 
the counter output. In practice, Geiger counters are seldom used with pulsed sources, 
on account o£ their long inherent dead-time. When working with pulsed sources 
of particles, it is preferable to use either proportional counters or ionization chambers 
with linear amplifiers. The dead-time of such systems will depend on the circuits 
used; for example, on the discriminator level and on the amplitude and wave form 
of the counting signal when using a * straight' discriminator, without a relaxation 
time of its own. In conditions where a calculation of counting losses is important, 
it seems preferable to insert electronically a definite dead-time slightly greater than 
the largest inherent dead-time of the system, so that variations of the latter become 
unimportant. As usually arranged, the electronic dead-time follows recorded counts 
only. It is true that to do this a careful electronic techni que is needed when dead-times 
of only about l/ 6 sec. are required, but the importance of having an accurately 
known and constant dead-time usually justifies the trouble involved. In the present 
calculations, therefore, a constant dead-time t to follow each recorded count is 
assumed. 


A-\ -^-1-hH-1-1-1- 

S—I-1-1-1- 

(i) 

AH—4--1-1—I-1-1—I —>t 

B-j -1-1-1-1- 

('0 

Fiourm 1 , Illustrating the two types of dead-time mechanism. The upper line {A) shows all 
counts and the lower line (B) only the recorded counts. The double horizontal lines indicate 
the duration of the dead-times (of. Hole 1946 )- (i) Deatl-time follows all covmts, (ii) Doad- 
time follows recorded counts only. 

We also follow Bateman ( 1910 ) and Marsden & Barratt ( 1911 ) in assuming that 
the original counts occur at random. Thus if the expected counting rate throughout 
any period is , the probability p (0 dt that a count will occur between time t and t + dt 
from any arbitrary zero of time is just /tdf, and the probability that the first count 
after zero time shall thus occur is Piit)dt = Further, the probability that 

the nth count shall occur between t and t-hdt is 

Pn(*) At “ ^jj! (1) 

and the probability of finding just n particles in an interval of length t is 
These results stUl apply if the zero of time is identified with a particular count, so 
that, for example, the probability of finding no counts within an interval t after any 
count is just er>^. This is, of course, the same as the probability that the interval 
between any two suooessive counts is greater than t. 
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For the case of continuous counting with a uniform expected counting rate /*, 
therefore, we see that the probability of any count being less than r after its im¬ 
mediate prMeoessor is 1 so if the dead-time followed all counts (whether or 

not recorded) the expected recorded count would be E' =» where E =* fiT is 

the total count expected in time T, including suppressed counts! However, when 
the dead-time follows only recorded counts, we proceed otherwise; noting that the 
total dead “time is E't^ and that in the remaining time the probability of 

a recorded count is the same as that of any count occurring (viz. jiidt in any dt)^ we 
see that E' ^ /i{T-^E't), so that 




^ ^ E_ 
H-//T l-h/iT* 


( 2 ) 


We may note here that, to a first order in fir, the result is the same whether the de^id- 
time follows all counts or only recorded founts, being E* =» E{\ — fir + 

The above treatment also neglects statistical fluctuations, in the sense that E' is 
only an expected count. The actual count will fluctuate somewhat, the standard 
deviation on E being ± sjE\ in fact, the standard deviation on E* should be slightly 
less than its square root, although the dilFerence is small when the fractional loss 
1 - E'jE is small, and this point will be referred to later. It is a measure of the fact 
that the experimental result gives less accurate information than it would if no 

counting losses occurred, ~ being Joss than ^. 

It is convenient to give a numerical example here. If r = 10“'* sec. and /t — 100 
per sec. (6000 counts per min.), /ir =» 10““* and the loss rate is only 1 %; at 60,000 
counts per min. it would be about 10 %. We shall see below that with pulsed sources 
conditions are much more stringent. 


3. CAliCUUATIONS FOR A PtJLSfi SOURCE WITHOUT BACKGROUND COUNT 

For simplicity we begin by assuming that the source gives pulses of length ^ 
at a uniform rate of p per unit time. Within the pulse period we assume that its 
intensity is constant, giving an expected counting rate ik We further assume that 
there is no background count, i.e. that the counting rate between pulses is zero. The 
overall mean true counting rate is, of course, p — pf, where / * and we further 
assume/is small, so that the interval — between pulses is much greater than 
.T. We also assume 1/p-J^>r, so that no count recorded in one pulse can affect 
conditions in the next. These last two conditions are in practice almost always 
satisfied; the first two are not, and we shall deal with them later in this paper. 

The approach to these calculations is somewhat different according to the value 
of r. We shall consider three cases, viz. and the intermediate case. 

3' 1. Dead-time greater than the pulse length (r > 

In this case only one count can be recorded in any one pulse. The probability of 
there beiug no count within the pulse is simply in all other cases there is one 
recorded count, the probability of this being, of course, 1 — In total time T 
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there pulseB, and the statistical distribution is of the binomial or Bernduilli 

type; in particular, the expected total recorded count is given by 

« p2r( 1 - ^ pTivS'- -f 1» (3) 

We see that tliis expression is independent of t (as long asl/p-^>T> 3^), and the 
first-order correction term is a fraction == fuT /(2/) == /</(2p) of the total count. 
Comparing this with the formula for steady counting at rate //, we see that the 
effective dead-time of such a system is given by 

r' - l/{2p), (4) 

or half the pulse spacing. This may be very much longer than the actual dead-time, 
so that we see that such a system may be very poor at high counting rates. 

To take a numerical example which will be more or less typical, we may put 
p « 100 pulses per sec., 3 ^ ^ 6/4seo.; then as soon as t exceeds S/^sec., t' becomes 
6 msec., and at a mean counting rate of 500 per min. we have already a 4 % counting 
loss. This is clearly much worse than when the counts are not bunched into pulses; 
we may compare these figures with the example given in § 2, i.e. 1 % loss at 6000 per 
min. for r = 10”^sec., or 1 % loss at 60,000 per min. for t “ 10^® sec. 

The fact that the standard deviation of the total recorded count decreases when 
losses become appreciable, already mentioned in § 2, is well illustrated by this case. 
For the binomial distribution the standard deviation is or 

^jj© square root of the total count. However large the true counting 
rate, the number of counts recorded in a second can never exceed p, and as this 
saturation condition is approached the standard deviation of the observed count 
drops; at the same time the estimate of the true count deduced therefrom becomes 
increasingly inaccurate. Thus in the somewhat extreme case when the true counting 
rate is 2 per pulse (say p =< 100, (i = 200, - 2), the probability of a pulse not 

giving rise to a count is only 13-6 %; the expected recorded count in a unit time is 
86J, but the statistical error is more nearly than being in fact ^11*7 

from the above formula. 

3-2. Dead-iime much shorter than the pulse length 

To avoid these restrictions it is desirable, whenever even medium counting speeds 
are desired, to make the dead-time shorter than the pulse length. If it can be made 
much shorter, the statistical conditions are simplified, but this is not always easy to 
achieve; thus if ^ « 6/tsec., a dead-time of 10“^ sec. or less is required. 

This case is most easily studied by comparing a period T of counting of the pulsed 
source with a period fT of counting at a steady rate v. The same true count is to be 
expected, the effect being to telescope the pulse periods together by removing the 
intervals. In doing this, some additioiml counts will be suppressed, but these losses 
are confined to the first r of each pulse, being due to counts suppressed by other 
counts in the last r of the previous pulse. The mean count expected in either the 
first or the last t of any pul^ is vr, and the counts at the end of a pulse are equally 
likely to occur at any time within the period r, so that on the average they will 
suppress half the counts in the first r of the next pulse when the pulses are telescoped 


A. 
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(figure 2). The loss on telescoping therefore averages per pulse, uiiule the 
expected recorded count per pulse after telescoping is bo that the 

counting rate recorded in the actual case should be 

This result is only taken to the first order in irr, but since in this case r is of the order 
of 10“’sec. or shorter, the limitation is unlikely to be important. We see from this 
formula that the effective dead-time t* is given by 



being for approximately t//. Thus for ^ = S/tsec. andr =* 10 ^’sec., 

r' comes to l' 98 x lO'^seo., or 1980 times the actual dead-tim©. Counting losses 
at 6000 counts per min. are for this case about 2 %, 



FiotTRU 2. Illustrating the ‘telescoping* of pulses. Counts an? indicated by vertical linos across 
the <*axis; suppressed coimts are crossed below the axis. The count marked X would be 
suppressed in the telescoping process—see inset enlarged portions of the diagram. Sup* 
pression of this kind occurs if h + ^8 <t. A count in period B suppresses any count in the 
hrst T - <1 of the following pulse, but li = Jr, so that average count in B suppresses counts in 
a period Jr in the next pulse. (N.B. This method is applied when r < and vr is small; to 
simplify the drawing these conditions are not satisfi^ in the above figure.) 

3 * 3 . More exact results for r < ^ 

When /t, although greater than unity, cannot be considered large, more detailed 
calculations are necessary. This case is of considerable practical importance in that 
resolving times much less than 1 /tsec. are likely to be difficult to achieve. We may 
note at the outset that so long as the counting rate is so small that terms in (vr)* 
can be neglected, the analysis of § 3*2 above holds, nor does it matter whether the 
dead-time follows all counts or only recorded ones. It is, however, desirable to push 
the analysis further to see how high a counting rate may be used before the correction* 
terms become too big or too difficult to estimate. We may also notice in passing that 
for the case of t « and the analyses of §§ 3*1 and 3*2 above both give the 

same first-order result, viz. E* «= fiT{l - 

It is convenient for the further analysis to change our variables and take the dead- 
time T as the new unit of time. We then write ar « </t as the time variable, takmg it 
as zero at the beginning of any pulse; writing X ^ ST jr, we see that the pulse extends 
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fvomx » Otoa: =»6 X, We also writer » as the new variable desoribing the counting 

speed during the pulse; z is just the mean number of counts expected to occur 
within one dead-time. The probability of a count occurring in dt is, of course, 
vdt (0 < ^ < ^), and since dt^rdx we see that this becomes zdxin our new units. 
We next require the probability, P{x) say, that a count, having occurred, shall 
be recorded. We may note that P(0) « 1, since the interval between pulses is longer 
than the dead-time, so that the first count in a pulse is never suppressed. Further, 
if the pulse is long enough, P{x) settles down for large x to the value 1/(1 -fz) which 
characterizes continuous counting at rate 2, If we know P, we can readily calculate 
the total count in time T; that is, in fact, just 

E' « pT !^P(x)zdx ^ EIX ^Pix) dx^E P{x), (7) 

Jo Jo 

where the bar indicates a mean value over the pulse time. 

For the range 0 < a? < 1, P is readily calculated, since the first count always records, 
and no other count can record within the dead-time. The probability of the first 
count falling within dx at x being ze~^dx, it follows that 

P(x)^er^ (0<a;<l). (8) 

For the range 1 <a;< 2, P is the sum of two terms; P{x)zdx — ze^^^dx as above 
pliia the probability of the second recorded count falling in dz at x. For this to occur 
there will have been one complete dead-time and only one between 0 and x, so that 
for a unit period there was no probability of a recorded count, while for a period 
totalling x—l there was a probability zdx in every dx (since every count occurring 
outside a dead-time records). The probability of the second recorded count falling 
within do; at a? is therefore the same as the probability of the second count falling 
within da: at a:— 1 if there were no dead-time, which is (cf. equation (1)) 

We have, therefore, that, in the range 1 < a: < 2, 

P(a;) =« + «(«;— 1) (9) 

Proceeding similarly, we obtain for 2 < a; < 3, 

P(x) »= -f 2(a: — 1) -f \z^{x - 2)® (10) 

and clearly we can write down similar expressions for later ranges of x. 

Figure 3 is a graph of P(x) for values of x from 0 to 3 and for various values of 2. 
In practice, values of z of much over 0*5 are unlikely to be used, but the curve for 

♦ An alternative proof ia as follows: The second recorded count oan only occur at x if the first 
occurs between 0 and » -1, in dy at y, say. The probability of this is dy. Then no count con 
occur until after y -f 1; take this as a new zero of time, and the next count must occur after 
on interval— (y +1) and within a range dx if dy< dx. The probability of this is 
the two probabiUtiea are independent and may therefore be multiplied. Integrating with respect 
to y, which ihvolves proceeding to the limit dy->0, and therefore automatically satisfies 
we obtain the probability of the eeoond recorded count being within dr at a? as 

dxdy ^ 2*e"^****'> dxj dy = z\x — 1) dc. 
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z a> 2'5 is interesting in that it exhibits peaks just after xaz 1 and « » 2; we should 
expect this, for with such a high value of z the first count is likely to occur very soon 
after the start of the pulse, and therefore the dead-time ends just after a: =» 1 and 
a second recorded count is expected very soon after this; the second dead-time ends 
soon after a: = 2 and a third count follows tdmost immediately. This filustrates the 
fact that for very high values of z this system tends to give regular coimts spaced 
just T apart with practically no statistical fluctuations. Such a result is, of course, 
useless in practice when it is an estimate of z which is required. 



0 05 10 1-5 20 2-5 30 

X 3= tlr, time in units of the dead-time 


Fioxjkk 3, Probability that a count records as a function of time since the pulse began. The para¬ 
meter z represents mean counting rate. The dotted lines are given by P = l/{l4-z), to 
which the actual curves are asymptotic for large a?. In approximation B these dotted curves 
are followed for aU »> 1; for approximation C for all »> 2; and for approximation D the 
full curves are used for x< 3 and the value 1/(1 + z) thereafter. 

It is seen from figure 3 that for values of 2 up to 0-7 at least, P converges very 
rapidly towards its final value of 1/(1 + 2 ), and for almost all practical oases this 
expression may be used for P(x) whenever x>2; even to do so whenever a;> 1 is 
a surprisingly good approximation. It has not seemed worth while to compute P 
from the full formula for x > 3 for any purpose. For quite small 2 it is seen from the 
graph that it is a good approximation to take Pa 1/(1+ 2 ) for a; > 1,'and to inter¬ 
polate linearly between the points P(0) a ItoP(l) a 1/(1+ 2 ) on the graph for «<1 
—^this, which will be called approximation A, leads to the simple formula 



This is the crudest approximation, which will be used later in this paper for oaleula- 
tions on the background count. For tialoalations of the actual counting rate, the 
results given below are to be preferred. 
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We can now immeiiat^ly write down the expressions for the probable recorded 
count. For X < 1 the exact expressions of § S-l above apply; for 1 < X < 2 we have 

£ - ^{2-e-«-e-'J:->l[l + (Z-1).]) 


Using P(x) = 1/(1 + s) for x>2 the result for X> 2 becomes 


"E 


1 

' Xz 
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2 _ e-a* - e-*( 1 + z) + 


i 

XLs l + z 




( 12 ) 


(13) 


The results of equations (12) and (13) taken together are called approximation C» 
The less exact approximation (valid only for small 2;) of taking P(a;) - 1/(14-2:) for 
x> 1, and the exact expression (equation (8)) for a? < 1, we call approximation 
This gives, for X > 1, 


¥“xLl+^'^ 2 J"xL2 




(14) 


The best approximation (which is called D) uses the exact value of P up to X = 3, 
and P = 1/(1 +2) only thereafter. This is only required when z is of the order of 
unity and gives for 2 < X < 3 


j ^ [3 - e-i'*- (1 + X -1.2) - (14- X - 2.2 + i. X - 2*. 2*) (16) 


and for X > 3 

It should be noted that this only differs from approximation C by an amount 
2^/24 within the bracket. 

Figure 4 gives graphs of E'lE for values of X up to 3| and 2 up to unity. The full 
curves are exact up to X » 2 and follow approximation C above this value. For 
z a 1 computation was carried out using approximation D; it was found that the 
resulting counting rate fell below that of approximation C between X » 2*2 and 
2*5, but only by 0*3 %, while as equation (Id) shows, the difference decreases again 
as X increases beyond 3. For z < 1 the correction is even smaller, so that we conclude 
that approximation C is good enough for all {oactioal purposes ( 2 > 1 corresponds, 
except for quite short pulses, to conditions where more counts are lost than are 
recorded and is not likely to be used in practice). 
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The dotted curves on figure 4 show for comparison the effe^ of using approxima¬ 
tion B. It is seen that this gives good values up to z s* and that the error remains 
surprisingly small for larger values of z. We therefore reoommend the use of approxi¬ 
mation B (equation (14)) when z < 0'2, and approximation C (equation (12) for 
1 < Z < 2, or equation (13) for X > 2) for other cases, say 0*2 < z < 0*8. 



Fiookh 4. Curves giving the overall proportion of counts which are recorded. The full curves 
follow approximation C, and the dotted curves approximation B. Approximation D gives 
, acxirveonly 0'3 % low at * = l-O, JC = 8, and elsewhere the agreement is better. The values 
shown on the right as for X =s so are those which apply when counting steady (impulsed) 
sources. 


4. Calculations with a baokobound count 

Hitherto it has been assumed that no counts at all occur in the intervsds between 
pulses. Most practical counters have a background count, and the effect of this on 
the statistics must now be examined. Let /t® be the background count rate; then if 
the total true counting rate during the pulse is total mean counting rate 

is /i « fto+fv “ Mo+Mi, say- Now assume/is small, as before; and for the results 
obtained to have any significance, ^ must be at least not very much smaller than 
/Iff, It follows that vj/iff must be quite large—^in practice it is unlikely ta'bo less than 
100, and it may often be very much larger—so that terms in/tp can often be treated 
as small corrections. 

4-1. Casewhenr<S' 

Although this case, without background, has been treated fully in §8-1 above, it 
is generally a condition to be avoided when low loss rates are important. With 
background, this case is somewhat difficult to treat, and it does not lead to a result 
the physical significance of which is immediately obvious. iDonsequently the detidls 
have been relegated to an appendix (appendix I below). 
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4 * 2 , Case when r<^ 

In this case both /i^r and may be taken to be small, as explained above. 
Denoting by the recorded count expected from background only, and by En(/io + r) 
that predicted from equations (12) tq ( 16 ) for the case without a background count 
but with a mean rate during the pulse of instead of v (i.e. writing a ~ (/^o + v) r 
in the equations), we should expect the count to be i/n(/t(» + v)-f (1 —were it 
not that (a) a count in the last r of a pulse may suppress the background for a period 
up to T after the end of the pulse, and (6) a background count within a period t 
before a pulse may suppress counts in part of the pulse. 

The loss of counts from cause (a) may be calculated by noting that the probability 
of a recorded count in the last r of any pulse is 

( t^ + /^o) T ^ VT 

i'-f (p+^to)'^' ‘ 1 + vt' 

in obtaining this expression we take P{t) os 1 /( 1 + 2^) (cf. figure 3 ), since this is 
usually nearly true toward the end of a pulse. On the same assumption, the count is 
equally likely to occur at any time within the last r of the pulse, so that on the average 
it will suppress the background for a period after the end of the pulse, and the 
loss of background count will therefore be + yr) per pulse on the average. 

The calculation of the loss due to (^) starts from the assumption that the probability 
of a background count within the period t before any pulse is /IqT, and that this count 
is equally likely to occur at any time within this period. If it occurs at time T — 
before the pulse, it will suppress any counts in the first of the pulse; in effect, it 
will make the length of this pulse instead of for the probability function 

P(t) will take the same form as before, but will start from time instead of 0. The 
net effect is therefore the same as if a period had been cut off the end of the pulse, 
and the loss of counts will therefore be vtj{l -h vr), taking P(t) =» 1/(1 +s) at the end 
of the pulse as in considering (a) above. The mean value of ti being ^t, the mean loss 
of counts from this cause will be pulse. This is the same as under 

(a) above, and adding the two we obtain /i^ vT^j{l-hur) per pulse, or 1 -f 

in time T, We therefore have 

( 17 ) 

5. Pulses of non-bectanoular fojeim 

Throughout the foregoing the intensity of the beam of particles has been assumed 
to be constant throughout the pulse period ^ and zero at other times. Generally 
this will not be true in practice; this complicates the analysis and usually leads to 
integrals which can only be integrated numerically. The lines of attack to be employed 
in these cases can therefore only be indicated, although one case will be completely 
integrated below. Unfortunately^ as soon as the counting speed becomes at all high 
(2 » vr> 0 'l or 0 * 15 , say), a separate nximerical integration is necessary for each 
different counting speed. 

The simplest case to calculate, although the least useful in practice, occurs when 
the pulse length is less than the resolving time (^ < r); in this case not more than one 
count can be recorded in one ptdse. It is then readily shown (see appendix II) that 
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the probability of counting only depends on the integrated pulse intensity; writing 

= f y(t)dt, this probability is This method of calculation can be 

Jo 

extended to cases where does not exceed 2 , 3 , or even 4 , but the numerical work 
becomes increasingly laborious. The argument is similar to that of § 3*3 above, and 
leads to a series in the form 


(mean count per pulse) 


! 2 (probability that an mth count occurs) 


terminating at the rath count, whore n — l< < n. The series is 


K. 

pT 
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tJ /®*0 J t 




...» ( 18 ) 


differing from the previous expressions in that iV(it-fT) is a function, whereas 
5 :(a; + 1) was a product; in addition, of course, we have p(t) = (dNIdt)^. Numerical 
integration is almost always necessary, and the method is only feasible if ^ 3 . 
There is an alternative approach which is easier when S'jr is large and the pulse 

envelope rises and falls fairly slowly so that is always reasonably small. We then 

use the fact that the probability that a count is recorded depends on the mean 
counting probability during the previous r, i.e* approximately on so that 

the probability of a recorded count in dt at t is approximately Each 

such count suppresses counts for a following r, so that on the average it suppresses 
Ti'(i + |) counts. It is therefore seen that the mean number of counts suppressed 
during a puke is u(t) u{t+^)dt _ E-E' 


(19) 


,0 pT 

It should bo noted that in writing 1/(1 +t»>) for the probability of a count being 
recorded we are usitig a formula appropriate to a constant v, and second-order 
errors {0 (m*t®)) are to be expected; e.g. if v is rising rapidly, conditions are similar 
to those of the first t of a rectangular pulse, where we write e“^, which is of course 
1/(1 + jT-f + ...)> while when v is falling an error of opposite sign is expected. 
The integral in question terminates at v(<— t) for this factor, so that the last stage of 
decrease is not included, and the net error is likely to have the sign corresponding 
to an increasing Thus when we apply this integral to the rectangolor pulse, we 


obtain the result 


E-E' 

1 + VT 


+ Jtv», 


pf 

or in the notation of (12) to (16), 

E 

E~ X 

whereas if we used instead of l/( 1 + I'r) for the first r of the t>ulse we should obtain 
the term as in (13) and (16). However, when the pulse rises and fidls more ’ 


-f- 
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slowly, we shall expect the analysis of this section to be a better approximation, 
although we cannot carry it through exactly in the higher powers of at. 

The computation of (19) would need to be repeated when the counting rate altered, 
but if this is not too high we can approximate, substituting 1 —kt for 1/(1 
writing v « we obtain 


pTr 




3r^\r 




+ \r) dt - kH + ^r) v{t - ^r) dt, (20) 


Jit 


so that losses can be computed for all counting speeds up to a certain limit using 
two integrated terms, and if we wish we may go further by continuing the expansion 
for a fixrther term. 

Consider as an example a pulse intensity curve of the form sin ntj^, where JT « 8 t, 

so that, normalizing to = 1, ^o(^) = sin ntjST, Remembering that B = kT, 

we see that (20) becomes 

E-^E' TT® TT® 

A) da* — jfcr — I sin irx sin7r(a: -f sin7r(x — ^)dx 

ktE 4 Jo "Ji/i6 


ttPIStt 

- - ( 




, (tt Stt 
■fcr[^cos.---+co8ig 


«!]• 


or (E-E')IE = l*212feT-^l-562(fcT)®. 

Comparing this with a rectangular pulse of length Xr, noting that to maintain 


the same true mean counting rate we require z 
see that 

E-E' 


V7 s= 8fer/X, and using (13), we 


E 


" i) ~ ry + ••• con-espond to 

1-212Z3/8-1-552(Xz/8)®. 


To make the first terms agree, we must put X « 6*00, i.e. take the rectangular 
pulse length 75|% of the length of the semi-sinusoidal pulse; the second term 
calculated for the rectangular pulse then becomes — l‘455(X2^/8)®, which agrees 
surprisingly well with the 1-552 term obtained with a pulse of different form. The 
first-order result, that a somi-sinusoidal pulse behaves like a square pulse of 75 % 
of its length, is also clearly reasonable (figure 5).* 

• For T< equation (20) simplifies. We obtain 




E. 


^Jo 




S' J 9 




while for a reottmgular pulse of length say, giving the same total coimt, we must have 
z = since v^{t) es 1, and 


E-'E' 


= 1 - 


1 


= s* + .. 


E l+z 

For the two pulses to be equivalent, we may equate coefficients; from the terra we obtain 






cr Sltt = 


.[M‘ 
■ '/: ■ 
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Before leaving this matter of pulse form^ there is another important factor which 
must not be overlooked. Most particle accelerators are such that they give, instead 
of a single pulse of particles, a number of pulses at regular intervals, usually corre¬ 
sponding to a radio-frequency used in acceleration. This fine structure of the pulse 
usually passes unnoticed, but unless its period is considerably smaller than r it will 
affect the distribution, and therefore the losses, of the resulting counts. The radio- 
frequencies used are usually lOMo./sec. or higher, so that unless t< 5* 10 ™'^ sec. 
(not very easy to achieve with present techniques), the effect will be negligible. It 
should be remembered, however, that should slower fine-structure effects occur, 
e.g. as a result of precession of the orbits of the particles in the accelerator, their 
effect on the counting losses may be appreciable. Moreover, as counting techniques 
giving higher resolution are introduced, effects of this kind will increase in importance. 
The magnitude of the effect can clearly be estimated by applying the methods 
developed in this paper for the pulse as a whole, although the additional com¬ 
plication introduced may be considerable. 



Figure 6 . Illustrating the effect of varying th© pulse envelope. The serai-sinusoidal pulse gives 
the same total counting rate as the rectangular one shown dotted, as well as the same 
first-order counting loss probability. The second-order terras differ only slightly. Th© 
height of the rectangle is 84 % of the sine-wave peak and its width 76f % » 8r), For 

S" “ 4r, similar calculations give a width of 72 % and a height of 88*3 %, while, for 
the considerations of the footnote lead to a width of 81*6 % and a height of 78*6 %. 


6. CoNcntrsioK 

Although it has been possible only to indicate methods to be followed in the case 
of the pulse of general shape, it is believed that in most practical oases the applica¬ 
tions of these methods will not be unduly difficult. Frequently, first order corrections 
wiU suffice, though it may be desirable to satisfy oneself, by working one cose, that 
higher order terms are negligible. For example, with p =* lOOseo."'^, ST ^ 5/£S60., 
T « 2 yosec., and a mean counting rate of 3000 per mim, we have X »» 2*5 and % «# 0-2. 
The first-order term is then W\E « 0-4{J-h 2/1*2) « 13/16, giving about a 18% 
counting loss; the second order term in (13) is only — 0-8 %* These are typical of 
the conditions one may meet in practice. 

It is, of course, true for all these calculations that we have assumed the true 
counting rate and deduced the recorded one, whereas the actual problem is the 
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conv0rs^. In practice, hoT^ever, this causes little difficulty, a process of suooessire 
approximations leading very rajpidly to the true result; this must be so unless the 
counting loss is very high, of the order of 60 % or more, and such conditions should 
never be used when results of any accuracy are required. 

A further point which deserves mention is that conditions are even more stringent 
than those we have considered when the machines use a pulsed extraction system, 
with which the output is confined to one radio-frequency cycle. This is commonly 
done with the largest cyclotrons, and for sjmchrotrons giving energies of the order 
of 10* eV is almost the only method of extraction so far considered. In these cases 
^ becomes of the order of 10^® sec., so that with the counting techniques at present 
available we can never attain the desirable conditionThe moral to be drawn 
is that pulsed extraction is to be avoided whenever possible, the only alternative 
if re€isonably fast counting is desired being the development of extremely high 
resolution counting arrangements, possibly using crystal counters. 

It should-also be made clear that any consideration of the effect of using a pulsed 
source with coincidence counting arrangements has been excluded from the present 
paper. One may, for example, wish to use coincidence technique to reduce the 
background count due to neutron recoils, etc., or to identify particles of a given range, 
as well as for observing genuine multiple effects. That additional difficulties arise 
in this case when a pulsed source is used has been mentioned by Wilson, Lofgren, 
Richardson, Wright & Shankland (1947) in a brief note, although they did not give 
any calculations on the subject. A full discussion would be quite lengthy, and 
cannot be included here. 

The author wishes to express his thanks to Professor M. L. E. Oliphant for his 
interest and helpful advice, and to acknowledge assistance from several colleagues 
who read this paper in draft and mode suggestions. 


Appendix I. Cai^ijulation with backokound counts when r>S‘ 

(N.B, The term 'pulse interval’ is used for the period 1/p—between the end 
of one pulse and the beginning of the next.) 

In this case we may assume (see § 4 above) that is small, although may 
not be. We shall, however, assume that the pulse interval is long enough for the 
paean rate of recording the background counts to have settled down after the 
disturbance due to a pulse, for at least a period r before the next pulse, to its steady 
value As will be seen below, this requires that Ijp^S" > 2^r. We may 

calculate the probability of a count occurring during the pulse as in § 3*1 above, 
remembering that there cannot be more than one such count. If no recorded 
background count has occurred in the r preceding the pulse (probability 1/(1 , 

the probability of counting during the pulse is just as in § 3*1 above. If a recorded 
background count has occurred within before the pulse, the probability of 
ooimting during the pulse is asero, and if it has occurred at a time t — before the 

^ Kot * since only one recorded count can occur in any t. 
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pulse (f < ^), the probahility is given by reducing the pulse length in (3) ST to 

^—i'. We have, therefore, for the total probability of counting during the pulse, 

n = :p——(1 _e-<''+^o)-»')+ f (1 — e-o*+/*o) 

= ~1— f/^o^ +1-^1. (21) 

1+/«'o7-L v+Mo J 

We see that the first teria represents ITp, the probability of counting during this 
period if only the background were present, so that we may separate 

n-IIo = 

« the probability of a count not due to background occurring 

from 1 “ n -f Hq » the probability that conditions during the pulse are just as they 
would have been if no pulse had occurred. In the latter case the rate of occurrence 
of recorded counts throughout the interval following the pulse in question remains 
equal to /^o/(lexpected recorded count during this interval is 
/ 4 o(l/p-^)/(l+/ior). 

In the other case, probability 11 — Oq, we know that a count has occurred in the 
pulse, so for a period of between r—^ and r afterwards (the average value r — 
can be used for calculations) no background count is possible. The first true back¬ 
ground count after the end of this period is necessarily recorded, and then things 
proceed normally; consequently, on the average, after a pulse giving a recorded 
count, the system is sensitive to background for a period 

1 IP--S '« 1/p 

The mean rate of recording counts during this period is Po/(l except that at 

the beginning we know that there has been a dead period, so that the first true count 
will certainly record and the probable rate must be /Iq. Using approximation A 
(of. (11)) we take the rate to be /Iq for the first Jr and /ijil + /i^r) thereafter.* 

We then obtain for the probable count in a pulse interval ^ 


(i-n+n.)(i/y-^,f^-+(n-n.){w+(i-}^-lr)r^j , 

Substituting for 11 — Ilo and adding to 11, we obtain a value for the mean counting 

from which we see that, since fi^T and E'^ = /t ®TfH + 

which is readily evaluated numerically. To the first order the right-hand side is 

^^{l-/to(2T-i^)}+^(l+;j^)e-^. (24a) 

♦ Note that this procedure leads to the figure of given at the end of the first paragraph 

of this appendix. 
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Apfenpix II. Non-xtniform counting rate results 

Let v(t) dt be the probability of a count occurring in dt at t, and iV » f v(t) dt Let 

Jo 

P(0, ^), P(l, etc. be the probability that 0, 1, etc. counts have ooourred between 
«=== 0 and t Then P(0,0) « 1, P(l,0)etc. « 0. Also 

Pirn. dU) « P(m, <) (1 — dt) -f P(m — L dt. 

But v{t) =► ” by definition; therefore {P{m, <)) = Pim -1.0- Plm.t). 

This is the same relation that would have been obtained had v been constant and 
N ^ vt, BO that the P's are the same function of A' as in the constant rate case. 
Therefore, as may also be proved directly, 

P(0, t) = 6”^, P(l, f) = and generally P(n, t) = N^e^^/nl. 

The probability of the (n + 1 )th count occurring in at ^ is clearly P(/i, t) dL 


Appendix III. Summary of results 
(For list of symbols see p. 508) 

This appendix is included for rapid reference, as well as for the experimenter 
requiring the results without wishing to follow the analysis in detail. 


(1) Uniform (unpulsed) cxmnting 

E' 1 
E ^ 

(2) Bectangular pulse form, no background 

[a) S'It < 1 : (from (3)). 


( 2 ) 


(6) ^lT>l: (from (6)). 

(c) .^/t > 1 but not > 1 (N.B. ^/r = X). 

(i) z<0‘2 (N.B. * =» w): 


X' 

1 

"X-1 . 1-e-^ 


X 

“x 

-1+* » . 

J xL2^1+2 3^'"J 


(ii) z> 0 - 2 , l<y/T<2: 

^ + (X- l)r]} (or expanded as in (12)). 
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(iii) 0’2<2<0-8, .^/r>2: 

¥ “ +g) 4 - ^ - ^ -j (or expanded as in ( 13 )). 

(iv) z> 0-8; see equations ( 15 ) and ( 16 ) for X>2. (This highest approximation 
is seldom required.) 

( 3 ) Non-rectangvlar pulses, no background 

(a) SrjrKl. Writing N{^) v(t) dt, we obtain 

E' l-e-^<^ 

E ~ N{r) "• 

{b) 1 < 3 . Use ( 18 ), the left-hand side of which is N(^) E'jE. 

(c) J'It fairly large ^i.e., ^ « 5) • 

(60m ( 19 )). 

This is valid only for rr not too large; the integral has to be re-evaluated for every 
change of counting rate, but this may be avoided by expanding, as in (20). A useful 
procedure is to calculate the first-order counting loss from (20) and thence to 
deduce the equivalent length of a rectangular pulse giving this first-order loss, 
subsequently using the equations of § 2 of this appendix. 

( 4 ) Rectangular putlaes mth background present 

(a) S^fr < I. Use ( 24 ), appendix I. The expressions simplify when the background 
rate is very low so that losses therein can be neglected and jiijv negligible); we 
then obtain (of. § 2 (a) of this appendix) 

^ E — Eq 

{h)r\r>\\ 

« {\-S)W^-pTii^vr^\{\^rvr) (from ( 17 )), 

which reduces the problem to calculating E'^{Pq + v), i.e. to a case without back¬ 
ground. 
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Decay of turbulence in the final period 


By G. K. Batchelor, Trinity College, University of Cambridge 
AHD A. A. Townsend, Emmamiel CoUege, University of Cambridge 

(Communicated by Sir Geoffrey Taylor, F.R.S.—Received 28 January 1948) 


The fitml period of decay of a turbulent motion ocoure when the efi'ects of inertia force* are 
negligible. Under these conditions the instantaneous velocity distribution in the turbulence 
field may be solved as an initial value problem. It is shown that homogeneous turbulence 
tends to an asymptotic statistical state which is independent of the initial conditions. In 
this asymptotic state the energy of turbulence is i>roportional to and the longitudinal 
double-velocity correlation coefficient for two points distance r apart is where t is the 

time of decay. The asymptotic time-interval correlation coefficient is found to be different 
from unity for very large time intervals only, showing the aperiodic character of the motion. 
The whole field of motion comes gradually to rest, smaller eddies decaying more rapidly than 
larger eddies, and the above stable eddy distribution is established when only largest 
eddies of the original turbulence remain. 

Relevant measurements have been made in the field of Uotropio turbulence downstream 
from a grid of small mesh. The above energy decay and space-interval correlation relations 
are found to be valid at distances from the grid greater than 400-mesh lengtlis and at a mesh 
Reynolds number of 650. The duration of the transitional period, in which the energy decay 
law is changing from that appropriate to the initial period of decay to the above asymptotic 
law, increases very rapidly with J?There is a brief discussion of the criterion for the existence 
of final period decay, although clarification must wait imtil the existence and tennination of 
the initial period of decay are bettor understood. 


1 . Introduction 

It has long been a standard practice in hydrodynamical research to seek conditions 
under which the Navier-Stokes equations become linear. For instance, the theories 
of slow motion of a viscous fluid, and of small perturbations to a basic flow, have 
each been well developed. It is thus natural to inquire if there are any circumstances 
under which the quadratic inertia terms play no part in the problem of turbulent 
motion. The immediate answer is that when the Re 3 mold 8 number is low enough 
the inertia forces are negligible compared with the viscous forces, and the governing 
equations are effectively linear. Despite this tremendous gain in simplicity, con¬ 
siderations of low Reynolds states of turbulence are rare in the literature, and not 
always accurate. Theoretical investigators may liave hesitated on account of the 
fact that no experimental evidence demonstrating clearly that inertia forces were 
negligible has yet been presented. It will be seen below that this is simply because 
measurements of tut'bulenoe have not been made at sufficiently low Reynolds 
numbers. 

It is the essence of the phenomenon of turbulence that there is a continual transfer 
of energy from large to small eddies. This transfer, which roait\tains the high rate 
of dissipation characteristic of turbulent motion, is entirely a result of the action of 
inerUa effects. Consequently it is slightly anomalous to speak of a low Reynolds 
number state of turbulent motion in which inertia effects play no part; local re^ons 
of the field will in fact have a stable laminar motion. The motion is only turbulent 
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in the sense, that it is the last stage of decay of a motion which was formerly tur bulent 
in the precise sense. But it would be too confusing to term it a stable or laminar 
state of turbulence, and we propose that it be called the final period of decay of the 
turbulence. The term has already been suggested in a previous paper (Batchelor & 
Townsend 1948) in a consideration of the decay of isotropic turbulence. In that 
paper it was shown that there is an initial period in the decay of isotropic turbu¬ 
lence during which the energy decays according to the simple law 

(M) 

and the viscous and inertia forces are of comparable importance, and that after a 
certain time there is a transitional period during which the law of energy decay is 
changing. The inference—it was not possible to obtain direct evidence by making 
measurements at greater times of decay—was that the law of energy decay was 
tending towards that which ultimately obtains in the final period, viz. 

tc^ccfr^, ( 1 * 2 ) 

the inertia forces then being negligible. The measurements to be presented below 
are concerned wholly with isotropic turbulence and do in fact confirm the law (1*2). 
But it should be noted that all decaying turbulent motions will have their final 
period, with certain characteristics in common. Some of these common features 
emerge from the analytical discussion to be given in §§ 3 and 4 . 


2 . Reoapitulatiok of pkevious discussions of isotropic 

TURBULENCE AT SMALL REYNOLDS NUMBERS 


All previous investigators have considered the law of energy dec^y and the double¬ 
velocity correlation. The turbulent energy per unit mass of fluid is f w*, while the 
double^elocity correlation is completely specified by and the function/(r,^), 
where t) is the correlation at time t between parallel velocity components at 
two points distance r apart along a line parallel to the velocities. With the neglect 
of any intis' forces, the Navier-Stokes equations supply the following equation 
for / and 


dj^ 

dt 


\ dr* dr }’ 


( 2 - 1 ) 


where v is the kinematic viscosity of the fluid. Whenr 
energy equation 


du* 
dt '' 


lOvu*/^ = — 


10wt« 

A» ’ 


0 , ( 2 *l) degenerates to the 
( 2 - 2 ) 


where A is the dissipation length parameter. 

Von K&rm&n &; Howarth ( 1938 } appear to be the first authors to have neglected 
deliberately the inertia effects in order to investigate isotropic turbulence at low 
Reynolds numbers. They considered only those solutions of ( 2 * 1 ) which are functions 
of r/A (w say) alone, and effectively assumed that the energy decays according 
to the law 




(2-8) 
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and thence that A* = (10/w) vt, where n is left undetermined. They showed that there 
is a singly infinite family of such solutions involving n as parameter, viz. 

where is a confluent hypergeometric function. There does not appear to 

be any absolute reason why the solution ( 2 * 3 ) and ( 2 * 4 ) for an arbitrary value of n 
should not represent the way in which the turbulence changes in practice provided 
that the appropriate correlation function can be produced at any instant. But as 
has already been pointed out (Batchelor 1948), it appears to be possible to do this 
only when n = |, so far as turbulence produced in the laboratory is concerned. When 

n<f, the function ( 2 * 4 ) is such that j is infinite, which is unlikely to 

be true under practical conditions, while when n > f dijr — and /(^V) is 

Jo 

negative for a certain range of values of \jr, unlike measured values of /. Since 

■/, 


A, = r*/(r)rfr, is independent of the time of decay (Loitsiansky 1939), if 


J, 


r^fdr is neither zero not infinite at any instant, it will remain so. Thus the par¬ 


ticular case n = which leads to 

/(r, t) - (2-5) 

is the self-preserving solution which one might expect to find in an experiment. 

In the same year, Roissner (1938) considered initial-value solutions of the otpiation 


du d^u 


dt 


= r~ 


( 2 * 6 ) 


for the velocity w(a;, in a one-dimensional turbulence field, with the notion that 
this represents a simplified model of real turbulent motion. He finds tliat the cor¬ 
relation function at time i is related to the velocity field at time by 


wV(r, /) 


27rJ^oQ 


g-2vA*«-McosAr lim 


. q: 


uix.to) cos Axdx 


J 


2a 


rfA. 


( 2 - 7 ) 


Letting <->-oo to obtain asymptotic expressions (which is a l»<gitimate and useful 
opei’ation in an inquli*y into conditions in the final period of decay), Reissner shows 

that( 2 ’ 7 ) becomes r "|s 

u{x,tf^)dx\ 

->lim ^, (2-8) 

AjlS 7 rv{t — io)J «-.oo 2a 

the correlation coefficient f being effectively unity. He states an analogous result 
for three-dimensional turbulence in which each velocity comi)onent obeys the 
equation 

( 2 - 9 ) 


du [dhi dhi c)*«\ 


VIZ. 


const. 




[U-L u{x, y, z, <o) dady dzj 
Safiy 


{ 2 - 10 ) 


VoU 194. A. 


3^ 
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This energy decay law of Reiasner is not correct, even though equation ( 2 * 9 ) 
represents correctly the motion of the fluid in the final period. It can be shown that 
as a consequence of the condition of incompressibility of the fluid, the constant in 
(2’10) is identically zero, and a higher order term varying as replaces the 

expression ( 2 * 10 ). It will be seen in the following sections that Reissner’s idea of 
solving the equation for the instantaneous local velocity in the field is capable of 
yielding many useful results. 

Loitsiansky (1939) has remarked that equation ( 2 * 1 ) is similar to the equation 
for the conduction of heat in a spherically symmetrical five-dimensional tem¬ 
perature field. Using this analogy, the relation between w*/ at times t and is known 
to be ^ 

( 2 - 11 ) 

where = S 

n«*l 1 I 


The law of energy decay is found by putting r = 0 in (2*11), i.e. 


«*(<) 


Sn’‘u*(to) 
3[87rv{f-<o)]< 




( 2 - 12 ) 


Thus, in general, the law of energy decay and the correlation function depend on, 
and are uniquely determined by, the conditions at time Loitsiansky points out 
that for the special initial conditions given by 

(^*/)<, “ ** when r = 0 , 

= 0 when r > 0 , 

^ (finite). 

the integrals of ( 2 - 11 ) and ( 2 * 12 ) can be evaluated to give 

These special initial conditions are described as referring to a ‘point source of 
strength A ' in view of the corresponding problem in the heat analogy. 

Millionshtohikov ( 1939 ) independently obtained this special solutioh in the same 
way; he interpreted the solution as describing the turbulence which exists subse¬ 
quent to an initial random distribution of concentrated line eddies, provided^hat 
the effect of triple correlations is ignored. This is true in the sense that initially the 
velocity correlation is non-zero for r » 0 only, but the interpretation does not 
account for the third (and most important) of the initial conditions (2*13). In any 
case it is not practically possible to create a state of turbulence in which inertia 
forces are negligible during its whole liistm^, so that the special initial conditions 
used by Loitsiansky and Millionshtohikov have no reference to real turbulence. 


(2*13) 

(2*14) 

(2*16) 
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Sedov (1944) covered much the same ground as von K&rm&n & Howarth, 
Loitsiansky, and Millionshtohikov, and pointed out the relation between the para- 

meter n in von K 4 rm 4 n & Howarth’s family of solutions and the value of I r*/dr. 

Finally, it was shown by one of us (Batchelor 1948) that, whatever the conditions 
at i = tg, the energy decay and correlation function derived from equation (2*1) 
tend to the forms ( 2 * 14 ) and ( 2 * 15 ) as This follows readily from a consideration 
of the general solutions (2*11) and (2*12) at large values of t — (provided that we 
accept the restrictions that A is neither zero nor infinite). There is thus a unique 
asymptotic solution in the final period, the asymptotic correlation function being 
completely self-preserving in shape. It was also shown that such a self-preserving 
correlation function can only exist when inertia forces are negligible, and is neces¬ 
sarily an asymptotic solution under such conditions. 

Mathematically, the position is this: that of the infinite family of self-preserving 
solutions derived by von K 4 rm 4 n & Howarth, a certain number only are asymptotic 

solutions for arbitrary initial conditions. Initial conditions for whiohj r*/dr is neither 

zero nor infinite (as will normally be the case in practice) give an asymptotic decay 
law such that oc corresponding to n = f in the family of solutions. If the initial 


^00. Too 

conditions are such that I r*fdr = 0 but | r*/dr+0, the asymptotic decay law 

Jo Jo 

is obtained by taking the next term in the expansion of the exponential in (2-12) 

and is of the form «*oc corresponding to » = J. Likewise, if j r*fdr is infinite 

but j r*fdr is finite, the asymptotic decay law is m*oc t~*, corresponding to » = j; 

and BO on, all half-integral values of n providing possible asymptotic solutions. The 
corresponding asymptotic correlation functions are readily obtained from either 
(2-4) or (2-11). 

Physically, the conditions under which turbulence is produced (at any rate, in 
a laboratory) will ensure that J r*fdr is neither zero norinfinite. Hence the solution 
which will be found when the inertia forces are negligible, and when the time of 


decay is sufficiently large, is 


/(r,0 = 


( 2 - 16 ) 


3, Nbw approach to the problem 

A new approach which, like Reissner’s investigation, considers the local or un¬ 
averaged turbulent velocities will now be presented. The asymptotic decay law and 
coit^diation function already obtained, and other new results of interest, will be 
deduced ab initio. We confine attention to the case of zero mean motion. 

When the Reynolds number of the turbulent motion is so low that inertia forces 
are negligible, the Navier-Stokes equation becomes 
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where « is a typical velocity oomponent. Using the equation of continuity, the 
pressure is found to satisfy the equation 

as 0. 

Since a potential function cannot have a maximum or a minimum in the interior 
of the field, the only possible bounded solution for an arbitrarily large fluid field 
not containing solid boundaries is that p is independent of position. Hence the 
equation for u reduces to 

^ = vV^. (3-2) 

Each velocity oomponent therefore changes with time in the final period of decay 
in the same way as a similar distribution of temperature in a homogeneous medium. 
The velocity components change independently of each other, and if the equation 
of continuity is satisfied at any time, it remains satisfied at all subsequent times. 
Since the velocity components do not interact with one another, symmetry con¬ 
ditions on the turbulence become of secondary importance and any component can 
be considered in isolation. 

If the spatial distribution of u is known at the instant from which the time is 
measured, the solution of (3*2) is 

”<*■ '• 

X exp ~ ^ dXd YdZ, (3-3) 

as is well known from the study of other physical problems governed by the equation 
(3*2). The field of turbulence is here assumed to have (large) dimensions 2a, and 
2y in the x, y and z directions. The restriction to a finite field is not significant and 
could be removed—at the expense of simplicity—by using Fourier transforms of 
the velocity distribution in a manner similar to Reissner’s investigation. 

The turbulence can thus be calculated if it is known at some instant. Naturally, 
only the statistical characteristics are likely to be known at the initial instant, so 
that (3*3) is not directly useful in its present form. The task is to use it to deduce the 
development with time of various mean values. The advantage of this explicit 
solution for the velocity field is that it provides a means (which may not always be 
practical!) of determining the development of any of the statistical characteristics 
of turbulence during the final period of decay. 

The mean value of any quantity associated with the turbulence will be regarded 
as defined by a space integral, viz. 

Implicit in this definition of a mean value is the assumption that the turbulence is 
approximately homogeneous. 



Decay of turbulence in the fined period 


533 


4. Double velocity coeeelations in the final pbbiod 

Consider first the correlation between two parallel simultaneous velocity com¬ 
ponents at two points P and P', where PP' has the projection ^ in the direction of 
the velocity components and projections rj and ^ in two other orthogonal directions. 
Using (3-4), 

= u(x,y,z,t)u(x + ^,y+y,z + C,0 

Substituting from (3*3) for the two velocities in the integrand gives a multiple 
integral for jB in terms of conditions at i = 0. The integration connected with the 
£r-direction is 


1 

“ Zi-r r r 

2(Zj-aj_*j_a 47ri>f ' L M J 

if a is sufficiently large. Putting X' =■ X +a, 

1 u(x,Q)u(x+a,o) r 

The other two sets of integrations give a similar result, so that 


(4-2) 


( 4 . 3 ) 

where the limits of integration are again written as infinite without causing a signi¬ 
ficant error. Equation (4-3) is typical of the relations between mean values at two 
different instants in the final period of decay. 

Our interest lies chiefly in the possibility that the mean values in the final period 
tend to asymptotic forms which are independent of the initial conditions. With 
this in mind, consider the expression (4'3) for large values of (. More precisely, let 
Ft be large compared with values of a* + 6*-f-c® ( = «*8ay) for which P(a,b,c,0) is 
large enough to contribute to the integral. The exponential will then be approxi¬ 
mately unity, and the right aide will be independent of i, 1 / and unless P + 

( r* say) is of order Ft. That is, the correlation coefficient at time t is approxi- 
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mately unity unless r* = 0{uf.). Hence 2{a^-^ bii is of order «*/W ia of 
order and (4-3) can be written 


m^t) 


^co Aoo 

(87rv«)*J_„J coj-K, 


R{a,b,c, 




dadbdc, 

(4-4) 


only the first few terms of the series being required. 

There are two simple lemmas which will be used in evaluating the contributions 
from different terms in the series expansion. The first is that 



i2(a,5,c,0)rf6dc «= 0, 


(4*5) 


since continuity requires the total flow across an infinite plane to be zero.* The 
second is that 



a^bh^E{afb,c, 0) dadbdc = 0, 


(4*6) 


when i -f j + A; ia an odd integer. This follows from the requirement of homogeneity 
that iiJ(a,6,c, 0) » J?(-a, -6, — c,0). 

It follows immediately from (4-6) that the leading term, n ~ 0, makes no con¬ 
tribution to the integral (4*4). The next largest term in the series, of order is 
obtained from n =* 1, but (4*6) shows that it too makes no contribution to the in¬ 
tegral. The first non-zero contribution to the integral comes from terms of order 
in the series, and hence, to the first approximation, 


’>• J"'• (4.7, 


Equation (4-7) describes the asymptotic behaviour of the most general space- 
interval double-velocity correlation and shows that the initial conditions are rele¬ 
vant. But there are certain special oases, which also happen to be important, in 
which the effect of the initial conditions is confined, at most, to a multiplicative 
constant. The most important special case is r « 0, giving the asymptotic law of 
energy decay as 


u'it) 


pab l*<o pm 

-TT 

j —oej — coj —c 


s^Ji(a,b,c,0) dadbdc 


(87ryt)^ 


(4*8) 


♦ More rigorously, not© that if u', v' and w' are the velocity components at the point 
(a? -h a, y + 6,« + c), continuity requires 


and hence 


1 

da 




0. 


Thus the integral on the left side is constant, and on taking the particular case in whioh a is 
very largo, the relation (4*6) follows. 
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in agreement with the deductions described in § 2, When jy = 0, i?(^, y, t) 

degenerates to the longitudinal correlation previously denoted by 
hence, making use of (4-6) again, 

— ne~tVM ra> /•» /•» 

J (4-0) 

so that (4-10) 

With the proviso that the integral in (4-8) and (4-9) is neither zero nor divergent, all 
longitudinal correlations should tend to the form (4-10) in the final period of decay. 

It should be noticed that no assumptions about symmetry of the turbulence have 
yet been mode, and the result (4*10) in no way depends on isotropy. The only 
assumption made is that the turbulenoe is approximately homogeneous. In point 
of fact, in a field of uniform mean flow a state of isotropy will usually have been 
attained before the decay is sufficiently far advanced for the laws (4-8) and (4-10) to 
apply, so that this generality may not have much practical use. When the turbulence 
at the initial instant < = 0 is isotropic, the triple integral in (4*8) and (4*9) can be 
reduced: 


^00 ^00 /* CO 

I I I s^B(a,b,c,0)dadbdc 

J 00 J — CtjJ — 00 


= 47rM*(0)J^ 

Ctj- . C ® 


so that (4<8) becomes 



48V(27r)^’^^'^' 


(4-11) 


It is also possible to deduce the asymptotic form of the time-interval double- 
velocity correlation, i.e. the correlation between parallel velocity components at 
the same point but 'at two different times separated by an interval r. A suitable 
definition is 


li(r, t) m u{x, y,z,t- Jr) u(x, y, + Jr) 

Substituting fi?om (3’8), the integration connected with the x-direction is 

1 r- f“ r* »(x,o)«(X'.o)_r (x-x)« (X'-x)n^_^v^v. 
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and T has disappeared from the analysis. Hence, regarding^ the reference to the 
point x,yfZQs understood, 

R(Tyt) = u(t — lr)u{t^lT) ^ u^{t). (4-13) 

When t is sufficiently large, (4*11) is valid so that the asymptotic form of the time- 
interval correlation coefficient is 

u(t-^T)u(t + ^T) ^ (<t-jT«)* ^ L 

«♦ "“v «*/■ ' ^ 

Although (4*13) is valid for all values of t such that (4*14) requires 

[i^(i “ ^t)]* to be large compared with the spread of the spatial correlation at f =* 0, 
In a practical experiment rjt would normally be small enough for (4* 14) to be written 
as 

The form of this time interval correlation throws a little more light on the nature 
of the final period. Equation (4-13) shows that, roughly speaking, the only change 
in the velocity at any point is a gradual diminution corresponding to the decay of 
the whole pattern of turbulence. The shape of the spatial distribution of velocity 
remains approximately the same as I increases, the steeper gradients being mociified 
most. The turbulence may be described as aperiodic (in time), like other flow fields 
dominated by viscosity. 

Finally, the most general double velocity correlation coefficient involving both 
space and time intervals may be found, by analysis similar to that leading to (4'13), 
to be a simple product of the correlation poeffioients already discussed. Since 

u{x,y,z,t-^T)u(x + ^,y + tj,z + ^,t + lT) = u{x,y,z,t)u(x + Cy + V>^ + ^>i) 
it follows that 

u{x, y,s,<- jT) u(x + ly + V,z + ^J+ir ) ^ R(tJ) _ 

[«»(<-jT)w*(t + iT)]* [“*{<- iT)«*(« + 4T)]* 

and the asymptotic form may be obtained from the results already derived. In 
particular, the longitudinal correlation coefficient tends to the form 


6 . MsiASlTBKMKlfTS OF TUBBULENCB IN THE FINAL PBBIOD • 

To produce isotropic turbulence whose decay may be observed over a sufficient 
interval for the establishment of the final period of decay, it is necessary to use a 
grid of very small mesh. It is known that the initial period of decay extends to about 
1 fiO-roesh lengths from the grid, and a decay range much greater than this is required 
if a reasonable range of the final period is to be available after the transitional period. 
A mesh of 0*169 cm. was used in the experiments, allowing measurements to 1040- 
mesh lengths downstream from the grid. This grid is of the biplane t}q>e. and 
of stretched eureka wires of diameter 0*030cm. It is geometrically similar to grids 
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previously used (Batchelor & Townsend 1948 ), with a spacing-diameter ratio of 5»33, 
Measurements were made of the turbulent intensity, of the dissipation parameter A, 
and of the longitudinal double velocity correlation at an air speed of 615cm.8eo,~^, 
and of the turbulent intensity at air speeds of 895 and 1280 cm.sec.""^ The respective 
mesh Reynolds numbers, ^ UMjv^ are 650, 950 and 1360. Using a 0*635cm. 
grid at ISOcm.sec."^ (Rj^ «= 636), rather more accurate measurements in the initial 
period are possible and these are included in the results. 

The technique for the measurement of the turbulent intensity and the length A 
has been described previously (Townsend 1947 ), the only significant change here 
being the upward restriction of the amplifier frequency response in order that an 
adequate signal-noise ratio should be available when measuring the differentiated 
signal. 

The scale of the turbulence produced by a 0*169 cm. mesh is so small that the 
distance between two hot-wires with finite velocity correlation is difficult to measure 
accurately. It was therefore decided to measure the auto-correlation function of 
the output of a single hot-wire, and to compute from it the longitudinal double- 
velocity correlation. If F{t) is the auto-correlation for a time interval t, then the 
longitudinal correlation is related to it by 

fir) ^ F{Ur), 

provided that the turbulence does not change appreciably (apar]t from its translation 
with velocity U) in a time rlU. This assumption is nearly true if the turbulence 
level is low, as has been shown' by the experimental verification of the relation 
between the spectrum and the correlation function of isotropic turbulence (Taylor 
1938 ). It is even more likely to be accurate under the conditions of these experi¬ 
ments, viz, very low turbulent intensities and weak diffusive properties. 

To measure the auto-correlation, the hot-wire anemometer output must be 
compared at times separated by a constant but adjustable interval, which is done 
by delaying the transmission of the fluctuations. The anemometer output is recorded 
at two points on a magnetic tape driven at constant speed, and each recorded signal 
is reproduced after a time interval determined by the tape speed and the distance 
between each recording point and the corresponding reproducing point as measured 
along the tape. The correlation between these reproduced signals is measured, and 
the appropriate correlation interval is the difference of the time delays of the two 
reproduced signals. In this way, not only are effects of slight distortion minimized, 
but both positive and negative time delays can be used. A detailed description of 
the magnetic tape time delay equipment will be published separately. 

A survey of the turbulence behind the 0* 169 cm. mesh showed that, although the 
mesh appeared completely uniform to the eye, considerable spatial variations of 
intensity occurred across the tunnel, and it became evident that these were caused 
by slight non-uniformity of the mesh. The authors’ notion is that at Reynolds num¬ 
bers close to values which are critical for the instability of the laminar flow imme¬ 
diately behind the grid, small large-scale irregularities in the grid will cause the 
production of widely different levels of turbulence behind different parts of the grid. 
That the effect is due to large-scale irregularities is confirmed by the comparative 
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insensitivity of the intensity distribution to qiiite large small-scale irregularities, 
such as that produced by omitting one element of the mesh. This intensity variation, 
although it is annoying, is not a serious obstacle, for the turbulence shows extremely 
weak diffusive properties, and the transverse intensity profile remains nearly similar 
during a decay of intensity in a ratio twenty to one. This is evidence that the tur¬ 
bulence consists of eddies nearly independent of one another. The effect of non- 
uniformity has been removed from the results by averaging the intensity over a 
considerable part of the tunnel section. It is probable that the mean intensity 
obtained in this way is a good approximation to the intensity behind an ideal 
mesh. 



# M “ 0-159cm., U = 620om.8eo.-“^ 

0 M = 0‘636cm., tl = ISOcm.sec."^. 

•f A*; M 5= 0‘169cm., U = 620cm.8ec.“^. 


In figure 1, and A* measured at a Reynolds number of 650 are plotted 

as functions of x/if. The foregoing theory predicts the following asymptotic relations 
in the final period: 


where A and are constants characteristic of the flow, and 


kU^) 


0-4 


(X — Xq) 

JIf ’ 


A«: 


4tP 


/u»My 

» p /48V(27r)C7*Jf»\ 


"Muy A ; 


On the diagram, lines satisfying these equations are drawn to fit the expnimental 
points, and good agreement for 400 is obtained if ^ <> O'lSOmida;, <- -SOOJf. 


A* (cm.*) 
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For reference, figure 1 shows a line representing the known variation of A® in the 
initial period (Batchelor & Townsend 1948 ), viz. 

IOj/ 


and this adequately represents the range to xjM = 160, At this Reynolds number 
then, the asymptotic energy decay relation in the final period is established after 
400-inesh lengths. 



FiQxmB 2. Variation of intensity and A = 950). • + A*. 


Measurements of intensity and of A* at higher speeds are given in figures 2 and 3, 
but experimental difficulties in the measurements of A at high speeds and low 
intensities make the results for A* at large xjM rather irregular. It is evident from 
the intensity plots that the setting up of the final period asymptotic decay cannot 
occur here before xjM = 600 and is probably not complete before xjM = 800. It 
can be said that the slope of the A® versus xjM curve is less than 10^'{if/(7), except 
in the initial period, but the interesting values for x/M > 700 are subject to con¬ 
siderable uncertainty. Supposing the asymptotic decay law toward the limits of 
observation, we find the following values for .4, xJM and A.* 


mesh Reynolds 
nuxtiher 

A 

i 

xJM 

A 

(cm.’sec,"**) 

650 

0-13 

-350 

0-072 

950 

0-13 

-440 

0-058 

1360 

0-13 

-450 

0-048 


* The results for A show that at a given value of xjM lying in the initial period, the value of 

TOO 

I ry(r) dt diminishes as XJ increases; if A were accurately constant, this deci;ease would be as 

Jo 

which is of interest in connexion with the question of the turbulence set tm immediately 
behind a grid. 


A* (cm.*) 
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The double ooirelation function is plotted in figure 4 as a function of r/A for 
several decay times, the value of A being taken from the radius of curvature at 
r ss 0 in each case. Also shown is the theoretical asymptotic form of the function, viz. 

/(r) = 

The agreement is good and adequately confirms the existence of the predicted 
correlation function. 


6. Natitbe of final pkriod decay and conditions for its existence 


The present experiments confirm the existence of final period decay of isotropic 
turbulence for xjM>MO at a mesh Reynolds number of 650, and verify the 
theoretical predictions of decay and correlation. The final period flow may be 
described as an aperiodic approach to complete rest. Asymptotic forms of the decay 
law and of the correlation functions may be inferred, even though neither the details 
nor the statistical chaiacteristics of the initial motion are known. It has been found 
that, during the final period, turbulent energy diffuses very slowly down an intensity 
gradient, and that the time correlation is close to unity over a considerable range of 
time. This all points to a high stability and uniformity of structure of the motion, 
and it is likely that the turbulence consists of almost indepc^ndent eddies. Such 
eddies would lose energy by viscous dissipation, aryi simultaneously would increase 
in size by viscous spreading, occasionally amalgamating with an adjacent eddy but 
only rarely. The limited extent of the spatial correlation suggests that the shape and 
stnicture of the eddies is simple, and that they have a limited range of sizes. Con¬ 
firmation of these surmises would be very difficult to obtain, as the only practical 
method would seem to be the measurement of three- or four-point correlations. 

In order that final period decay should be possible, it is necessary that inertia 
forces should play a negligible part in the turbulent motion. For the asymptotic 
relations to apply it is then necessary that decay shall have progressed so far that 
the initial conditions have been obliterated by viscous action. To express the first 
condition exactly reqjuires a ktmwledge of the turbulent structure, but, if it can be 


assumed that 



has the same value at all Reynolds numbers 


(Batchelor & Townsend 1947 ), then the condition that inertia plays no part in 
determining the vortioity balance is that 




30 1»f n 


« 15 


if the decay law is such that i.e, n «= f. K the correlation function is of 

normal form, the second condition will include the restriction 

i.e. 

where is the scale of the turbulence, possibly the integral scale J /(r) dr, during 
the iidtial period. Taking L^jM «> 0*95 as representative of conditions at xjM -100, 
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the condition becomes xjM > 0-23i?jf. At Rji^ => 660, this lower bound is 160, whereas 
observation shows the asymptotic relations to opcur at xjM = 400. Both the above 
conditions are necessary rather than sulfioient. 

By considering the behaviour of R)^ during decay, it is possible to make some 
deductions about the length of the transitional period. If the decay is represented as 
proceeding in the initial period (with constant for a time and then in the 
transitional period with a decay law intermediate between that in the initial and 


final periods, say 


A* = oc (<+f 


the value at any time in the transition period will be 



Fioubs 6. Variation of R)^ with xjM. Values of Rut • 660, + 960, O 1360. 


This means that the decrease of R^^ with time is extremely slow, and if penoa 

is much greater than 16, it is most improbable that the final period can be attained 
in a practicable decay, time, e.g. a reduction of R^ by a factor of 4 would require 
decay for a time of order lOOOtg. Since the initial period usually extends for about 
160 mesh lengths, the reason why previous wind ttmnel experiments have not 
detected final period decay relations is apparent. 

In figure 6, values of R^ calculated from the results in figures 1 to 3 are plotted 
against xjM, The expected behaviour is an initial range where R^ is constant followed 
by a more or less gradual decrease. As nearly as can be made out, at the lowest 
Reynolds number in the experiments (R^f == 660), the final period decay law sets 
inataboutx/Jtf «* 400 where 5. At the next higher Reynolds number, « 950, 

final period decay was not certainly observed, although the value, ~ 6, is attained 
when xfM « 660. Although the use of a simple Reynolds number criterion for 
the existence of final period flow is in general unjustifiable^ there is nothing in the 
present results against the empirical, necessary criterion, Rn<5. 
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The experiments described in this paper were carried out in the Cavendish 
Laboratory. The wind tunnel and hot-wire equipment were acquired with the aid 
of a grant from the Aeronautical Research Council. During the course of the work 
one of us (G.K.B.) held a Senior Studentship given by the Royal Commissioners for 
the Exhibition of 1851. 
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On the classical theory of particles 
By C. Jayabatnam Elibzbb, Christ’s College, University of Cambridge. 
{Communicated by R. E'Peierls, F.R.S.—Received 7 February 1948) 


A set of dassioal relativistic equations of motion of an electron in an electromagnetic field is 
postulated. These equations are free from *run-Bway’ solutions, and give the same results as 
the MaxwelMiorentz theory for non-relativistic motions when the external eleotroraagnetic 
field does not vary too rapidly. For the scattering of light by an electron, the scattering cross- 
section is independent of the frequency and is a universal constant. This brings out a point of 
difference from the lorentz-Birao eqiiations according to which the scattering cross-section 
varies inversely as the square of the frequency of the incident light, for large frequencies. For 
the motion of an electron towards a fixed proton, the equations allow a collision, unlike the 
Lorentz-Dirac equations according to which the electron is brought to rest before it roaches 
the proton. 

1. iNTEODtreynoN 

There hae been in recent years a marked revival of interest in the olassioal theories 
of particles. After the pioneering work of Abraham and Lorentz in this field some 
forty or fifty years ago, comparatively little attention was paid until very recently 
to the development of the classical theory, the centre of research in theoretical 
physios being occupied by the rapidly expanding field of the quantum theory. 
However, the various difficulties that have now arisen in quantiim electrodjmamics, 
partiouli^y that of infinite self •energies of point particles, have led to the view 
that some of these difficulties may be of classical origin, and that a promising method 
of approach to eliminate these difficulties would be to study and improve the 
olassiosil theoiy first, before passing on to the quantum theory. 

A substantial step in this di|eotion was made by Uirao ( 1938 } when he showed 
that the infi!nite self-energy, ascribed to the point electron by the MaxweU-Iiorentz 
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classical theory of electromagnetism, may be subtracted out in a Lorentz invariant 
way. The subtraction process led to a well-defined scheme of equations of motion 
of an electron in an electromagnetic field. These equations are consistent with the 
conservation laws and with the principle of special relativity. These equations in 
their non-relativistic approximation were found to be the same as the equations 
obtained earlier by Lorentz ( 1909 ). Lorentz regarded the electron as a small charged 
sphere of radius and obtained for the force on the electron due to its own field an 
ex{)re 88 ion in the form of a series in ascending powers of r^. The first term of theaeries 
is e^v/Vo, where e is the electronic charge and v its velocity; dots denote differentia¬ 
tion with respect to the time, and units are chosen so that the velocity of light is 
unity. This first term describes electromagnetic inertia and may be added on to ail^^ 
mechanical inertia the electron may have, the two together being then represented 
by mv in the equations of motion, where rn is the observed mass of the electron. 
The second term of the series is and is independent of the shape of the electron. 

It accounts for the loss of energy by radiaticjn at a rate f The higher terms of 
the series depend on the structure of the electron, and being successively proportional 
to rQ, r|,... are regarded as small since Tq is small. The Lorentz equations of motion 
for an electron of mass m and charge e in an electromagnetic field described by the 
field vectors E and H are thus 

—= e{E +V X H). (i) 

These equations were rederived by Dirac by using a point model for the electron 
and using the subtraction process; but whereas Lorentz's method of derivation 
makes them necessarily approximate, Dirac has suggested that according to his 
derivation there are hopes that these equations may be exact within the limits of 
the classical theory. 


2. Self-accklekating motions. Possible ways of eliminating them 

Although the difficulty of infinite self-energy is satisfactorily accounted for by 
Dirac’s theory there arise, however, other difficulties. The equations of motion are 
found to have solutions which do not con'espond to motions that are observed 
physically. Equation ( 1 ) involves V and the solution involves more arbitrary 
constants than are necessary to fix the actual motion. Thus in the absence of any 
incident field the motion is given by 

mv —(2) 
and hence by v«A + Be®^ ( 3 ) 

where a « 3m/2€*, and A and B are arbitrary constant vectors. If B is not zero the 
electron would rapidly build up a velocity and radiate energy at a rapid rate. Such 
a motion has not been observed. Similar non-physical solutions exist for motion 
in other electromagnetic fields. 

There seem to be three possible ways of attempting to meet this difficulty: 

(i) One is to suppose that out of the entire family of solutions of the equations 
of motion one should pick out, by the use of some extra physical condition, only those 
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which are physically allowable. Thus for the abore case of the free electron the ext» 
condition is imposed that the acceleration should be zero, and the allowed solutioa 
corresponds to uniform motion in agreement with experiment (IMrao 1938 ). This 
condition may be suitably extended to homogeneous electric or ma^i^b fields 
(Eliezer & Mailvaganam 1945 ). 

But there are difficulties in this method of excluding the non-physical solutions. 
There are some problems for which there do not seem to exist adequate physinal 
solutions at all. For the electron in the hydrogen atom (Eliezer 1943 ), fa an eleotrcm 
in the field of a thin charged plate (Eliezer 1945 ), all the solutioiui of the equations 
appear to have non-physical characteristics. This may not be a serious difficulty 
since adequate physical solutions may exist in the corresponding quantum theory, 
but there would then be the difficulty that the procedure of selecting some particular 
solution out of a family of solutions does not fit in with the general principles of 
quantum mechanics as at present formulated (Dirac 1946 ). It may not be possible 
to exclude quantum transitions between the physical and the non-physioal motions. 

(ii) Another way of eliminating this difficulty of non-physioal solutions is to 
derive equations of motion which do not contain higher derivatives of velocity 
than the first derivative ir. This is possible if the field of a moving electron is taken 
to be the mean of its retarded and advanced fields (Eliezer 1947 ). This sesumption 
leads to the usual equations of motion without the radiation damping terms, but 
according to this derivation these equations are consistent with the conservation 
laws. A possible objection to this theory is that in leading to equations which do 
not contain the damping terms it does not account for the experimentally observed 
radiation loss of an electron. This would be a serious objection if it can be conclusively 
shown that the energy loss is a dassioal effect and that it holds for a single electron. 
It may be that only the many-body problem is encountered in nature and that the 
observed radiation damping has its origin in the complicated way in which the 
electrons are acted upon by the retarded and advanced fields of the other electrons. 
Wheeler Feynman ( 1945 ) have attempted to build up a theory of radiation in 
which the force of radiation reaction on a particle is due to the field of the particles 
of the absorbing medium surrounding it; but it does not seem clear whether this 
attempt has been successful. Again, even if the observed effect applies to a single 
election the radiation loss may perhaps be accountable by a quantum theory which 
takes over dassioal equations which do not contain the damping terms. Evidence 
on these questions seem to me to be indecisive. 

(iii) A third possible approach to eliminate the difficulty of self-acoeloration is 

to keejp the extended modd of the electron. The higher terms of the series for the 
force of radiation reaction should then be taken into account. In all applications 
of the Ix>rentz equations these higher terms have been gmerally assumed to be 
sfoall. JBttt for the self-aecdetrsbting motions disoussed above these higher terms are 
not small. According to the solution (3), v, f,... are seen to increase successivdy 
by a factor a so that v, ♦/«, V/®*i • • ■ *** same order (l/o being the order of 

the|»ditwof thedeotion). • 

To psfmr 1 intend to study certain equations of motion with tiie highmr terms 

Jnduded. TtuMe higher tianns mi the dfstetbution of change of the eleotnm, 

A, 
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and a particular distribution which would load to simple equations of motion will 
be taken. These equations are expressed in relativistic form and are taken as the 
starting point for a classical theory of electrons. 


3. The kquatioks of motion 

We consider the motion of an electron in an electromagnetic field. The Lorentz- 
Dirac equations give rise to self-accelerating motions whether we use the relativistic 
form of the equations or tlieir non-relativistic approximation. Therefore in trying 
to eliminate these difficulties it seems the right procedure to start with the simpler 
non-relativistic case. We shall suppose that the electron starts with an initial motion 
in which the velocity, acceleration and the higher derivatives of velocity are small 
so that products of two or more of them may be neglected. The crucial point is to 
have a system of equations such that for a particle moving under no forces and with 
an initial motion in which the velocity and its derivatives are small, the solution of 
the equations of motion does not require the particle to work itself up to a rapidly 
increasing velocity and so contradict the conditions under which the equations are 
assumed to hold. If such a scheme of equations could be found, then it would provide 
a hopeful starting point for a consistent theory. 

Page (1918) has investigated the form of the higher order terms in the equations 
of motion. If the electron is taken to be a charged sphere of radius Tq and total 
charge e, the charge being confined to the surface of the sphere, then the equations 
of motion of the electron in an electric field E are 


2^2 « 


(»+l)! 


eE, 




where fdenotes the nth derivative of the acceleration f with respect to the time t, 
and m is the sum of the electron’s mechanical mass (if any) and its electromagnetic 
mass |s'/rg. This equation has some interesting features, but they cause some 
complications and they will be discussed in a later paper. If we consider other 
distributions of charge, the equations of motion will then have the form 


»>«*2 


(«) 


where the o’b are positive constants which depend on the choice of the chai^ dis¬ 
tribution. For a point electron the c’s are zero. 

We take (for reasons of simplicity which will become apparent tat^r) a model 
which is such that , « , 

wtuuu w Buvu uu» c„»t m/o" («>2), (6) 

where a « as before. The radius of the electron is of the order 1/a. Thus we 

take as the equations of motion * 




that is, 
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wliera D =■ djdt: The nstnre of the model coireapondiog to these equations is not 
disoussed here, as such a disonssion would be rather complicated, and also because 
we shall be looking at these equations from a different point of view later. We have 
to assume that the choice (6) gives a consistent model. 

The series on the left-hand side of (7) is convergent only when P*) tends to aero 
as n tends to infinity. It is then easy to show that the only solution of (7) satisfying 
this requirement is 


mi ■■ 


(-§) 


eE. 


(9) 


Equation (7) and its solution (9) are valid only when the external field E is such 
that (Z)/a)*^E'->0 asTi-^cjo, 


4. The bneboy equation 

The energy equation may be obtained by taking the scalar product of (7) with v, 
thus obtaining 

ft t “I 

( 10 ) 


Now 


mj^v.f-^v.f-f ... + (~l)’‘^,v.f<’*)4-...J = eE,^ 


V,f»n-l) ...-f (- + (11) 

(I>t 


v.f*") = ^[v.f<>’‘-«-f.f«"-»>-t-... + (-l)»-if»-«.f*')-l-i(-l)'‘f<'-«’]. (12) 
Therefore equation (10) may be written 

+ ^( J(-l)«V<»>*)j]= -m J^(--l)»“i^v<'‘»*, ( 13 ) 

where V is the potential energy of the electron in the field £. Writing 
W- F-fimv*-l-m S f—i=::i's\-l)’’v(’->.¥<»»-"-« 

»-xl r-*0 


("s (-1)'V<^>.J( -1)" v<»>*||, (14) 


we may inteipret W as the total eneigy of the electron. The first term gives the 
potentUil enotgy, the second term the usual kinetic energy, and the remaining terms 
oonrespond to energy due to the acceleration and its derivatives. If 31 denotes the 
rate of loss of energy, then 

jtnr ses t 

(15) 


A>W ^ 1 

«fi' V 


di 


The first term of the series is m/ot*» which is the usual expression for the 
rate of loss of energy of k point electron. The remaining terms arise because we are 
wing a fiUte model 
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6. SOMB APFLIOATIOSrS 

(i) Free electron 

For an electron in the absence of any incident field, the equation of motion (9) 
gives = 0, and hence v is a constant. T^e solution thus corresponds to uniform 
motion, and there is no loss of energy by radiation. 


(ii) Uniform electric field 

For an electron in a uniform electric field E^, the equation of motion (9) gives 

= cEq. 

The solution corresponds to the usual motion in a parabola; and according to (15) 
the rate of loss of energy is ^ 


(iii) Scattering of light 

Consider the rectilinear motion of an electron in the field of an incident beam of 
light of frequency v whose electric field components are 

Fj. =2 ^0 0081 ^, Fy = Eg =5 0 . ( 1 ®) 

We suppose that is small and that the frequency p is not larger than a. Then the 
electron’s velocity and higher derivatives are small enough for products of two or 
more of them to be negligible, and the nth derivative of E tends to zero as n tends 
to infinity. The equations of motion (9) are then applicable. We obtain 



“ e^0^oosr^i-^sin 

(17) 

that is, 

£>= A cos {pt + a), 

(18) 

where 

^ = ^( 1 + 4 )*, tana-^ {0<a<\jt). 

m \ a*/ a 

(19) 

Hence 

* = ~^cos(rt+a). 

(20) 


The electron performs a vibration with the same frequency as the incident wave 
and with a phase difference tt + a: 

A A 

— “ {— sin + a), « — (- p cos 4* a). 


The rate of loss of energy according to (15) is 


^ 008* {vt + a)- ^asm* (vt +«) j. 


Hence the average rate of lose of energy is 

2 o ^ \aV 


^ 1mA* * 

1-1 la*”-* 


vi\«-i 


2 a n 

lw^« 
2 a 


1 


I + f^/a* 


le^ 

3 m* • 


( 21 ) 


(22) 
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This expression for 31 is the same as the classical Thomson formula for the average 
rate of energy loss. It differs from the corresponding expression obtained when one 
uses the Lorentz-Dirao equations, according to which the rate of energy loss is 
found to be 1 

^0 ( 23 ) 

We have here a point of difference between the theory we are using in this paper and 
the Dirac classical theory of a point electron. The difference, however, is at most 
by a factor ^ in the range of frequencies we are considering here, namely, 

(iv) Harmonic oscillaior 

Suppose the binding force of the oscillator is The equation of motion (9) gives 


mx 


H) 


moj^x, 




that is, f H— x-hcu^x - 0. (24) 

a 

These equations are valid only when a> is small, and then the solution is of the form 

where C and D are arbitrary constants, showing that the motion is approximately 
periodic with the oscillations gradually dying out. The lifetime of the oscillator and 
the line breadth may be calculated in the usual way. 

(v) Scattering of light by an oacillaior 

Consider the rectilinear motion of an oscillator with binding force nuo^x, placed 
in the field of an incident beam of light with electric field components given by (16). 
The equation of motion is 

mx as ^1 -f {— m(ii% -f c<fp cos pt)y 


that is, 


»j4oos(>^^ + a), 
a 


(26) 


where A and a are as in (19), Ignoring the complementary function which tends to 
zero exponentially with time, we take as the solution 

X = BooH(vi‘ha+fi)y 


where 5--<.«)»= 

The average rate of energy loss is then 

^ 1 


(27) 

(28) 


2a(l + j^*/a*)’ 
as in (22). Substituting for B we obtain 


31 




3m*[(v»-w*)*+w*i/»/o«3* 
From (29) we easily derive the dispersion formula. 


(29) 
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6. HlGHUa DERIVATIVES IJST DlRAC’S THEORY 

The higher derivatives of velocity may also be introduced into the equations of 
motion in Dirac’s theory. I have considered in a previous paper equations of motion 
containing the second-order derivatives of velocity (Eliezer 1946). We shall now 
proceed to investigate the form of the equations of motion containing other higher 
derivatives. It appears that only the even higher derivatives of velocity occur in 
the equations of motion. This is because Dirac’s theory uses a point model of the 
electron, and therefore the rate of energy loss is given by the usual expression for 
the rate of energy loss of a point charge, which in the non-relativistic limit is f 
If odd derivatives of velocity appear in the equations of motion they will give rise 
to irreversible loss of energy of the electron in a way not consistent wi th conservation 
requirements for a point electron. 

We shall first consider the relativistic equations of motion. Let 2^ (/* = 0,1,2, 3 ) 
denote the space-time co-ordinates of the electron; dots now denote differentiation 
with re8|)ect to the proper time a, and Then satisfies the condition 

( 30 ) 

The equations of motion of an electron in an electromagnetic field described by the 

fleldq„.!,titi«,/^i, + ( 81 ) 

where is an arbitraiy function depending on the particle’s velocity and higher 
derivatives, and satisfying the requirements 

(v.^) = 0, ( 32 ) 

and ( 33 ) 

must be a perfect differential with respect to the proper time s (Bhabha 1939)* 
The scalar product notation 

(a, = Gq&q— 

is used. Let denote the nth derivative of with respect to the proper time. We 
solve for by assuming it to be expressible as a function of the form 

B^«. + + (34) 

where Bq, B^, ... are scalar quantities which are invariant functions of the velocity 
components and all their derivatives. The condition ( 32 ) gives 

A+(i#i + ia)(v,?;<e)4-... + CB„_i+A)(t'.«-’<">) + -= 0 . (35) 

We note that 

(t),?;(*")) e ~[(«,t/*'^i>)-(t;<««/»'*-*>)4-... + (-l)"-M«‘’*~‘’>“0] + i(-l)"«‘"**, (36) 

(V ,!/»“+«) » ~ [(v, «<“")) - (l/«, t)»«-«) +...+(- 1)»V<»+«) + i( -1)" (37) 
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must be a perfect differential. But 
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(38) 


Vx 


d 


+ (- I)« -i + (- 1)"{j'S*>r<;*+« - d(“’4"+«}. (40) 

On examining the conditions (35) and (38) we see that if we choose the B’h so that 
iij = Bg = ... = jSa„+i = ... = 0, jBg, £ 4 , .... ... are constants, (41) 

then (38) is automatically satisfied, and (35) gives 

jSo + Bi(v, iP'>) + ... + B^„(v, »/*»+!)) + ... = 0 . (42) 

Integrating, wo obtain 

fiO 

B^^m- S Bj,,[(«.-,»(!‘''))-(#',v<2"-i))+... + (-l)«(i/«-» «/’•+«)+^(-l)V»)*], (43) 

n«l 

where m is an arbitrary constant of integration. Therefore we take 

= i: Bj„[tf‘)-{(rNt>«' 0 )_... + (_i)»(j/<t-i),,/Mn)+ j(_j)nt^^^^^ ( 44 ) 

n»*l 

This choice of JS^j leads to the equations of motion 

+ vV.) + S - (v, »,'(*"+i>) - {(r, t/*")) - ... 

n.atl 

+ (^ l)’^ + l( - 1)» v^,] - ev%,, (45) 

where the constants - 84 ,... are arbitrary. The constant m which appears here as 
an arbitrary constant may be identified with the mass of the electron. 

Suppose we now consider a motion in which the electron’s velocity and all its 
derivatives are smalb so that products of two or more of them may be neglected. 
If V now denotes dzjdt, the equations of motion of an electron in an electric field E 
become 

r9'%.i rw ^ 'm/ 

m 

(47) 

(48) 


dv „ .ci®v „ d'^v „ d*>‘+*v ^ 

D 


that is, 

herei 
The series 


[‘-I 


+ajD*+fliZ)* +... + +, 

B. 


•] 


dv 


where B as d/di, a = 3m/2e® and 0211 = 


I --+aaa:®+a4** +... +aa„a;*"+.. 
(t 


has an inverse for sufficiently small values of x. Suppose the inverse is 

X 

1 8—hC 2 ** + C 3 a^+... +c,.a;’’4-..., 

(I 


(49) 
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where the constants Cg, Cg, ... are determined in terms of a„ Og,..., that is, in terms 
of the arbitrary constants Bt,.... Therefore, anal<^ous to (9) we would now have 

(l + ~ + Cgi)»+...+c,2>'+...)eE. (60) 

In the particular case of the Lorentz-Dirac equations of motion, the constants 
Bi, B^, are all zero, and the equations corresponding to (50) are then 


dv / D D* jy \ „ 
di \ a ) 


(51) 


If a finite model of the electron is used, and the same procedure as in the above be 
followed, with allowance made for the variation of the external field within the 
interior of the electron, then analogous to (9) the equations describing the motion of 
the centre of inertia of the electron may be expected to have the same form as (50). 
The first two terms on the right-hand side, namely eE and a~^€E, are independent 
of the structure of the electron, while the remaining terms of the series all depend 
on the charge distribution. It seems therefore plausible to take the equations 



as of special physical significance. 

An interesting point to note is that the famibar procedure of solving the Lorentz 
equations (1) approximately by first neglecting the term altogether, and then 
canying the solution to a higher approximation by replacing fe^V by its value 
according to the first approximate solution leads precisely to the equations (9). 
For if in the first approximation =» cE, then in the second approximation 

mv = eE + |e*V-(l+^)eE. 

In our theory, however, we shall be taking the equations (9) as exact equations 
within certain limits. 


7, Relativistic equations 

The equations of motion (9) have been derived from the Maxwell-Lorentz theory. 
According to this derivation these equations are valid only when the velocity and 
all its derivatives are small so that products of two or more of them may be neglected, 
and the external field does not vary too rapidly. Now we shall seek a set of simple 
relativistic equations which under the above conditions would reduce to the equa¬ 
tions (9), and which would be free from self-accelerating motions. Using the notation 
of § 6, we see that the equations 

(62) 

satisfy this requirement, On taking the scalar product of the equation (62) with 
we see that both sides give zero, owing to the condition »* = I and the anti- 
symmetiy of/^. The last term in curly brackets in (62) gives the oontribution from 
the radiation reaction. 
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We shall now postulate a classical theory in which the motion of an electron in 
a given electromagnetic field is described exactly by the equations (62), these 
equations being now looked upon as exact equations of motion applicable under 
all conditions within the limits of the classical theory. In taking (52) as the exact 
equations of motion, one should expect that for high velocities and rapidly varying 
fields there woiild be departures .from the Maxwell-Lorentz theory. Maxwell’s 
equations for empty space will be assumed to hold, that is, 


04 

dxP 



^4 _ 0 

dx^ 


(63) 


The energy equation, obtained from (52) with/t = 0, is 

- er<"/o„ = ^ ('^"'4) - ^oj • (®4) 

The first term on the left-hand side gives the rate of increase of kinetic energy and 
the second term the rate of increase of potential energy. The right-hand side gives 
the rate of change of the total energy. 

We shall consider some applications of the equations (52). The solution of the 
equations of motion contains the same number of arbitrary constants of integration 
as in the elementary theory which ignores radiation damping. The equations (62) 
do not have solutions corresponding to self-accelerating motions. 

Let us investigate the cross-section for the scattering of light by an electron on 
the basis of the equations (62). Let us suppose that the amplitude of the incident 
wave of light is so small that the velocity acquired by the electron is small enough 
for the non-relativistic equations to be valid*The motion is given by 


mv ==» ^ sin , 


which is the same as (17) except that this equation is now supposed to be valid for 
all values of the frequency v, whereas previously there was the restriction 
The rate of energy loss is found to be 


1 € 

aa —ilv » —( —(f.i'sin vt) 
a o' “ 


€<^0 j 

^sin Vi 

m ' 



' 3 


)8 ri \ 

'a~j 

~ (sin* ri + - sin ri cos w). 


( 66 ) 


Hence the average value of ^ over a period is 

which agrees with the previous result. This shows that on this theory the total cross- 
section for the scattering of light is independent of the frequency and is a universai 
constant. This shows a difference from the Dirac theory, where the rate of energy 
loss is given by (23) and according to which the scattering cross-section varies as 
j'"* for large frequencies. 
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Similar calculations may be made for the harmonic oscillator. The equations of 
motion are the same as (24), which forex 2a has solution of the form (25). If w ^ 2a 
the auxiliary roots are real and negative, and the corresponding solution is such that 
the electron rapidly comes to rest without oscillating. For the scattering of liglit by 
the oscillator the average rate of energy loss is found to be given by the formula 
(29), now supposed to be valid for all values ofio and r. When ^ a ^2 the expression 
/( 

between 0 and 1 for all values of p, while ifo)<ayj2 the 

' ' ^ ' // 
expression has a maximum value 4a^/(i>2(4a*—<t>*) when v == aoW la^ —-" I • This 


shows that when o) is small ^ has a large value for frequencies near w, giving an 
example of resonance fluorescence. 

The hydrogen atom . As a further application of the relativistic equations of motion, 
we shall consider the rectilinear motion of an electron towards a proton which we 
shall take to be fixed by regarding its mass as infinitely large. If t, x denote the time 
and space co-ordinates of the electron the equations of motion give 


mx 



1 , 


(56) 


where dots denote the differentiation with respect to the proi>er time s. Writing 
F a* — substituting for i and transforming the independent variable to we obtain 



.i/1 ?L\ 

2a\ai2^aaJ7 


(l + F^)*. 


(67) 


If initially the electron is projected from a point a: «= Xq > 0 towards the proton, then 
V is positive and hence dVjdx is negative. Therefore V increases as x decreases. 
That is, the electron approaches the proton with increasing speed and eventually 
collides with it (unlike the motion as given by the Lorentz-Dirao equations, according 
to which the electron is brought to rest before it could reach the proton). An approxi- 
mate solution for small values of x is seen to be 


(» 8 ) 

where C is a positive constant. The solution seems to be in agreement with the usual 
results of mechanics. 

There is another equation of motion which one may take as the starting point of 
a classical theory, and which is somewhat simpler than the equation (52), namely, 

mv^ ^ (69) 

For rectilinear motion in an electric field (52) and (59) are equivalent. But in other 
cases the equations (69) leads to some fundamental differences from the Maxvell- 
Lorentz theory—for example, an electron moving in a magnetic field does not lose 
energy by radiation, according to (59). 
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8. DisctrssiON 

The equations of motion (62) are seen to have many satisfactory features within 
the limits of the classical theory. They are free from self-accelerating motions. 
For small velocities and for fields which do not vary rapidly, these equations give 
the same results as the Maxwell-Lorentz theory ; and in other oases .they appear to 
give results in harmony with the usual notions of mechanics. A number of interesting 
points require further investigation. The extent to which MaxwcU's equations need 
modification to be applicable when charged matter is present, the interaction of 
two moving electrons, the two-dimensional motion of the electron in the hydrogen 
atom, the passage to the quantum theory—all these questions require much detailed 
work, and it is hoped to deal with these in a later paper. 

1 record with gratitude my thanks to Professor P. A. M. Dirac for helpful dis¬ 
cussions, to Professor R, E. Peierls for suggestions on the writing of this paper, and 
to the Royal Commissioners for the Exhibition of 1861 for the award of a senior 
studentship. 
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Adjustments in bacterial reaction systems 

I. The reducing power of Bact. lactis aerogenes 
under various conditions 

By P. R. Lewis and C. N. Hinshelwood, F.R.S. 

Physical Chemistry Laboratory, University of Oxford 

(Received 31 March 1948) 

ABSTRACT 

The reducing power of oella of BacU laciU aerogmes has been measured by dye reduction teete 
with renting and with growing cultures in media containing a« nitrogen sources ammonium 
salts or nitrate, and under aerobic and anaerobic conditions. 

Changes in growth rate have been correlated with changes in the reducing power 
accompanying transitions fi'On) one medium to the other or from anaerobic to aerobic 
conditions and vice versa. 

Two types of adjustment play a part in the observed phenomena: (a) rapid changes in 
concentrations of active intermediates, (&) slow adaptive modifications of enxymo systems in 
response to needs of the cell. 

The former are exemplifie<i inter alia by the rapid fall in reducing power and growth rate 
when an anaerobic nitrate culture is aerated. The latter include the development of extra 
reducing power when the cell has to use nitrate as a source of nitrogen and of still more when 
the nitrate has to be reduced in presence of oxygen. 


Adjustments in bacterial reaction systems 

II. Adaptive mechanisms 

By C. N. Hinshklwood, F,R.S. and P. R. Lewis 
Physical Chemistry Laboratory, University of Oxford 

{Beceived 31 March 1948) 

ABSTRACT 

General propositionB about the way in which enzyme systems can adapt thenosplves to 
respond to now needs of bacterial cells are consider^. 

In certain conditions the establishment of an optimum growth rate is automatic. In the 
simplest treatment the * enzyme’ material is regarded as autosynthetio, but it is shown that 
similar equations may hold where the synthesis of one enzyme is linked with the working of 
another enzyme rather than with its own, 


(The full texts of these two papers are published in Proc. Roy. 8oe. 
Series B, No. 880 (Vol. 135, pp. 301-322) 
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